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PROJECT SUMMARY

Overview:

The Congruent Number Problem asks for a description of al congruent numbers: numbers that are the
areas of right triangles with rational-length sides. Though versions of this problem date back over a
thousand years, it is presently understood as asking whether there exists aterminating algorithm that can
determine if anumber is or is not congruent.

The proposed Pl for this project is Dr. Thomas A. Hulse, an Assistant Professor of Mathematics at
Morgan State University, an HBCU. It has recently been discovered by Dr. Hulse and his collaborators
that this problem is closely related to the asymptotic behavior of new families of shifted convolution
sums of Fourier coefficients of theta functions. It is proposed that Dr. Hulse study these sums using
spectral decomposition, regularization, and averaging tools that have been employed by his group very
successfully in the recent past on other relevant projects. He intends to shed new light on this problem
using his expertise and these novel techniquesin work with his collaborators. Furthermore, Dr. Hulse
plans to supervise undergraduate and graduate research assistants in this project, in the process training
them in number theory and computational methods.

Intellectual Merit:

Tunnell's Theorem, proven by Jerrold B. Tunnell in 1983, provides aterminating criterion for the
Congruent Number Problem on the condition that a special case of the Birch and Swinnerton-Dyer
Conjecture, one of the remaining outstanding Millennium Prize Problems, holds true. Asthis case has not
yet been proven, Tunnell's Theorem can only confirm with certainty that some integers are not congruent.

Wheat is novel about the plan in this proposal isthat, unlike Tunnell's Theorem, it does not require an
investigation of elliptic curves, their corresponding automorphic forms, nor the Birch-Swinnerton-Dyer
Conjecture. It seems to be an independent approach to the problem which might sidestep these issues
altogether and, used in concert with Tunnell's Theorem, could provide a specia case of the Birch and
Swinnerton-Dyer Conjecture and so say when elements of afamily of élliptic curves have nonzero rank.

Broader | mpacts:

As the Congruent Number Problem and the Birch and Swinnerton-Dyer Conjectures are both famous
problems in mathematics, any progress toward them would help elevate the interest and enthusiasm in
mathematics and number theory at Morgan State University, an HBCU in the Baltimore region. Dr. Hulse
intends to present details on this and other unsolved problems in number theory as part of anew regular
seminar at Morgan State. He will also recruit Morgan students to participate in the research and guide
them toward academic and professional success. Promoting study of number theory and its applications,
such asto the field of cryptography, will in turn positively impact government and industry by preparing
individuals with skills well-suited for careersin national security. The success of these research
assistantships will also contribute to elevating the prominence and success of underrepresented groups in
STEM. All results will be made public and submitted for publication in peer-reviewed journals and
communicated at colloquia, conferences and el sewhere.
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Project Description
Project Outline

The proposed research focus of this project is the study of a new mathematical object,
a shifted sum, whose properties are closely tied to The Congruent Number Problem, a
centuries-old question with origins in the works of Diophantus of Alexandria [8]. The primary
goal of this proposal is to make a significant contribution to the collective understanding of
this problem while also recruiting undergraduate and graduate students to assist in the
research process and so learn about analytic and computational number theory. In so doing,
this project would keep the mission of Morgan State University (MSU), an Historically Black
College and University, to offer “innovative, inclusive, and distinctive educational experiences
to a broad cross section of the population,” and so help elevate the participation and success
of underrepresented groups in STEM fields.

This grant proposal requests salary support during the summer months for the Princi-
pal Investigator, Dr. Thomas A. Hulse, as well as stipend support for undergraduate and
graduate student research assistants so that Dr. Hulse will be able to pursue work with his
collaborators on The Congruent Number Problem and supervise relevant student research.
All new results would be disseminated through publication to peer-reviewed journals as well
as presentations at conferences, workshops, and colloquia.

The PI and his collaborators have a long and established history of research collaboration
and will continue work on this research topic. Thus, the collaborators are not seeking any
funding for their support of this proposal and their contribution to this project will not
interfere with their other professional responsibilities.

Overall Research Goals

Like many famous problems in number
theory, The Congruent Number Problem is
incredibly old, is closely tied to deep un-
solved conjectures in mathematics and has 4l
the virtue of 20| Vs 137

being easy to explain to a lay-person. A 4 5 < 60
congruent number, t, is an integer that is the 5 6 7
area of a rational right triangle, a right trian-
gle with rational-length sides. One can show 3 3 35
that the numbers 5, 6, and 7 are each con- 2 12
gruent numbers, as illustrated in Fig. 1.

Alternately, the numbers 1, 2, 3, and 4 are
proven not to be congruent as a consequence
of Fermat’s right triangle theorem, proven in
the mid-1600s and the only complete proof left by Pierre de Fermat [9]. So it is natural to
ask which integers are, and which are not, congruent numbers.

FiGURE 1. Rational right tri-
angles with areas 5, 6 and 7.

1



The Congruent Number Problem is, specifically, the problem of finding a criterion that is
proven to determine if a given ¢ is, or is not, a congruent number in a computable amount of
time. In 1983, Jerrold B. Tunnell was able to establish such a criterion [21], but the complete
proof of its effectiveness depends on the truth of a special case of the unproven Birch and
Swinnerton-Dyer Conjecture, one of the six yet unproven problems elevated by the Clay
Mathematics Institute as the “Millennium Prize Problems,” each endowed with a million-
dollar bounty [6]. Tunnell used the correspondence between rational right triangles with
area t and rational points on the elliptic curve E : y* = 23 — t?x, which in turn corresponds
to coefficients of a known automorphic form by the theorems of Shimura, Tunnell, and
Waldspurger [18].

It has recently been discovered by Principal Investigator Thomas Hulse and his collabo-
rators, Chan Ieong Kuan, David Lowry-Duda and Alexander Walker, that the asymptotic
properties of a certain family of shifted partial sums, parametrized by ¢, also determine if ¢
is a congruent number. It remains to be proven that these properties can be computed by
a terminating algorithm, and so investigating that is the main research goal of this project.
These partial sums can be decomposed into smaller shifted sums of the kind that Dr. Hulse
and his collaborators have a great deal of expertise investigating by means of shifted multiple
Dirichlet series of automorphic forms, having done so to derive subconvexity bounds for auto-
morphic L-functions [10], asymptotics of square discriminants [11], discerning the properties
of partial sums of Fourier coefficients of automorphic forms, [14, 15, 16], and analyzing mo-
ments of the error term in the Gauss Circle Problem and its generalizations [13, 12]. As the
methods of shifted sums have been generally agnostic about the properties of elliptic curves,
Dr. Hulse is confident that this novel approach will yield a new, yet-unstudied avenue of
pursuit for the congruent number problem, namely spectral decompositions of Dirichlet se-
ries, and will shed light on the relationship between the singularities of these analytic objects
and pythagorean triples. The specific details of the objects being studied and the outline of
the research program can be found in the section on Intellectual Merit.

