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Abstract

This report presents as series of eight papers on methods for planning, designing, and
scheduling the implementation of improvements in urban transportation systems. Five of the
papers (1 — 4 and 6) focus on methods for evaluating, sequencing and scheduling interrelated
improvements in transportation networks while the others present methods for designing
flexible route services (5 — 7) and improving the reliability of rail transit networks (8). Due to
the complexity of the relevant functions for evaluating interrelated network improvements,
which cannot be optimized with classical calculus techniques, the proposed methods rely on
customized genetic algorithms for optimizing the selection, sequencing and scheduling of the
interrelated alternatives. Applications to urban transportation networks are presented in papers
for journals, which are included in appendices. The papers demonstrate the applicability of
the developed methods to urban road networks, intersections in urban road networks, urban
rail transit networks and flexible-route transportation systems.

Executive Summary

This project developed methods for planning, evaluating and scheduling improvements in
transportation networks in order to optimize the development of such networks in response to
evolving demand and societal objectives. The work was performed at the University of
Maryland, College Park, in the years 2017 to 2020, with funding from the Urban Mobility &
Equity Center led by Morgan State University, as well as from other sources. The work was
directed by Professor Paul Schonfeld from the University of Maryland’s Department of Civil
and Environmental Engineering. Important contributors included his students Elham Shayanfar,
Uros Jovanovic, Ya-Ting Peng, Joshua Levy, Fei Wu, and Jie Liu, as well as Professor Zi-Chun
Li from the Huazhong University of Science and Technology in Wuhan, China; Drs. Shuguang
Zhan, Qiyuan Peng and Yong Ying, from Southwest Jiaotong University in Chengdu, China;
and Dr. Myungseob (Edward) Kim from Western New England University.

This report includes an executive summary and eight appendices with papers prepared for
journals. The papers in Appendices 1- 5 have already been published in well-known journals
while those in Appendices 6 — 8 are still under review. The report presents newly developed
methods for planning, designing, and scheduling the implementation of improvements in urban
transportation systems. Five of the papers (1 — 4 and 6) focus on methods for evaluating,
sequencing and scheduling interrelated improvements in transportation networks while the
others present methods for designing flexible route services (5 —7) and improving the reliability
of rail transit networks (8).

The problems of selecting and scheduling improvements in transportation networks are
greatly complicated by the pervasive interrelations among candidate alternatives. In
engineering economics and other fields, the alternatives are classified as (a) mutually
exclusive, (b) independent, and (c) interrelated. The alternatives are considered mutually
exclusive if only one alternative may be chosen, the others being necessarily rejected. They are
independent if the benefits and costs of each alternative do not depend on which other
alternatives are selected or when the other alternatives are implemented. If the benefits or costs
of alternatives depend on which others are selected and when all are implemented, the



alternatives are classified as interrelated. While generally accepted methods for analyzing
mutually exclusive and independent alternatives can be found in standard textbooks, no such
general methods are found for analyzing interrelated alternatives. Furthermore, even the
methods that have been designed for analyzing interrelated alternatives in some specific
applications have deficiencies in their abilities to deal with complex interrelations, dissimilar
types of alternatives, multiple uncertainties, scheduling decisions, realistic problem sizes and
other important factors.

The deficiencies of methods for analyzing interrelated alternatives constitute a major gap in
the state of the art in engineering economics, operations research, and related fields. This is
especially unfortunate since interrelated alternatives pervade the world. For example, in
transportation systems, which are the primary focus of our study, improvements to a network’s
various links and nodes are interrelated partly because such improvements redistribute flows in
networks. Each improved link may divert traffic from parallel links, shift congestion and
capacity bottlenecks to other links in-series, reduce the need for other improvements, and thus
affect the benefits obtainable from improving other network components. Hence the benefits of
various improvements may add up non-linearly. Some improvement projects may be
synergistic while others may be largely wasted or even counterproductive (e.g., according to
the Braess Paradox) when combined with other improvements.

Beyond interrelations due to non-linearly additive benefits (including some externalities),
alternatives may be interrelated through their costs (e.g., through economies of jointly
constructing several projects), their budget constraints and other financial relations, their
constructability or operability requirements, political or equity considerations, and in other
ways.

In addition, decisions regarding infrastructure maintenance or development are subject to
substantial uncertainties regarding future demand or usage, costs, finances, implementation
schedules, and future component performance (including capacity, delay, deterioration, and
failures). Methods have been developed for dealing with uncertainties in capacity expansion
and maintenance for infrastructure projects, but these are far from adequate in dealing with
realistic numbers of interrelated projects and their applicability is limited.

Appendices 1 — 4 and 6 of this report present five papers on the analysis of interrelated
alternatives for transportation networks. The first paper (in Appendix 1) by E. Shayanfar and
P. Schonfeld, entitled “Selecting and Scheduling Interrelated Projects: Application in Urban
Road Network Investment,” presents a metaheuristic method based on a genetic algorithm for
optimizing network development problem. The metaheuristic approach is needed because for
realistic problem sizes the objective function is very unsmooth and not solvable with either
classical methods of mathematical analysis or mathematical programming approaches. The
paper shows how a genetic algorithm can be formulated and applied to efficiently solve this
problem. In effect, the method consists of expressing all possible sequences for implementing
alternatives as genetic chromosomes, translating the sequences into exact development
schedules (in continuous time rather than discrete periods) by applying the binding constraints
(which, in this case, are the budget constraints) and using a relatively simple traffic assignment
algorithm to estimate traffic speeds and volumes throughout a multi-year analysis period for
any development schedule. The traffic speeds and volumes can then be used to estimate other
effectiveness measures, including travel times and user costs, throughout the analysis period.



Since heuristic methods do not guarantee that a global optimum is always found, the paper
shows how a statistical test can confirm the infinitesimal probability of finding significantly
better solutions than those found by the proposed heuristic method. Thus, it can be demonstrated
that any errors due to the proposed algorithm are negligible compared to unavoidable errors in
estimating inputs regarding the actual transportation system and its future demand
characteristics.