Student Participation

As a new faculty member at MSU who believes strongly in the social mission of the school,
the educational goals of this project are intended to complement and support the work that
Dr. Hulse began as soon as he arrived in Baltimore. In the past year, Dr. Hulse has been
chairing the Mathematical Competitions Committee in the MSU math department, in which
he organized weekly sessions for students to practice competition-style problems to train for
mathematical contests. This was the first year in which Morgan students participated in
the Virginia Tech Regional Mathematics Competition [4] and the William Lowell Putnam
Mathematical Competition [2], and in the later contest fielded a student who placed in the
top 37% of 4,638 students. These weekly sessions have already been successful at enticing
the interest of students in other STEM fields such as physics, engineering and computer
science, and Dr. Hulse is continuing to work to grow the interdisciplinary student commu-
nity in the math department at Morgan. In the spirit of expanding this work, Dr. Hulse
intends to start an unsolved problems seminar. This is partially meant to showcase the



work in this proposed research program to the student population at Morgan, but mainly to
serve as a forum to present interesting unsolved problems in mathematics, introduce com-
putational exploratory techniques, cultivate abstract problem-solving skills, and to provoke
undergraduate and graduate research.

Dr. Hulse is experienced at supervising student research and independent study, having
done so at Colby College as a visiting assistant professor and currently at Morgan, having
overseen projects in analytic number theory, cryptography, and combinatorics. He intends
to set aside smaller questions from this research program that can be tackled as projects for
students. MSU offers a Senior Seminar course in which undergraduate math majors work
on independent research projects under the guidance of faculty members. Students in this
course are required to write a paper and present on their work at MSU’s Undergraduate and
Graduate Research Symposium. This course would serve as an excellent venue for serving
interested undergraduate participants.

Additionally, Dr. Hulse plans to employ one graduate and two undergraduate students
as part-time research assistants. Ideally, the undergraduate students would also be working
with Dr. Hulse in the Senior Seminar and the graduate student would be Dr. Hulse’s thesis
advisee.

Undergraduate students would be chosen among those that have satisfactorily completed
the calculus sequence at MSU or an equivalent and have demonstrated to the PI significant
mathematical maturity. This would most likely be one of the 10-15 math majors in the
department per year, or alternately students may be recruited from CS, engineering or
physics. The positions will be advertised in the math club, senior seminar, the student
chapter of American Statistical Association, in the weekly problem-solving sessions, and
in-class announcements.

The graduate student assistant must have completed the graduate-level courses in abstract
algebra and complex analysis or else be committed to completing those courses within a year.
MSU currently has about eight masters students and twelve Ph.D students to recruit from.

Much of the exploratory work on this proposal was investigated using the Python-based,
free and open-source computer algebra system, SageMath [3]. Dr. Hulse will train these
students in using SageMath to aid in the research program by testing conjectures, compiling
exploratory data and numerically verifying parts of proofs. In the process, the PI will use the
experience to educate the students on different areas of analytic and computational number
theory, fields that have close ties to industry sectors such as cryptography. To aid in this,
the PI is requesting funds for computers and a professional subscription to CoCalc [1], the
SageMath-powered cloud computing and project management service.

The more precise details of how the student research assistants will be trained and super-
vised throughout the course of this grant are outlined in the Student Mentoring Plan.

Dissemination of Research
Dr. Hulse and his collaborators are quite practiced now at producing regular publica-

tions in peer-reviewed journals, and would continue to regularly submit publications on new
research throughout the life of this project. The PI also intends to present all research



findings at conferences, colloquia, invited talks, and workshops, and also intends to prepare
his student research assistants to present their work and contributions at poster sessions at
some of these events. To this end, funding for conference travel, both for Dr. Hulse and for
his student assistants, is also requested and the specifics of this are outlined in the budget.
Specifically, the PI is requesting funding to the annual Joint Mathematics Meetings and
Maine-Québec Number Theory Conferences for the duration of this grant.

Evaluation of Success

An outline of the proposed research plan can be found in the section on Intellectual Merit.
It should be noted that while this is the intended course of study, it is unlikely the research
program will exactly follow this process, it may be necessary at times to backtrack and try
variations of a different construction or follow unanticipated ideas along different routes. As
new things are discovered the parameters of the program may change. Regular academic
progress would be measured by regular production of publications, likely one or two a year,
in peer-reviewed journals contributing to progress toward the main result over the course of
the program, as well as presentations of these results at conferences.

The success of the educational goals of this program will be qualitatively assessed by the
MSU Mathematics Department Chair, Dr. Asamoah Nkwanta, and quantitatively assessed
by metrics such as increased number of math majors and minors, number of participants in
the new seminar and the mathematical competition sessions, and the successful training of
student research assistants who will in turn meaningfully contribute to the program in the
form of presentations, posters and papers.

Intellectual Merit

The Object of Interest: A Sum of Squares

If we scale a rational right triangle by an in-
teger, m, the result is still a rational right tri-
angle but with area tm?. So without loss of
generality, we only need to be concerned with
the case where t is square-free. Furthermore, a
square-free integer, t, is a congruent number if
and only if ¢ is the square-free part of the area
of a right triangle with integer-length sides that
are relatively prime, a primitive right triangle.
Henceforth we let (a,b,c) € N* denote an inte-
gral right triangle, where a? + 0*> = ¢?, and let ¢
denote a square-free integer.

There is a well-known [7] correspondence between pythagorean triangles and arithmetic
progressions of three squares. This correspondence can, perhaps, be most easily visualized
geometrically as a tiling of right-triangles forming a progression of concentric squares, as is

FIGURE 2. A tiling of
rational right triangles and
three rational squares.



illustrated in Fig. 2. Algebraically, given all integral triangles (a, b, ¢) with square-free part
of the area t, we have a one-to-one correspondence with integer pairs (m,n) € N2 such that
m? — tn? and m? + tn? are squares, given by:

(a,b,c) — (c,+/2ab/t) = (m,n)

Vm? +tn? +vm? —tn? Vm? +tn? — vVm? — tn? (1)
<m7 n) - 9 ) 9 , = (a, b, C).

Now let 7 : Z — {0,1} be the arithmetic function where 7(n) = 1 if and only if n is a
square, and let X > 0. We observe from the above correspondence that a square-free t is
not a congruent number if and only if s;(X) is the constant-zero function where

X

ZZTm —tn?)7(m? + tn?). (2)

=1 n=1

Indeed, given that any m contributes to the sum if and only if m is the hypotenuse of a
rational right triangle, and if m is such a hypotenuse then so is km for all k£ € N, it follows

that
s0=% |5 )

he<x L't

where the sum is over the hypotenuses, h;, of primitive right triangles with square-free part
of the area t, and |[z| denotes the greatest integer less than x. We note that there are
infinitely many such h; for any given ¢, but that the number of them is small relative to the
size of log X.

It will eventually be useful to consider a variant form of s;(X). We note that

ZZTm — tn?)7(m* + tn?) ZZT T(m+n)r(m)r(tn)  (4)

and so we define S;(X) as

:ZZT T(m + n)T(m)7(tn) = Z \‘i:J (5)

m=1 n=1 hi<X

From here it is not difficult to prove using properties of the corresponding elliptic curve,
E; :y? = 2% — 2z, that
1
St(X) :CtX§+Ot (lOgX), (6)

where C; is given by the convergent infinite or empty sum,

C, = Zhlt (7)



Ultimately, the PI and his collaborators plan to obtain an asymptotic estimate of S;(X)
from the meromorphic properties of shifted Dirichlet series of theta functions, and thus create
a new independent criteria for the congruence of .

Connection to Automorphic Forms: Theta Sums
Let H C C denote the upper-half plane,
H:={z+iyeC|zeR,y>0}, (8)
and let z =z +1iy € H. For N € N, let I'y(N) denote the congruence subgroup

To(N) = { (g g) € SLy(Z) ’ N|C}, ()

which acts on H by Mobius transformations. That is, for v = (4 B) € T'o(N), we say that

Az + B
= . 1
Ty D (10)
We define the automorphic theta function, #(z) to be
9(2) — Z 627rik2z _ Z’I"l(n)BQMTLZ, (11)
kEZ n=0

which is uniformly convergent and thus holomorphic on compact subsets of H. For v € T'y(4),
it is known [20] that

02) = () &' VEEF Do) (12

where (%) denotes Shimura’s extension of the Jacobi symbol and ep = 1 or ¢ depending on
if D =1 or 3 (mod 4), respectively. We say that (=) is a weight- holomorphic form of level
4.

The Fourier coefficients of (z) coincide almost identically with a multiple of the square-
indicator function, ri(n) = 27(n), except when n = 0. From this it is easy to see that

1

St(X) = 1_6

Z ri(m —n)ri(m 4+ n)ri(m)ri(tn). (13)

m,n<X

Now let @ be a large prime number such that (Q,t) = 1 and let x and ¢ be Dirichlet
characters with conductor ). Consider the shifted partial sums,

SeeX) = S nlm = m)x(m)v (o), (14
LX) = X naln m)n ()X (m) ) (15)

1<ma,n2<X



The orthogonality properties for Dirichlet characters then give us that

> S (XSGt = 168(X) + (X, Q,1). (16)

XAEZIQT)*

where f(X,Q,t) becomes smaller as () becomes large relative to X. Indeed, if @) > X then
f(X,Q,t)=0.

Explicit asymptotic formulas for these shifted partial sums can be obtained by considering
the analytic properties of the shifted multiple Dirichlet series,

D;d}(s, w) — Z (A (m B n);i;”ﬂ?)((m)w(n)j (17)
Dl (st = Y Tt =) =) »

Objects such as these are well-studied by Dr. Hulse and his collaborators, generally in the
case of shifted sums of automorphic forms of L-functions, [11, 10, 14, 15, 16|, and more
recently and specifically in their investigation of the Gauss Circle Problem [13, 12]. Indeed,
using spectral methods, we can obtain meromorphic continuations of these objects, and from
these effectively estimate the inverse Mellin Transforms.

It is worth noting that (16) is not the only possible way one might choose to decompose
S;(X) into more manageable sums, and indeed other variants of the requisite Dirichlet series
may be more tractable. This example mainly serves as a proof of concept.

Spectral Expansions of Shifted Sums

The term “shifted convolution sum” generally refers to an object resembling

D M(m A+ ) Ay (m)W (m, h), (19)

m=1

where W (m, h) is a weight function that, ideally, has manageable coupling between m and h
and decays reasonably over specified ranges. These sums are sometimes referred to as “sums
of the additive divisor problem type” [17], as the case when the ;s are additive divisor
functions has been long studied in classical analytic number theory. They were notably used
by Atkinson [5] to compute asymptotics of the fourth moment of the Riemann zeta function.
Other sums of this form, where the \;s arose from automorphic forms, were first constructed
by Selberg [19] where they resembled

Z a(n)b(n + h) (20)



when PRes > 1 and a(n) and b(n) are the Fourier coefficients of holomorphic cusp forms f
and g. Selberg studied these by replacing the real-analytic Eisenstein series in the Rankin-
Selberg convolution with a Poincaré series and then untiling as in the convolution. Similarly,
by making use of another well-studied Poincaré series,

Pu(z8) = > (Imyz)e?™”, (21)

Y€loc\Lo(NV)

for h > 1, which is square integrable for sufficiently large SRe s, we can expand the Petersson
inner product ((Jmx)*fg, Py(*,5)) either by untiling as in the Rankin-Selberg convolution
or by taking the spectral expansion of P,(z,s). In the case where f and g are holomorphic
cusp forms for SLy(Z) of even weight k > 0, the equivalence of these two expansions gives
that

Dy y(s:h) Za m3+k 0 ) 22)
7)*h3 f
s (SR - it - )T
1 o9, (h)h*T'(s — 5 +2)['(s — % —2)

T
2mi Jyo) 2¢*(1 — 22)¢*(1 + 22) (y"fg, E*(x, 5 +2)) dZ),

when PRes > 1. The discrete part of the spectrum arises from a linear combination of
u;s, weight-zero Mass forms, eigenfunctions of the Laplacian for SLy(Z)\H, with Fourier-
Whittaker expansion

ui(z) = D o)A (Im) Y K, (2mfmly) e (23)

[m|#0

and eigenvalue }L—i—t? which are orthonormal with respect to the Petersson inner product. The
continuous part of the spectrum is due to E*(z,s), the completed real-analytic Eisenstein
series for SLy(Z). Known growth properties of (y* fg, u;) due to Watson [22] tells us that the
discrete sum is locally uniformly convergent for all s except at poles, and known properties
of the Rankin-Selberg convolution, (y*fg, E*(*,% + z)), similarly gives convergence of the
continuous part of the spectrum to all non-polar s, though we obtain residual terms as we

move past the lines fRes = % —rforr e Zs .