The paper in Appendix 2 by U. Jovanovic, E. Shayanfar and P. Schonfeld, titled “Selecting
and Scheduling Link and Intersection Improvements in Urban Networks,” shows how the
analysis, selection and scheduling of interrelated components in urban road networks can be
extended to include improvements at intersections, i.e., widening the intersections with
additional lanes through them. To accomplish this, the traffic assignment model had to be
adapted to analyze intersection flows and delays. This was accomplished by introducing into
the previously used Frank Wolfe assignment algorithm pseudo-links for each turning and
through movement at each intersection, e.g., 12 pseudo-links at each full four-leg intersection.
Delays on the pseudo-links were estimated with a model developed by Akcelik.

The paper in Appendix 3 by Y.T. Peng, Z.C. Li and P. Schonfeld, titled “Optimal
Development of Rail Transit Networks over Multiple Periods,” shows how the analysis,
selection and scheduling of interrelated network components can be extended to optimize the
phased development of a rail transit network. In this problem it is assumed that the locations of
rail lines and stations in the network are pre-determined. The remaining decisions are about
which links and stations should be added at what time, depending mainly on demand growth,
available external budgets and usable fare revenues from network segments that are already
operating.

The paper in Appendix 4 by E. Shayanfar and P. Schonfeld, titled “Selecting and Scheduling
Interrelated Road Projects with Uncertain Demand,” extends the paper in Appendix 1 by
considering multiple ways of determining road and lane widths, as well as optimizing the
network development based on multiple probabilistic demand growth rates rather than a single
estimated average growth rate. This approach avoids the “flaw of aver averages,” which can
distort decisions in damaging ways.

The paper in Appendix 5 by M. Kim, J. Levy and P. Schonfeld, titled “Optimal Zone Sizes
and Headways for Flexible-Route Bus Services,” shows how service zone sizes and frequencies
can be jointly optimized for flexible route bus services, depending on demand densities, unit
costs, speeds and distances from major trip generators of transfer terminals. The model
presented there applies directly to many-to-one demand patterns but can also be modularly
applied to many-to-many demand patterns, especially if transfers are made at major
transportation terminals.

The paper in Appendix 6 by F. Wu and P. Schonfeld, titled “Optimized Two-directional
Phased Development of a Rail Transit Line,” provides a model for determining which rail
transit links and stations should be added at what times over an extended analysis period. The
model optimizes net benefits by estimating user benefits from demand functions according to
which demand grows over time as well as with completion of additional rail transit stations.
This model may be extended later to consider entire rail transit networks and multi-modal public
transit systems.



The paper in Appendix 7 by Y. Choi and P. Schonfeld, titled “Review of Length
Approximations for Tours with Few Stops,” provides improved approximation models for
estimating multiple-stop (i.e. “travelling salesman”) tour distances for flexible-route public
transit services as well as for freight deliveries. Such approximations are critical in designing
flexible-route services, such as those analyzed in Appendix 5.

The paper in Appendix 8 by J. Liu, P. Schonfeld, S. Zhan, Q. Peng and Y. Yong, titled “The
Value of Reserve Capacity Considering the Reliability and Robustness of a Rail Transit
Network,” evaluates the value of reserve trains in an urban rail transit system from the
viewpoints of passengers and operators. The analysis considers the value of reserve capacity in
normal as well as disrupted operations. The number of reserve trains is optimized to maximize
their net value.

The methods developed and tested in this project are already usable for evaluating, selecting
and scheduling interrelated network improvement projects. Beyond the accomplishments of
this project, desirable improvements would include improved consideration of uncertainties
(e.g., in demand, costs, budgets and construction times) and extensions to multi-modal
transportation systems. Other methods developed in this project are applicable for planning
flexible-route passenger transportation and freight delivery systems, as well for evaluating and
optimizing the reserve capacity of urban rail transit systems. Although this project is completed
the researchers involved in it are continuing to pursue improvements to the methods presented
in this report.
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Selecting and Scheduling Interrelated Projects:
Application in Urban Road Network Investment

Elham Shayanfar and Paul Schonfeld

ABSTRACT

Decisions about the selection of projects, alternatives, investments, operating policies and
their implementation schedules are major subjects in various fields including operations
research, financial analysis, business management, engineering economy and transportation
planning. In these various disciplines sufficiently good methods have been developed for
planning and prioritizing projects when interrelations among those projects are negligible.
However, methods for analyzing interrelated alternatives are still inadequate. We propose a
combinatorial method for evaluating and scheduling interrelated road network projects.
Specifically, this paper demonstrates how a traffic assignment model can be combined
effectively with a Genetic Algorithm (GA) in a multi-period analysis to select and schedule
road network projects while capturing interactions among those projects. The goal is to
determine which projects should be selected and when they should be funded in order to
minimize the present value of total system cost over a planning horizon, subject to budget
flow constraints.

KEYWORDS: Project selection and scheduling, Genetic Algorithm, GA, Project
interrelations, User equilibrium, Project evaluation, System optimization, Planning and
prioritizing projects, Minimizing system cost



1. INTRODUCTION

Evaluating transportation infrastructure projects and determining which should be implemented at
what time has been the subject of ongoing studies for decades. Commonly used evaluation practices
aggregate linearly the project impacts in the objective function, which is then optimized. Such
practices are often inadequate, especially for projects in transportation networks, since they
disregard possible interrelations among projects due to non-linearly additive benefits, costs, budget
constraints, constructability or operability requirements, and other possible factors. This paper deals
with road expansion projects as an example of interrelated projects. However, the method proposed
here for project selection and scheduling may be used to analyze interrelated alternatives in general
cases if methods for evaluating objective functions are available.

In various disciplines sufficiently good methods have been developed for dealing with
projects which are not interrelated. In general, alternatives are classified as (a) mutually exclusive, (b)
independent and (c) interdependent or “interrelated”. The alternatives are considered mutually
exclusive whenever implementing one project automatically excludes the others. Alternatives are
independent if their benefits and costs do not depend on which other alternatives are selected or
when the other alternatives are implemented. Otherwise, the alternatives are classified as
interdependent. Although generally accepted methods for analyzing mutually exclusive and
independent alternatives are available in the literature, no such general methods are found for
analyzing interrelated alternatives. Even the methods that have been designed for analyzing
interrelated alternatives in some specific applications have been incapable of dealing with enough
interrelations and realistic problem features.