From this, it is not hard to use the above formula to produce a meromorphic continuation
of D¢ 4(s;h) to all s € C and also thus for the shifted multiple Dirichlet series,

= a(m —h)b(m) = Dsy(s;h)
Zf,g(S,w) = Z T sth—lpw = Z gh—w (24)
m,h=1 h=1

= i (Z L(s +w — §,1)p; ()0 (s — § +it;)T(s — 5 — it;)(y* g, u;)

F(s—i—k—l
1 Cstw+z—1)C(s+w—2)(s+2—-1)(s—2)= e 2 ds
ton o 20(2 — 22)C*(22) (g, B (x,2)) d ) ’

to all (s,w) € C*. Here,

L(s,m) = Y _ % (25)

which is locally uniformly convergent for s > 1 and has a well-understood analytic con-
tinuation to all s € C. Similar constructions also exist for modular forms for I'y(N) and of
odd-integer or half-integer weight, though analysis of the continuous part of the spectrum
needs to account for inequivalent cusps that make explicit computations of the residues at
poles significantly more complicated.

We would like to consider a variant of this construction where f and ¢ are replaced with
theta functions. First, for square-free t and Dirichlet character y with prime conductor @)
with (¢,Q) = 1, define the twisted theta function

et x Z Tl 27rzmtz _ T Z 7,1 tm 27rimz (26)
m=0

=0

and that, for v = (4 B) € ['(4tQ?), 0;,(z) satisfies
Oy (72) = X*(D) () (%) e5'VCz + DO, (2). (27)

So we say 6;,(z) is a Weight-% holomorphic form of level 4tQ* and character x? (E) For
simplicity of notation we let 6, (z) := 61,(2) and let (1) := 1.

With this in mind, we are tempted to proceed as in the case of holomorphic cusp forms,
f and ¢, and consider the sums

s+% <28)
and
Z x(n Jm:_)sffwé P, (*,3)) (20)



with the expectation that they will give us spectral expansions of D (s, w) and D (s, w; ),
respectively, but the reality is more complicated. Unfortunately, 0,0, and th are of-
ten not cusp forms and so lack the rapid decay that is necessary for the inner-products
((Gm)20,0, P,(,5)) and ((Jm *)%Qtﬂg, P,(*,3)) to be well-defined and to obtain a spectral
expansion like in (22) and (24).

To accommodate this, we can modify 6,6 and Gtﬂg in the above constructions by sub-
tracting linear combinations of special values of Eisenstein series, or other components of
Eisenstein series, so that we have objects that vanish at the cusps of the congruence sub-
groups and allow us to expand the inner products as we would like. This is not theoretically
challenging, indeed similar constructions were achieved by the PI and his collaborators in
[13, 12] and is spiritually similar to the regularization techniques of Zagier [23] but, prac-
tically, it is an excessively meticulous undertaking. The bookkeeping required to catalogue
the behavior of 9X§ and Qtﬂg at each of the cusps, which depends on each of the parameters
t,Q, x, 1, is extensive. This is also not a trivial concern, as it is likely that these subtracted
Eisenstein series will contribute the rightmost poles of D__ (s, w) and D] ,(s,w;t), and so
complete understanding of this will be instrumental in computing C;. This is also likely to
be an avenue for computational exploration and thus potential undergraduate research.

Once the analytic properties of D (s,w) and D;w(s,w;t) are cataloged, Dr. Hulse
and his collaborators will use inverse Mellin transforms to translate this information into
asymptotic estimates of S (X) of S;g »(X;t). This approach is a standard one in analytic
number theory, though it becomes increasingly difficult as the analytic objects become more
sophisticated and thus balancing terms requires a fair amount of patience and ingenuity. A
sample of some of the techniques familiar to Dr. Hulse and his collaborators can be found
in Section 6 of [16].

Relevant Expertise

Every component of this research program is a direct analog of a computation or con-
struction made by Dr. Hulse and his collaborators on previous projects in published and
submitted works, [11, 10, 14, 15, 16, 13, 12|, as noted above. The proposed object of study
that is relevant to the congruent number problem, S;(X), is a shifted sum and Dr. Hulse
and his collaborators are experts on the subjects of shifted convolution sums of automorphic
forms, spectral decompositions, and sharp cutoff estimates from inverse Mellin transforms.

Challenges and Contribution to the Field

A very broad outline of the steps that need to be followed for the successful completion of
this project would be:

1) Classify all growth behavior at the cusps of the products of the variant theta functions
in different combinations. This information can then be used to subtract the correct
linear combination of Eisenstein series to create a square-integrable object.
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2) Take the inner product of the now square-integrable objects against the relevant
Poincaré series and use this to compute the spectral expansion of a shifted multiple
Dirichlet series. Then catalog the residues at relevant poles and discern growth prop-
erties of the function on vertical strips. Perhaps the greatest difficulty will probably
be calculating the cancellation of the different contributions to the continuous part
of the spectrum and discerning the rightmost pole.

3) Use the information about the growth of the function and its residues to compute an
inverse Mellin transform of the shifted Dirichlet series and balance terms to get the
asymptotics of the relevant shifted partial sum.

4) Average the product of the shifted partial sums over the characters, balancing the
character with the size of the partial sum, and derive a main term.

5) If the main term is effectively computable, this would provide a solution to the
Congruent Number Problem.

It is yet unclear how the analytic properties of the spectral decomposition of shifted
Dirichlet series might conspire to produce an alternate formulation of Cy, as given in (7), and
whether there will be an explicit formula. This is partly why it is a fruitful target for further
study. It is plausible that computing C; will somehow provide independent confirmation of
Tunnell’s criterion, which would prove it to be a solution to the Congruent Number Problem
and so would provide a a special case of the Birch and Swinnerton-Dyer Conjecture in the
case of the Elliptic Curve family E : y?> = 2® — t2z. This could be groundbreaking to the
field of analytic number theory.

There are many anticipated challenges afforded by the careful investigation of the contin-
uous contributions of the spectral expansion, which likely yield significant and non-trivial
cancellation. This work will require extreme patience and attention to detail. There are also
speculative or unforeseen challenges. It may be the case that the spectral computations for
C; might simply depend explicitly on the existence on the rational points of £ and so only
reveal what is known but in a surprising way. Alternately, it may be extremely difficult to
prove that the constant C} is ever nonzero from the spectral contributions. However, even
if the ultimate results are modest, this construction would demonstrate a new relationship
between a family of elliptic curves and the spectral expansion of shifted multiple Dirichlet
series, an undiscovered connection between analytic and algebraic objects which could have
far-reaching and unforeseen consequences.

Broader Impact

As described in more detail in the earlier section on student participation, Dr. Hulse is
continuing his work to grow an enthusiastic and engaged student community in the math
department at MSU, an Historically Black College and University. Engaging the student
community at Morgan and preparing them for successful, math-intensive careers helps to
elevate the participation of underrepresented groups in STEM fields in industry, both gen-
erally but also in the specific areas of computational number theory, which have relevant

11



ties to industries like those invested in cryptography. This is relevant as Cybersecurity in-
terests, through private firms and the government by way of the Department of Defense and
specifically the National Security Agency, provide significant employment opportunities in
the greater Baltimore-D.C. metropolitan area, while also serving the welfare of the United
States.

Furthermore, significant progress in a project such as this one would contribute to the
research profile of the math department at Morgan, Maryland’s preeminent public urban
research university. Morgan is a beacon for academic achievement in the Baltimore commu-
nity, and notable successes can serve to capture the public imagination and foster general
enthusiasm for mathematics.
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MORGAN STATE UNIVERSITY

CROWING THE FUTUREF « LEADING THE WORLD"

School of Computer, Mathematical and Natural Sciences
Office of the Dean
February 23, 2018

To whom it may concern:

| strongly endorse the grant proposal entitled, “Shifted Convolution Sums for The Congruent
Number Problem,” being submitted by Assistant Prof. Thomas A. Hulse under the Excellence in
Research (EiR) category of the NSF Call HBCU- 18-522. This Number Theory related proposal aims
to advance our understanding of the Congruent Number Problem, which asks for a description
of all numbers that are the areas of right triangles with rational-length sides. Dr. Hulse has
discovered that this problem is closely related to the asymptotic behaviour of new families of
shifted convolution sums of Fourier coefficients of theta functions. While the Congruent Number
Problem is over a thousand years old, Dr. Hulse’s approach represents the cutting edge in
Number Theoretic Research.

The most important aspect of the proposed research is the training of undergraduate students
in advanced Number Theoretic techniques and famous unsolved problems in mathematics,
including the Birch-Swinnerton-Dyer Conjecture, a Millennium Prize Problem. The proposed
project also has important applications in the area of computational number theory, and so by
fostering student research on this subject will thus have an impact on industry and government
in fields such as cryptography. Dr. Hulse has made substantial steps toward a promising research
career and has been active in recruiting and mentoring undergraduate and graduate students at
Morgan State. This funding will position him boost our recruitment and training of
underrepresented minorities in advanced STEM research.

As part of my commitment, Dr. Hulse will have the full support of the Dean’s Office staff for
administrative assistance for grant management and paperwork, support for recruitment of
students, and dissemination of research results. To this cause, | am hiring a grant management
specialist to assist the faculty like him who are awarded grants. In addition, | will ensure that he
has the needed release time to implement, supervise, and oversee the progress of the project.

Sincerely,

VYoo 2

Hongtao Yu, Ph.D.

Dean and Professor of Chemistry

Morgan State University

School of Computer, Mathematical and Natural Sciences
1700 East Cold Spring Lane

Richard N. Dixon Science Research Center, Suite 200
Baltimore, MD 21251

(443) 885-4515 (Office)

Hongtao.Yu@morgan.edu
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MORGAN STATE UNIVERSITY

CROWING THE FUTURE = LEADING THE WORLD

Department of Mathematics

February 21, 2018

National Science Foundation
2415 Eisenhower Avenue
Alexandria, VA 22314

Re: NSF 18-522 HBCU-UP Excellence in Research Projects
Title: Excellence in Research: Shifted Convolution Sums for The Congruent Number Problem
Dear Review Panel:

I am pleased to write this letter of support for Dr. Thomas Hulse’s NSF proposal: Shifted
Convolution Sums for The Congruent Number Problem. I strongly support his proposal.

Dr. Hulse is an enthusiastic faculty member and researcher with a unique commitment for working
with mathematics majors. His research area of interest is analytic number theory. My
understanding is that this area of number theory involves using L-functions to study classical
automorphic forms and related Diophantine equations. Along with his collaborators, he proposes
to provide more insight into the classical congruent number problem by investigating the problem
in the context of shifted Multiple Dirichlet series.

If the proposal submitted by Dr. Hulse is selected for funding by NSF, it is my intent to commit
resources and/or provide services as detailed in the Project Description, or the Facilities,
Equipment, and Other Resource sections of his proposal. In addition, I will make myself available to
him for professional development and guidance on his proposal research goals and student mentoring plans.

Sincerely,

ASuah (Ve

Asamoah Nkwanta, Ph.D.
Chair and Professor of Mathematics

1700 East Cold Spring Lane | 251 Carnegie Hall | Baltimore, Maryland 21251
Tel: 443-885-3964
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2. T. A. Hulse, D. Lowry-Duda, C. I. Kuan, A. Walker. The Second Moment of Sums of
Coefficients of Cusp Forms. Journal of Number Theory, Vol. 173, April 2017, Pages
304-331. https://doi.org/10.1016/.jnt.2016.09.005

3. T. A. Hulse, D. Lowry-Duda, C. I. Kuan, A. Walker. Short-Interval Averages of Sums of
Fourier Coefficients of Cusp Forms. Journal of Number Theory, Vol. 173, April 2017, Pages
394-415. DOI: https://doi.org/10.1016/1.jnt.2016.09.004

4. T. A. Hulse, E. Mehmet Kiral, C. I. Kuan, and Li-Mei Lim. Counting Square Discriminants.
Journal of Number Theory, Vol. 162, May 2016, Pages 255-274.
https://doi.org/10.1016/j.jnt.2015.10.015

5. T. A. Hulse, D. Lowry-Duda, C. I. Kuan, A. Walker. The Laplace Transform of the Second
Moment in the Gauss Circle Problem. Accepted Pending Revision to Algebra & Number
Theory. Submitted 2017. https://arxiv.org/abs/1705.04771




10.