The problem of evaluating and selecting interdependent alternatives exists in various fields
including economics, operations research, business, management, transportation and portfolio
management. In portfolio management, interrelations between choices (stocks) were identified and
modelled as early as the 1950s in pioneering work by Markowitz (1952). Since then more recent
studies have addressed the problem of portfolio selection among interdependent projects (Cruz et
al., 2014; Li et al., 2016). However, the literature review shows both insufficient studies on this
problem and lack of comprehensive applicable methods for real world problems especially in the
field of transportation.

This study demonstrates how a relatively simple method, namely a traffic assignment
algorithm, can be efficiently used to evaluate the objective function of an investment planning
optimization problem and thereby compute the relevant interrelations among many projects
that are implemented at various times. However, more complex methods for evaluating the
objective functions, such as microscopic simulations, can also be combined with the Genetic
Algorithm (GA) used here for optimizing the project selection and schedule. In recent years,
meta-heuristics have been widely used for finding optimal or near-optimal solutions. The
work presented in this paper is an extension of a previous study conducted by Shayanfar et al.
(2016). That study applied three meta-heuristic algorithms including a GA, Simulated
Annealing (SA) and, Tabu Search (TS) in seeking efficient and consistent solutions to the
selection and scheduling problem. Its main contribution was to compare three meta-heuristics
for this problem in terms of solution quality, computation time and consistency. The
comparative analysis was especially useful in determining which algorithm was preferable in
various circumstances. In summary, the results indicated that the GA yielded a better (lower
total cost) solution than the other two algorithms and yielded the most consistent solutions
(i.e. with the lowest coefficient of variation), indicating that different replications of the GA
yield almost similar final solutions after sufficient iterations.

Therefore, the current paper incorporates the GA used in Shayanfar et al. (2016) while
enhancing its assumptions and contributing to the literature in several ways. First, we
demonstrate how a traffic assignment model can be combined effectively with a GA for
planning and prioritizing purposes while capturing more interactions among projects, i.e.
beyond the previously considered pairwise interactions. Second, we modify the algorithms’



assumptions to account for the possibility that candidate projects may become economically
justified or unjustified after the implementation of previous projects. This may occur due to
project interrelations and the possibility that the cost savings from completing a project are
affected by earlier project implementations. Third, a multi-period analysis is incorporated in
this study to distinguish between peak and off-peak traffic flows. Fourth, the budget
constraint is reformulated to include possible internal funding from fuel taxes. Fifth, we
assume that the demand changes over time during the planning horizon (growing
exponentially in our example). Finally, we demonstrate this methodology on two example
networks and present a statistical test of the goodness of the heuristic results. Generally, the
methodology presented in this work should also be applicable to other prioritization problems
with interrelated alternatives, which abound in transportation and other activities.

2. LTERATURE REVIEW

In engineering economics, a number of studies have developed methods to address the
problem of project scheduling. Beenhakker and Narayanan (1975) formulated the scheduling
problem as a simple integer program assuming projects are independent. The formulation
maximized the total net benefit of all projects subject to a budget constraint. Chiu and Park
(1998) proposed a capital budgeting model under uncertainty in which cash flow information
was considered as a special type of fuzzy number. To prioritize fuzzy projects based on the
present worth of each fuzzy project cash flow, a branch and bound procedure was suggested.
Koc et al. (2009) proposed a model that forms an optimal priority list of projects,
incorporating multiple scenarios for input parameters. For this purpose, a greedy heuristic
algorithm was developed to create the prioritize list. Our research indicates that in the field of
engineering economics and capital investment planning, the methods developed for selecting
and scheduling do not adequately deal with  possible interrelations among alternatives.

One of the first works we could find that considered interdependent alternatives was
that of Markowitz (1952) on portfolio management. This study formulated a multi-objective
function minimizing the sum of purchase cost and risks. In this case, a “dependence matrix”
which captures two-way, three-way or n-way interrelations was introduced to model the
interdependence among a set of choices. This method and its variants can also be found in
more recent works. Dickinson et al. (2001) developed a model to optimize a portfolio of
development improvement projects for the Boing Company. The authors used a dependence
matrix to quantify the interdependencies among projects. Then a non-linear, integer program
model was developed to optimize the project selection. Sandhu (2006) introduced a
dependency structure matrix that captured the project logistic interdependencies. Durango-
Cohen and Sarutipand (2007) formulated a quadratic programming for optimizing
maintenance and repair (M&R) policies for transportation infrastructure systems. The
quadratic objective of their work included the pairwise economic dependencies capturing the
costs and benefits of improving adjacent facilities. Bhattacharyya et al. (2011) also considered
n-way interdependencies in the Research and Development (R&D) project portfolio selection
problem.

Two main issues arise from using a dependence matrix. First, as Disatnik and
Benninga (2007) argue, the estimation and manipulation of a dependence matrix becomes
computationally difficult as the project space grows. Second, the pairwise and n-way
dependencies do not completely represent the complex interrelations and fall short of the
desired relations among alternatives. Instead of a dependence matrix, complete system
models, such as queueing approximations (Jong and Schonfeld, 2001), equilibrium



assignment (Tao and Schonfeld, 2005), microsimulation (Wang and Schonfeld, 2008) and
neural networks (Bagloee and Tavana, 2012), are better suited for modeling interrelations.
This section reviews the current literature on evaluating and prioritizing interdependent
projects.

The SA algorithm developed by Bouleiman and Lecocq (2003) for the resource-
constrained project scheduling problem aimed to minimize the total project duration. To this
end, they replaced the conventional SA search scheme with a more novel design mindful of
the specificity of the solution space of project scheduling problems. Tao and Schonfeld (2005)
developed a GA to solve the Lagrangian problem, and optimized the selection of
interdependent projects under cost uncertainty. They employed a traffic assignment model to
evaluate the objective value of the Langragian problem and assess the project impacts.
Similarly, Wang and Schonfeld (2005) developed a GA to solve the problem of selecting and
scheduling interrelated lock improvements for a waterway network. They designed a
microscopic waterway simulation model (i.e. which traced every vehicle movement) to assess
the performance of the waterway system while evaluating the project interdependencies.
Duefias-Osorio et al. (2007) incorporated the interdependence response among network
elements based on geographic proximity i.e. the response of one network given the state of
another network was monitored for various levels of coupling among them. They studied the
network response subject to external and internal disruptions such as attacks, lack of
maintenance and breakdown due to aging. Their work indicated that responses that are
destructive to networks are greater when interdependencies are considered after disruptions.
Tao and Schonfeld (2007) developed island model variants of GA’s for optimizing project
selection and scheduling, and used these models to solve a stochastic optimization problem.
Their work considered how uncertainties in travel times and construction costs affect total
system costs.

Szimba and Rothengatter (2012) developed a framework for integrating the
interdependence among infrastructure projects in classical benefit-cost analysis. They
addressed the complexity of a large-scale interdependence problem by introducing a heuristic
method to optimize the dynamic mixed integer program. In this approach, the number of
projects and their interrelations were reduced stepwise, resulting in a fewer interdependence
cases. They used two procedures to measure the magnitude of interdependencies. In the first,
projects were added to a minimum network configuration. In the second, projects were
deleted from a maximum network configuration. Bagloee and Tavana (2012) used the
Traveling Salesman Problem (TSP) to formulate the prioritization problem. They used a
Neural Network to consider the interdependence among projects, and developed a search
engine influenced by Ant Colony (AC) hybridized with GA to optimize the problem. Li et al.
(2013) developed a multi-commodity minimum cost network (MMCN) to evaluate the impact
of projects, i.e. to estimate the benefits of projects through a life-cycle-cost analysis. They
further proposed a hypergraph knapsack model to maximize these benefits for a set of
interdependent projects. Rebiasz et al. (2014) developed a hybrid method which combined
stochastic simulation with arithmetic on interactive fuzzy numbers and nonlinear
programming. The goal was to solve the problem of capital budgeting, accounting for both
stochastic and economic interdependency between projects.

Chen et al. (2015) reformulated the mixed network design problem (MNDP) to
identify optimal capacity expansions of existing links and new link additions. Their model
was designed to minimize the network cost in terms of the average travel time affected by the
expansion of existing links and the addition of new candidate links. In this case a surrogate-
based optimization framework was proposed to solve the MNDP. Bagloee and Asadi (2015)
developed a hybrid heuristic method to optimize the prioritization problem while considering
demand uncertainties. They formulated the objective function as the reduction in users’ travel
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time and, introduced a policy based on “gradient maximization” to find solutions. Tofighi and
Naderi (2015) developed a mixed integer linear program to formulate the selection and
scheduling of projects maximizing total expected benefits. They also proposed an ant colony
algorithm to optimize the objective function. This paper defined the interdependencies among
projects with a simple dependence matrix, which is insufficient in capturing the full
interrelations among projects in transportation networks and various other complex systems.

3. PROBLEM FORMULATION

Roadway improvement projects are usually interrelated since delays at one link are affected by
operations at other links, both upstream and downstream. Conceptually, if the capacity increases in
one link of a network, congestion and average travel times tend to increase in other links that are “in
series” with it and decrease in its “parallel” links. Therefore, the total cost saved from multiple
projects is not a linear summation of savings from individual links. Additionally, the interrelation
among links is reflected in our budget constraint since the budget is partly supplied by internal taxes,
which may change after each project implementation, thus complicating this problem.

The objective function for problems such as prioritizing interrelated projects has a
surface that is “noisy” (i.e. containing numerous local optima) and non-convex. Moreover, as
the number of candidate projects increases, the problem’s solution may soon exceed the
capabilities of conventional mathematical optimization methods. Consequently, heuristic
methods have become the preferred approach for solving such problems. In this study a GA is
very useful in effectively finding near-optimal solutions for such a large solution space and
noisy objective function. Our objective function is the net present value of total cost including
both (i) total road user and (ii) total supplier cost subject to budget constraints. The goal is to
specify which links should be selected for expansions in what order, and when they should be
started and completed over the horizon period T.

Therefore, the formulated objective function minimizes the present value of total user
and supplier cost, over a specified planning horizon, subject to a budget flow constraint over
that entire horizon. In this context, the user cost is the total delay for users in the system
multiplied by their value of time. The supplier cost is the present value of implementation
costs for all projects. An additional improvement over some previous studies is the inclusion
of project costs in the objective function. This is necessary since not all selected projects are
guaranteed to fit in the budget and be implemented within the analysis period. In fact, some
projects may be discarded from the sequence as they may become unjustified sometime
during the analysis. Therefore, different solutions (i.e. different sequence of projects) may
entail different project costs which should be considered in the objective function. The
objective function Z to be minimized is the present value of total cost:

T ng n

o v - cix;(t)
minZ = Z mzwlj + - (1 +T‘)t (1)

j:l i=1

x(t) =0 ift<t;
{xi(t) =1 if t>t;