Five Other Significant Products

J. Hoffstein and T. A. Hulse. Multiple Dirichlet Series and Shifted Convolutions. Journal of
Number Theory, Vol. 161, April 2016, Pages 457-533.
https://doi.org/10.1016/j.jnt.2015.10.001

T. A. Hulse, E. Mehmet Kiral, C. I. Kuan, and Li-Mei Lim. The Sign of Fourier Coefficients
of Half-Integral Weight Cusp Forms. International Journal of Number Theory, Vol. 8, No. 3,
2012, Pages 749-762. https://doi.org/10.1142/S179304211250042X

T. A. Hulse, M. R. Murty. Bertrand's postulate for number fields. Colloquium
Mathematicum, Vol. 147, No. 2, 2017, 165-180. https://doi.org/10.4064/cm7048-9-2016

T. A. Hulse, D. Lowry-Duda, C. I. Kuan, A. Walker. Second Moments in the Generalized
Gauss Circle Problem. Submitted for Publication. 2017. https://arxiv.org/abs/1703.10347

T. A. Hulse. Triple Shifted Sums of Automorphic L-functions. Ph.D. Thesis. Brown
University. 2013. https://doi.org/10.7301/Z0RB727ZC

(d) Synergistic Activities

e Journal Referee: 1) Journal of Number Theory, 2016-Present; 2) Publicationes
Mathematicae Debrecen, 2017; 3) Involve, a Journal of Mathematics, 2017.
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4. OTHER 0
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1. MATERIALS AND SUPPLIES 3,300 0 3,300
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Budget Justification

Excellence in Research: Shifted Convolution Sums for The Congruent Number Problem

A. Senior Project Personnel Salaries and Wages: Dr. Thomas A. Hulse
Year 1: $14,211
Year 2: $14,637
Year 3: $15,076

Dr. Thomas A. Hulse will serve as PI on this project. An Assistant Professor of the Department of
Mathematics at Morgan State University (MSU), Dr. Hulse is noted for his work in the field of analytic
number theory, having co-authored several papers for peer-reviewed journals concerning classical
automorphic forms and L-functions, further disseminating this research at invited talks and
conferences. In particular, he is an expert on the application of shifted sums of Fourier coefficients of
automorphic forms to problems in number theory, which is one of the major research goals of this
project. He is also experienced at supervising student research and independent study in the field of
number theory, both at MSU (an HBCU) and elsewhere, and so will use this project as an avenue for
advancing underrepresented students in the STEM fields, another major goal of this project.

Dr. Hulse is committed for 2 summer months each year of the project. A rise of 3% per year for Dr.
Hulse's current annual 9.5-month salary of $67,500 has been calculated for the period.

B. Other Personnel: None

C. Fringe Benefits
Year 1: $1,279
Year 2: $1,317
Year 3: $1,357

The PI, a fully appointed faculty member, receives two months summer funding per year, $14,21 for
the first year, escalating by 3% in subsequent years. At the applicable 9% fringe rate for summer
months.

D. Equipment: None.

E. Travel:

Year 1: $3,101
Year 2: $4,139
Year 3: $3,463

Maine-Québec - The Maine-Québec Number Theory Conference is an annual conference, usually in
October, of many prominent number theorists that is held alternately at the University of Maine in
Orono, Maine and Université Laval in Québec City, Canada. It would be an excellent event for the PI
to present new findings to the North American number theory community. This is alternately listed
under domestic and foreign travel, depending on the year.

Joint Meetings - The Joint Mathematics Meetings of the American Mathematical Society and the



Mathematical Association of America is largest math conference in the world and an ideal place for the
PI to present findings to a wide audience, as well as student researchers to present their work at talks
and poster sessions. In addition to travel expenses, there will be registration fees for AMS members.
This is consistently listed under domestic travel.

Required Meeting Travel - All proposals are instructed to budget for the PI to attend a one to two day
grantee meeting in the Washington, DC area every year of the project. Since the PI lives in Baltimore,
this 1s just the cost of mileage and meals.

Unspecified Conference Travel - Not all conferences are foreseen by this budget over the span of the
coming three years, and the PI may also find it necessary to accompany student research assistants to
additional conferences and workshops that primarily serve their career ambitions. As such, speculative
funding for additional conference travel is included.

a) Domestic

Year 1: $2,010
Year 2: $4,139
Year 3: $2,372

Year 1:
In 2018, the Maine-Québec Conference is in Québec City and so is listed under foreign travel.

In 2019 the Joint Meetings will be held in Baltimore, MD which is where the PI and Morgan State
University are located. The only travel expense will be the registration fee.
Estimated Total Costs: $329

Required Meeting Travel to Washington, DC:
Estimated Total Costs: $181
* Mileage (80 miles a day for 2 days): $87
*  Meals for 2 days ($47 per day): $94

Unspecified Conference Travel: $1500

Year 2:
In 2019 the Maine-Québec Conference will be in Orono, Maine. The estimated expenses are:
Estimated Total Costs: $791

* Air Travel: $300

* Transportation to and from airport: $50

* Hotel Accommodations for 2 nights: $300

*  Meals for 3 days ($47 per day): $141

In 2020 the Joint Meetings will be held in Denver, CO. The estimated expenses are:
Estimated Total Costs: $1,667

* Air Travel: $500

* Transportation to and from airport: $50

* Hotel Accommodations for 4 nights: $600

* Meals for 4 days ($47 per day) : $188

* Registration Fee: $329



Required Meeting Travel to Washington, DC:
Estimated Total Costs: $181
Same as Year 1

Unspecified Conference Travel: $1500

Year 3:
In 2020, the Maine-Québec Conference is in Québec City and so is listed under foreign travel.

In 2021, the Joint Meetings will be in Washington, DC. Since this is manageable driving distance from
Baltimore, MD, where the PI and Morgan State are located, cost of mileage and meals will be sufficient
for travel.
Estimated Total Costs: $691

* Mileage (80 miles a day for 4 days): $174

*  Meals for 4 days: $188

* Registration Fee: $329

Required Meeting Travel to Washington, DC:
Estimated Total Costs: $181
Same as Year 1

Unspecified Conference Travel: $1500

b) Foreign
Year 1: $1,091
Year 2: $0
Year 3: $1,091

All Foreign Travel is to Québec City, Canada, probably in October 2018 and October 2020, specific
dates are not yet specified.