In this formulation ¢; is the time when project i is completed and ready for use while x;(t) is a
binary variable specifying whether project i is finished by time t. In the objective function,

w;; denotes the travel time over link i in year j, and c; is the present value of the cost of
project i. n,,, n;, v are the number of projects implemented, total number of links and value of
time, respectively, while r is the interest rate.
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In this problem an internal budget source is considered for funding future projects.
Specifically, throughout the analysis period, fuel taxes collected from users are added to an
external budget in determining the overall investment budget. This assumption is realistic, as
fuel taxes and toll collections contribute substantially to highway improvement budgets. The
internal budget is estimated as:

b(ti)internal = VMT(ti—l) * f;” * fc * ft

where f,., f., f; denote fuel consumption rate (gal/veicle.mile), fuel cost ($/gal), and gas tax rate
(percentage of tax collected from dollar spent on gas) respectively. This formulation shows that
fuel taxes collected in period t;_, contribute to the budget available in period t;. VMT (t;_,)
presents the vehicle miles travelled during the time project i — 1 is completed. Jong and
Schonfeld (2001) formulated the selection and sequencing problem by defining the decision
variables as the completion time of projects. In this formulation the budget constraint is defined
as follows:

np "
Ecixi(t) < f b(e)dt, 0<t<T (3)
i=1 0

More specifically, under a limited budget, which is continuously distributed over time,
it is efficient to fund and complete projects one at a time, because the system gains immediate
benefits as soon as each additional project is completed and ready for use. The budget
constraint is almost invariably binding because, in actual cases, there are always some
justifiable projects waiting for funding. In fact, funding multiple projects concurrently
increases their completion time, meaning that their benefits are postponed. Therefore,
considering budget limitations, it is preferable to avoid funding overlaps, and fully fund
projects before starting to fund the next ones, and finish each project one at a time. It should
be noted that construction times of projects may overlap even if their budget accumulation
periods do not, if constrained budget flows can be shifted over time (e.g. through lending).
Thus, the optimized schedule of each project is uniquely and easily determined from the
optimized sequence by considering the budget flow.

To date, similar studies have assumed that the set of candidate projects remains
unchanged throughout the analysis period, thus disregarding that due to interrelations,
previous project implementations alter the benefits from completing succeeding projects,
possibly making them economically unjustifiable. It is also possible that initially unjustifiable
projects (i.e. with higher costs than benefits) may become economically desirable, e.g. after
bottlenecks in networks are cleared. Accordingly, in this paper, the undesirable projects (i.e.
whose benefits < costs) are temporarily removed from the list of candidate projects, with the
possibility of reentering the sequence after their benefits exceed their costs. In other words,
the set of candidate projects is constantly updated, and acceptableprojects may replaced
unacceptable ones at different stages of analysis.

4. EVALUATION MODEL

This paper applies the convex combination algorithm of Frank-Wolf (1956) as an evaluation
model to assess the effects of each expansion project on the network. The Frank—Wolfe
algorithm is an iterative first-order optimization algorithm for constrained convex
optimization widely used for solving traffic assignment problems. In each iteration, the
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Frank—Wolfe algorithm considers a linear approximation of the objective function, and moves
slightly towards a minimizer of this linear function. The algorithm starts with an initial flow
X. Subsequently, each iteration performs a direction search by solving a linear approximation
of the objective function which determines the step size and moves in that direction. Finally,
the algorithm terminates when it satisfies a convergence criterion based on the similarity of
successive solutions. In this case, the traffic assignment algorithm provides a relatively simple
model for evaluating solutions (i.e. computing the objective function value), and estimating
link travel times, speeds, volumes, and hence user costs.

5. OPTIMIZATION MODEL

In general, simulation methods are reserved for complex problems which are not solvable
analytically. However, it may be computationally expensive to insert simulation modules
directly into optimization loops. Hence, various approximation methods have been substituted
for simulation (Dai and Schonfeld, 1998, Wei and Schonfeld, 1994). By now meta-heuristics,
especially population-based ones such as GA’s, along with faster computers, can solve
complex optimization problems with unsmooth objective functions, even when simulation is
used to evaluate the objective function (Balamurugan, 2006; Haq and Kennan, 2006; Wang
and Schonfeld, 2005). In this paper a GA is used to find the optimal or near-optimal solution
to the selection and scheduling problem. To test this approach, a Frank-Wolfe traffic
assignment algorithm is used to compute the objective function. This algorithm can be
replaced later with a detailed simulation model.

A GA (Genetic Algorithm) is a metaheuristic method that imitates the biological
evolution and is based on the natural selection process (Michalewicz and Janikow, 1991). At
first, GAs create a set of possible solutions which form the “initial population”. This process
mostly creates the initial population randomly. A string of encoded genes called a
“chromosome” specifies each individual in the population. In this algorithm some individual
solutions with the best “fitness” value (i.e. objective function value) are chosen to reproduce
new offspring. This is usually a probabilistic process in which the individuals with better
fitness values have a higher probability of being selected for creating the next generation.
Then a series of mutation and crossover operators mate the selected solutions and change their
attributes to maintain the population’s diversity, and create the new generation (Golberg,
1989). In this study, each individual is defined as a string of numbers each corresponding to a
specific project to be implemented (FIGURE 2). In addition to random order solutions, a
greedy-order solution, a bottleneck-order solution form the initial population. In this context,
the greedy-order solutions represent the sequence of projects ordered by their benefit-cost
ratio, disregarding their interrelations. In bottleneck-order solutions, projects are ranked based
on their link volume-capacity ratios, which measure their congestion severity. This assumes
that more congested links should have higher priority for improvement.

The fitness function is equal to the value of the objective function which, as stated
earlier, is computed through the traffic assignment model. In maximization problems, the
selection probability corresponds to the value of the objective function. In minimization
problems the selection probability correlates inversely with the objective function value. To
avoid prematurity properties, a ranking method proposed by Michalewicz (1995) is used. In
this method the population is ordered from best to worst. Then, based the exponential ranking
value, the selection probability of each chromosome is assigned, assuming the lowest fitness
value is one (Michalewicz, 1995). Letting q be the selective pressuree [0,1], the selection
probability is defined as follows:
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P,=c*xq(1— q)i—1, c=1/1-(1- q)PopSize] 4)

Next, a roulette wheel approach is used to choose appropriate parents based on their
selection probabilities (Michalewicz, 1995). This process is conducted by spinning the
roulette wheel once for each individual in the population. Each time a random number r [0,1]
is generated, the i;;, chromosome is selected so that w;_; < r < w; , where w; is the
cumulative probability for each chromosome. Then the crossover and mutation operators are
applied to reproduce offspring and create the new population. Common methods of mutation
and crossover are fairly inefficient for sequencing problems since they construct many
infeasible solutions with repetitive project numbers within one sequence. To avoid producing
such solutions, some other genetic operators are employed to solve the project sequencing
problem. These operators, adapted from Wang (2001), include Partial Mapped Crossover
(PMX), Position Based Crossover (PBX), Order Crossover (OX), Order Based Crossover
(OBX), Edge Recombination Crossover (ERX), Insertion Mutation (IM), Inversion Mutation
(VM) and Reciprocal Exchange Mutation (EM).

6. ANALYSIS FRAMEWORK

The framework of the general proposed method for selecting, sequencing and scheduling
interrelated road projects is presented in Figure 1. The proposed combination of traffic assignment
and metaheuristic algorithms may be used to evaluate any sequence of projects and find a near-
optimal solution to the project selection and scheduling problem.

The pseudo algorithm provided in this section explains step-by-step how this problem is
tackled. First, the traffic assignment algorithm known as Frank-Wolfe, which is also used in
this study to evaluate the system at various stages, is described. This user equilibrium model
distributes flow in the network in a way that no individual user can reduce its trip cost by
switching routes. The second part describes the optimization algorithm. It also explains how
the user equilibrium algorithm is used within the GA to evaluate the objective function i.e.
fitness value of the population. In this case, each chromosome presents a string of numbers
which is the sequence of projects. The fitness value i.e. the objective function for each
chromosome is estimated by re-running the user equilibrium model at relatively short
intervals during the analysis period, and thereby estimate the effects of additional projects on
traffic volumes and speeds throughout the system.. This in fact captures the interrelation
among projects. Equation 1 yields the present value of total cost which is also the fitness
value for the chromosome. Accordingly, new generations are created and evaluated until the
GA’s termination condition is met.

Evaluation Model — User Equilibrium (Frank-Wolfe)
Given a current travel time for link g, t[{_l the nth iteration of the convex combination algorithm is
summarized as follows:
1. Initialization: all or nothing assignment assuming t?~* which yields x2.
2. Updating travel time: use a BPR function t; = t,(x}) = to(1 + 0.15 (5)4).
3. Direction finding:
- Find shortest paths using Dijkstra Algorithm based on t}
- All or nothing assignment considering t7} which yields auxiliary flow y2.

n n_.,n
4. Line search: find a that solves min},, foxam(y“ *a) te(w)dw.

Move: set x?t1 = x2 + a, (Y2 x1), Va.

6. Convergence test: If a convergence criterion met, stop. Otherwise set n=n+1 and go to step 1.

\n
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Optimization Model — Genetic Algorithm

1. t<0
2. Initial population: Set initial population [P(t)].
3. Evaluate population:
- For each chromosome (sequence of projects), run User Equilibrium after each project
(gene) is implemented.
- Obtain travel time Wij, volume, VMT.
- Compute the fitness value through eq.1.
4. While not termination, do
- Select parents [P, V)]
- Reproduce offspring by crossover operators [P, (t)]< [P, (t)]
- Mutate [P.(t)]
- Create next generation [P(t+1)]
-ttt

End.

5. Obtain optimized sequence of projects.

7. CASE STUDY

In the literature, simple examples of related problems have been published, e.g. by Tao and
Schonfeld (2006). A more complex example, namely the Sioux Falls network (LeBlank et al., 1975) is
used as a case study here. Sioux Falls is the largest city in the U.S. state of South Dakota. Its simplified
network with 24 nodes and 76 links, shown in Figure 3, is used here for testing purposes. It is
assumed for this example that the demand grows exponentially over the planning horizon:

df = dd=(1+1) (5)

where dl-tj is the demand between origin i and destination j, d?j is the base demand for the ij origin

and destination (O/D) pair at time 0, and r is the growth rate per period.

After running the traffic assignment model, the critical lanes with high volume-capacity ratios
are selected as an initial set of candidate projects. Our model allows volume-capacity ratios above
1.0 since we use a BPR function for estimating link performances. Since the demand matrix is
symmetric for O/D pairs, each link expansion improvement is assumed to be implemented in both
directions between the two connected nodes, i.e. each project is defined as expanding two links
between a pair of connected nodes. This assumption is also justified economically because it saves
costs in using mobilized construction equipment and other resources. To find appropriate initial
solutions, the traffic assignment model is run for all improvement scenarios. The first column in Table
1 shows the sequence of projects ranked by their benefit-cost ratio in descending order. In this
context, the benefit is the present value of travel time savings, and the cost is the present value of
implementation cost (greedy order solution). The third column displays the sequence of projects
based on their congestion severity, where links with lower service levels have higher priorities
(bottleneck order solution).

TABLE 1 Greedy Order and Bottleneck Order Solutions

Greedy Order Project Benefit Bottleneck VIC
Solution (dollar) Ratio

15



(Link #) Order Solution
(Link #)
11 $217,300,346 11 2.17
36 $193,368,891 36 1.89
3 $189,404,178 34 1.79
12 $161,423,613 14 1.62
9 $117,425,401 9 1.59
15 $91,362,677 27 1.48
2 $87,751,583 35 1.42
25 $71,863,522 12 1.41
21 $70,811,860 15 1.36
4 $69,331,975 21 1.35
27 $68,775,533 3 1.35
37 $61,764,580 13 1.32
16 $61,099,054 30 1.31
22 $60,702,083 37 1.22
13 $60,135,953 22 1.21
14 $59,110,008 4 1.11
35 $44,182,898 2 1.11
30 $36,073,907 16 1.09
34 $5,242,573 25 1.04

After identifying an initial set of candidates, all projects are further investigated through a
benefit-cost analysis to identify and rank the initial economically beneficial projects. It is
assumed that each improvement project adds one lane, which is equivalent to 700
vehicles/hour additional capacity to each link, and the equivalent annual cost of each lane
expansion is assumed to be 4,000,000 $/lane-mile (Zhang et al., 2013). The main cost saving
of link expansion projects is the reduced travel time for all the users. These travel time
reductions can be computed through the traffic assignment model by comparing the total
system travel time before and after project implementation. Next, the previously described
GA is used to find near-optimal solutions for the sequence and schedule of selected projects.
When optimizing, we seek a sequence of projects which can be implemented within the
planning horizon (30 years). Therefore, every project with a scheduled completion time
beyond the planning horizon is eliminated from the sequence.