Year 1
In 2018 the Maine-Québec Conference conference will be in Québec City, Canada. The conference has
yet to be scheduled but it likely to be in October of 2018. The estimated expenses are:
Estimated Total Costs: $1,091
e Air Travel: $600
* Transportation to and from airport: $50
* Hotel Accommodations for 2 nights: $300
*  Meals for 3 days: $141

Year 2
There is no foreign travel planned for this year.

Year 3
In 2020, the Maine-Québec Conference conference will be at Québec City, Canada. The plan for this
year is the same as Year 1.



F. Participant Support Costs:
Year 1: $31,000
Year 2: $31,000
Year 3: $31,000

a) Stipends:

Year 1: $28,000
Year 2: $28,000
Year 3: $28,000

One of the main goals of this project is to train undergraduate and graduate student researchers as
research assistants during the academic year, both to learn relevant material to aid in research but also
to develop practical skills in computational number theory and prepare for careers in academia or
industry. The stipend support will be for participation in this program.

This program will provide some support to two (2) qualified undergraduates at $5000 a year each.
Qualified candidates will have completed the calculus sequence at MSU or an equivalent course
sequence at an accredited institution and demonstrate sufficient mathematical maturity to the
satisfaction of the PI.

This program will also provide support for one (1) MSU graduate students during the academic year.
The stipend support will be for work as a research assistant under the PI and also supervising
undergraduate research assistants. Graduate student support at MSU is, on average, $18,000 per year.

b) Travel:

Year 1: $3,000
Year 2: $3,000
Year 3: $3,000

Annual travel funds of up to $3000 will be used to support student travel to give research or poster
presentations at related conferences and to participate in workshops related to this research program.
The conference locations are TBD and may or may not include the specific locations given in the PI's
proposed travel plans.

G. Other Direct Costs:

a) Materials and Supplies:
Year 1: $8,300
Year 2: $3,300
Year 3: $3,300

In just the first year, $5000 will be used for the program to purchase four laptop computers for the use
of the PI and each of the three student research assistants.

In each of the three years: $3,000 will be spent on general supplies (books, papers, inks, etc) to be used
by the PI and the student assistants. $300 will be spent on relevant journal subscriptions.

b) Publication/Documentation: None



¢) Consultant Services: None
d) Computer Services:

Year 1: $999

Year 2: $999

Year 3: $999

The PI plans on training student research assistants in SageMath to aid in the research program. For
this, the PI is requesting funds for a professional subscription to CoCalc, the SageMath-powered cloud
computing and project management service. This service allows for easy project sharing within the
group and with remote collaborators, is based on SageMath, and affords powerful cloud computing
support. The professional package costs $999 a year.

e) Sub-awards: None
f) Other: None

H. Total Direct Costs (A Through G)
Year 1: $58,890
Year 2: $55,392
Year 3: $55,195

I. Indirect Costs:

Year 1: $14,224

Year 2: $12,440

Year 3: $12,339

Using DHHS negotiated rates; the total direct cost base (A+B+C+E+G) was multiplied by the
negotiated rate of 51% to obtain the indirect cost.

J. Total Direct and Indirect Costs:
Year 1: $73,114
Year 2: $67,832
Year 3: $67,534

Total Budget: $208,480



Current and Pending Support

(See PAPPG Section I1.C.2.h for guidance on information to include on this form.)

The following information should be provided for each investigator and other senior personnel. Failure to provide this information may delay consideration of this proposal.

Other agencies (including NSF) to which this proposal has been/will be submitted.

Investigator: Thomas Hulse

Support: OCurrent B Pending 0O Submission Planned in Near Future O *Transfer of Support

Project/Proposal Title: Excellence in Research: Shifted Convolution Sums for The
Congruent Number Problem

Source of Support: NSF

Total Award Amount: $ 208,480 Total Award Period Covered:  07/01/18 - 06/30/21
Location of Project: Morgan State University, Mathematics Department
Person-Months Per Year Committed to the Project. Cal:0.00 Acad:0.00 Sumr: 2.00

Support: OCurrent OPending 0O Submission Planned in Near Future O *Transfer of Support
Project/Proposal Title:

Source of Support:

Total Award Amount: $ Total Award Period Covered:
Location of Project:
Person-Months Per Year Committed to the Project.  Cal: Acad: Sumr:

Support: OCurrent OPending 0O Submission Planned in Near Future 0O *Transfer of Support
Project/Proposal Title:

Source of Support:

Total Award Amount: $ Total Award Period Covered:
Location of Project:
Person-Months Per Year Committed to the Project. Cal: Acad: Sumr;

Support: OCurrent OPending 0O Submission Planned in Near Future O *Transfer of Support
Project/Proposal Title:

Source of Support:

Total Award Amount: $ Total Award Period Covered:
Location of Project:
Person-Months Per Year Committed to the Project.  Cal: Acad: Sumr;
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Person-Months Per Year Committed to the Project.  Cal: Acad: Summ:
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Facilities, Equipment, and Other Resources

Morgan State University

The Principal Investigator, Dr. Thomas A. Hulse, is an Assistant Professor of Mathematics at
Morgan State University, which is the supporting institution in this grant proposal. Morgan will
mainly provide office and classroom space for work, meetings, and seminars. In addition they will
provide library resources which will mean access to books, journal articles and relevant websites.
Morgan also provides access to undergraduate and graduate students who may want to participate
in math research projects, either within the auspices of the Math Department’s Senior Seminar
or outside of it, and work as research assistants with the PI. Morgan will also make all travel
arrangements for Dr. Hulse and his research assistants pertaining to this proposal.

Additionally, as a new faculty member at Morgan, Dr. Hulse will also benefit from the Junior
Faculty Mentoring Plan in which he will be able to draw on support from a senior departmental
mentor for help supervising research and managing this grant, if necessary.

Letters of support from the dean of the School of Computer, Mathematical, & Natural Sciences,
Dr. Hongtao Yu, and the chair of the mathematics department, Dr. Asamoah Nkwanta, at Morgan
are included in the Program Description, as instructed in the NSF 18-522 guidelines for Excellence
in Research individual investigator projects.