8. RESULTS

As discussed previously, a traffic assignment model is used to evaluate the candidate projects over
the planning horizon and a GA is used to find near-optimal solutions. This section analyzes the GA
results and compares the basic scenario without improvement projects to the scenarios with
implemented projects.

TABLE 2 Optimal Sequence and Schedule

Optimal Sequence Completion Time
(year)
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11 1.8

34 5.9
36 8.8
9 10.8
14 14.8
3 16.2
35 20.7
27 22.7
37 25.0
12 28.0

NCZ;{:’I OT;Eg' 8535.93

In this analysis the average GA running time per iteration is 300 sec and the entire analysis takes
about 8 hours to run.

Table 2 presents the optimal sequence and the corresponding schedule of projects along
with the objective value. The first column presents the link identifiers as ordered in the optimized
solution. As stated earlier, each link expansion improvement is assumed to be implemented in both
directions between the two connected nodes. Accordingly, the optimized schedule is directly
determined by the sequence of selected projects, assuming it is efficient to fund and finish one
project at a time, and gain its benefits as soon as it is completed. Thus, as explained in section 2,
successive projects in the sequence are completed when the available cumulative budget equals the
cumulative project cost. Figure 5 shows the accumulated total delay costs for three scenarios: (i) no
project implementation, (ii) project implementation based on greedy solution, and (iii) optimized
project schedule. These results indicate that at the end of 30 years, the improvement projects can
save up to 21% of the total delay costs compared to no project implementation and 10.5% compared
to the greedy order solution.

In addition to Sioux Falls network which is fairly small, this method is also applied to the
much larger Anaheim network, which is displayed in Figure 5. It has 416 nodes (of which 38 are
origin/destination centroids), 914 links, and 1406 O-D pairs. All the network-related information is
extracted from (Bar-Gera, 2011). In this case, we tested the algorithm for 20, 40, 80 and 100
candidate projects. Table 3 compares CPU times for the Anaheim and Sioux Falls networks. It can be
seen that a larger network significantly increases the CPU time. The results also indicate that the
network size affects the CPU time much more than the number of projects. In this case, where
number of links in the Anaheim network is 12 times higher, the CPU time per generation becomes
almost 115 times higher. This occurs because the traffic assignment algorithm has to evaluate the
entire network regardless of the number of projects. Also, the number of generations for comparable
precision is likely to increase with network size. In conclusion, this method is applicable to fairly large
networks with numerous projects, but computational improvements would be desirable for
analyzing very large networks.

Table 3 CPU Time per Generation (Sec)
Number of projects 5 10 15 20
CPU time 51.65 91.26 149.25 161.53

Sioux Falls
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Number of projects 20 40 80 100
Anaheim

CPU time 10,472 12,764 16,897 18,533

9. ALGORITHM TESTING

To evaluate the results emerging from this algorithm, an exhaustive enumeration is carried out
for the Sioux Falls network. Since the enumeration of the original problem with 20 candidate
projects (i.e. 20! possible solutions) is lengthy and requires extensive computation time, this
test is done for smaller problems with fewer projects. In this case, we consider four problems
with 4, 5, 6 or 7 projects to be ranked. Each case is solved both by the GA and by a complete
enumeration which evaluates each possible combination of projects and renders the exact
solution. The results presented in TABLE 4 indicate that the GA yields the exact solution
from enumeration in all four cases.

Table 4 Complete Enumeration Test

Complete enumeration GA solution
Num_ber of Solution space Total syste6m Optimal Total syste6m Optimal
projects cost* 10 sequence cost* 10 sequence
4 41=24 90980 3,214 90980 3,214
5 51=120 94248 3,254,1 94248 3,2,5,4,1
6 6!=720 98009 3,25/4,1,6 98009 3,2,5,4,1,6
7 71=5040 99301 3,2,5,4,1,6,7 99301 3,25,4,1,6,7

In general, it is impractical to fully guarantee that the results of heuristic algorithms are
globally optimal, and it is somewhat difficult to assess the goodness of solutions obtained by the
evolutionary methods. In this study, a statistical experiment is conducted to examine the
effectiveness of the algorithm. For this purpose, first a sample of randomly generated independent
solutions is created. The next step is to fit an appropriate distribution to the fitness values. The final
step is to calculate the cumulative probability of the solution found by the algorithm based on the
fitted distribution. It is desirable to obtain a very low probability to demonstrate the goodness of the
solution. Accordingly, a random sample of 50,000 solutions is created, for which the objective
function minimum is 8709.19x10°® and maximum is 15769.69x10°. After exploring different
distributions, the Lognormal (mu= 9660, sigma= 0.0248) distribution is found to yield the best fit.
Figure 6 shows the fitted distribution and the data derived from random sampling. It is evident that
the minimum value in the distribution of 50,000 random solutions is higher (costlier) than the
optimal solution presented in TABLE 2. In other words, the solution found by the algorithm excels all
the random solutions in the distribution.

The cumulative probability of the best solution found by the GA according to the Lognormal
distribution is p = F (x| p,0) = F(8535.93 X 10°]| 9660, 0.0248) = 3.597 X 10~° which can be
derived from the following equation:
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This result implies that the best solution obtained by the algorithm dominates 99.999% of the
random solutions in the distribution. Therefore, the solution found by the GA, although not
guaranteed to be globally optimal, is very good compared to other possible alternatives in the
solution space and the deviation from global optimality is likely to be very small compared to
uncertainties and errors in the problem’s inputs.