Unfunded Collaborators

Dr. Hulse has long-standing collaborative relationships with:

e Dr. Chan Ieong Kuan, Ph.D,
Associate Professor,
Sun Yat-Sen University (Zhuhai), China

e Dr. David J. Lowry-Duda, Ph.D,
Research Associate,
Mathematics Institute at the University of Warwick, UK

e Dr. Alexander W. Walker, Ph.D,
Visiting Assistant Professor,
Brown University, Providence, RI, USA

These individuals have already contributed significant thought and time to the beginnings of this
project and will continue to do so as it develops, though they are not pursuing funding from this
grant. Their contribution to this project will not interfere with their other professional responsi-
bilities. Likely all papers that come out of this project will share co-authorship with them. Find
letters of support from each of them in the supplementary documentation section.



Data Management Plan

As with most mathematics proposals, a significant data management plan is not required. Most
data generated by programming scripts in SageMath will be temporary investigative tools for
conjecture and the means to the end of proving theorems, not usually meant to be the finished
product. Mainly computational work is meant to be exploratory and also serve as a tool for
educational development. When this kind of computational work produces a data set that has
merit for publication, it will be submitted for publication. Otherwise, all past SageMath work will
be saved in the CoCalc system and can be retrieved by the PI as necessary.

All significant mathematical results will be submitted for publication to peer-reviewed journals in
a timely way and all finished products will be deposited in the designated NSF repository. Results
will also be presented a conferences, seminars, colloquia, and the like.



Graduate Student Mentoring Plan: This project will recruit one Morgan State University
graduate student as a research assistant. The graduate student must have completed the graduate-
level courses in abstract algebra and complex analysis or else be committed to completing those
courses within a year. MSU currently has about eight masters students and twelve Ph.D students
to recruit from. This should be the same student for the full three-year duration of the project.
Ideally, this student will be the PI’s thesis advisee and so portions of the project would inspire the
student’s thesis work. As part of training, the student will be educated in analytic number theory,
the SageMath computer algebra system, and cryptography. The student will also be supervised in
developing skills to aid in academic research: namely finding, reading, and communicating articles,
preparing papers, giving presentations, and overseeing the undergraduate research assistants.

The primary aim of this assistantship is for the graduate student to make a meaningful contribu-
tion to the research project and, in the process, for the student to prepare for a career in academia
or industry. In addition to the average graduate student stipend, funding is requested to help send
the student to conferences and workshops to present their work and to make professional network-
ing connections. The PI will guide the student through their degree program and provide career
oversight by recommending events and activities for professional development as well as connecting
them with resources to effectively apply for jobs. Success of this plan will be evaluated by the
student’s progress in their degree program, their contribution to the project, their presentation of
the work at conferences or symposia or as published works in peer-reviewed journals, and significant
career development.

Undergraduate Student Mentoring Plan: This project will recruit two Morgan State Uni-
versity undergraduate students as research assistants. These students will be chosen among those
that have successfully completed the calculus sequence at MSU and have demonstrated significant
mathematical maturity. This will most likely be one of the 10-15 math majors in the department
each year, or alternately students may be recruited from CS, engineering or physics. The positions
will be advertised in the math club, senior seminar, the weekly problem-solving sessions, in-class
announcements and elsewhere. Ideally these students will also be working with Dr. Hulse as part of
the MSU math department’s “Senior Seminar” course, in which undergraduate math majors work
on independent research projects under the guidance of faculty members. These projects culminate
with a paper and a presentation at MSU’s annual symposium.

As part of training, the students will be educated in number theory, the SageMath computer
algebra system, and cryptography. The students will also be supervised in developing skills to aid
in academic research: namely learning to read and summarize academic papers provided by the PI,
learning how to use the LaTeX typesetting system, and how to give presentations. The students’
primary research responsibilities will be computational work in SageMath, which will be supervised
by the PI and the graduate research assistant.

The primary aim is for the students to make meaningful contributions to the research project and
develop skills that will successfully prepare them for careers in academia or industry. In addition to
a stipend, funding is requested to help send the students to conferences and workshops to present
their work, and to make professional networking connections. These students will receive academic
guidance from the PI to aid in their completion of their undergraduate program, and furthermore
the PI will also provide some oversight over career planning: recommending events and activities
for professional development and connecting them with resources to more effectively apply for
jobs or graduate school. Success of this plan will be evaluated by the students’ progress in their
undergraduate program, their contribution to the project, and significant career development.



February 28, 2018

To whom it may concern,

If the proposal submitted by Dr. Thomas A. Hulse entitled “Excellence in Research: Shifted
Sums for The Congruent Number Problem” is selected for funding by NSF, it is my intent to
collaborate and/or commit resources as detailed in the Project Description or the Facilities,
Equipment and Other Resources section of the proposal.

Sincerely,

e Z;V

Chan Ieong Kuan

School of Mathematics (Zhuhai)
Sun Yat-sen University

Zhuhai, Guangdong, 519082
People’s Republic of China

E-mail: kuanchi3@mail.sysu.edu.cn



THE UNIVERSITY OF

WARWICK

February 28, 2018

To whom it may concern,

The University of Warwick
Coventry, CV4 7AL
United Kingdom

If the proposal submitted by Dr. Thomas A. Hulse entitled “Excellence in Research: Shifted Sums for The
Congruent Number Problem” is selected for funding by NSF| it is my intent to collaborate and/or commit
resources as detailed in the Project Description or the Facilities, Equipment and Other Resources section of

the proposal.

With my regards,
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David Lowry-Duda

Warwick Mathematics Institute
University of Warwick
Coventry, CV4 TAL

United Kingdom

Tel: +44(0) 7484 118526
Email: d.lowry@warwick.ac.uk
Web: http://davidlowryduda.com



Department of Mathematics

February 27, 2018

To whom it may concern,

If the proposal submitted by Dr. Thomas A. Hulse entitled “Excellence in Research: Shifted Convolution Sums
for The Congruent Number Problem” is selected for funding by NSE it is my intent to collaborate and/or commit
resources as detailed in the Project Description or the Facilities, Equipment and Other Resources section of the
proposal.

Sincerely,

o =

Alexander Walker
Department of Mathematics
Brown University

Email: alexander_walker@brown.edu
Web: awwalker.com

Brown University Box 1917/ 151 Thayer Street Providence, RI 02912 TEL: 401 863-2708 FAX: 401 863-9013