10.CONCLUSIONS

The capacity expansion of links in road networks is a typical example of interrelated
alternatives for which the selection and sequencing of projects becomes a challenging
optimization problem with a “noisy” objective function surface. Common methods for
evaluating and prioritizing such problems are often incapable of capturing the interactions
among projects, and are mostly limited to pair-wise or at best n-wise interactions. The main
contribution of this study is to demonstrate how a traffic assignment model can be combined
effectively with a GA in a multi-period analysis for planning and prioritizing purposes while
capturing interactions among projects. We also design the algorithm to account for the
possibility that candidate projects may become economically justified or unjustified after the
implementation of previous projects. Another contribution is to reformulate the budget
constraint to include possible internal funding from fuel taxes. Also, we assume that the
demand changes during the planning horizon (growing exponentially in our example).
Finally, we demonstrate this methodology by conducting a case study and present a statistical
test of the goodness of the heuristic results.

In this study, a GA approach is employed here to optimize the selection and
scheduling of link expansion projects. The study uses a simple traffic assignment model to
evaluate the objective function and combines it with the GA to optimize the solution.
Although road expansion projects are the focus of this study, the proposed methodology
should be applicable to general cases involving more complex systems. More specifically,
GAs can optimize very intractable objective functions without requiring restrictive
assumptions about their structures. This allows analysts to effectively combine an appropriate
evaluation tool (e.g. microscopic simulation, simulation approximates, queuing or neural
networks, depending on the problem) with the GA, and to solve the planning and scheduling
problem for a variety of interrelated alternatives.

Future research may focus on developing general frameworks for solving the problem
of planning and prioritizing interrelated alternatives in a wide range of applications. Although
many components of such a general method exist, they could benefit from further
improvements. Accordingly, the work presented in this paper may be extended by
incorporating more complex evaluation models (e.g. micro simulation) to capture saturation
effects in networks. Future work may also account for uncertainties of important variables,
and consider other possibilities, such as multiple alternatives per location, facility changes
over time at the same location, and traffic delays during construction. Computational
improvements in the algorithm would be desirable, e.g. by distributing GA’s operators
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among multiple computer processors. It may also be interesting to optimize particular projects
endogenously instead of selecting them from among pre-specified projects.
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Selecting and Scheduling Link and Intersection Improvements

in Urban Networks

U. Jovanovic, E. Shayanfar and P. Schonfeld

Abstract

Deciding which projects, alternatives or investments to implement is a complex and important problem
not only in transportation engineering, but in management, operations research and economics. Projects
are interrelated if their benefits or costs depend on which other projects are implemented. Furthermore,
in the network development problem analyzed here, the timing of projects also affects the benefits and
costs of other projects. This paper presents a method for optimizing the selection and scheduling of
interrelated improvements in road networks that explicitly considers intersections. The Frank Wolfe
algorithm, which is modified here to consider intersections, is used for evaluating network
improvements as well as for traffic assignment. Intersections are modelled with pseudo-links whose
delays are estimated with Akcelik’s generalized model. The objective is to minimize the present value
of total costs (including user time) by determining which projects should be selected and when they
should be completed. A genetic algorithm is used for optimizing the sequence and schedule of projects.

For decades transportation engineers have been dealing with the problem of evaluating, selecting and
scheduling infrastructure projects. Considered alternatives can be classified as follows:

° Mutually exclusive: Only one alternative may be selected,
° Independent: The benefits and costs of alternatives
are independent of which alternatives are selected or when those are implemented,;

° Interdependent (interrelated).

Interrelated alternatives pervade transportation net- works since improvements alter the flows, and hence
bene- fits, on other network components. This paper aims to show how a traffic assignment model can
be used to evaluate the objective function of an investment planning optimization problem for an urban
road network, especially by showing how intersections can be included in the traffic assignment. A
method is presented for evaluating, selecting and scheduling interdependent improvement alternatives
in urban road networks, which extends Shayanfar et al. (1) by considering intersection improvements in
addition to link widening alternatives. It is shown how a traffic assignment model can be effectively
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modified to consider intersection flows and delays by introducing pseudo-links. Adding pseudo-links
for each of three movements (left, through and right) at each approach of a four-leg intersection, creates
a total of 12 pseudo-links per intersection. Moreover, a traffic assignment model is shown to be
effectively combined with a genetic algorithm for planning and prioritizing purposes while considering
interrelations among candidate projects. The background section reviews some prior studies on
intersection delay, selection and scheduling of project alternatives, and traffic assignment. The next two
sections present the evaluation model and the genetic algorithm used for optimizing the project selection
and schedule. A case study is presented on the Sioux Falls network and the results obtained with the
modified traffic assignment model and genetic algorithm in optimizing the network development
schedule. Conclusions and suggestions for extensions are presented in the last section.

Background

Intersections are crucial components in urban road net- works since they affect traffic capacity and delay
at least as much as road links. Typically, four-leg intersections allow up to 12 legal vehicular movements
and 4 legal pedestrian crossing movements. Traffic signals assign right-of-way, and can significantly
reduce the number of conflicts, thus regulating the traffic flow. One of the many disadvantages of traffic
signals is the possibility of excessive delay which can congest the network, which, in turn, increases
cost, pollution and driver anxiety. Early studies on delays at signalized intersections include Wardrop
(2), who assumed that vehicles enter intersections with uniform arrivals, and Webster (3) who studied
delays for vehicles at pretimed signals and optimized their settings.

Delay relates to the amount of excess travel time, fuel consumption, and the frustration and discomfort
of drivers. Delay can also be used to compare the performance of an intersection under different demand,
control and operating conditions. For intersections, delay can be calculated simply, as the difference in
the departure time and the arrival time of a vehicle. Estimation of overflow delay is one of the major
difficulties in developing delay models at signalized intersections. The difficulty is obtaining a simple
and easily computable formula for overflow delay and has forced researchers and analysts to search for
approximations and boundary values. Numerous intersection delay models have been developed,
including Webster’s (3), Highway Capacity Manual (HCM) (4), Australian (variation of the Akcelik
delay model (5, 6), and Canadian (7). The delay model used here is Akcelik’s, because it gives delay
values close to the HCM formula for v/c \ 1.0, but with fewer assumptions about parameters. It is
expressed in Equations 1 and 2 as
' \2
d =05 U2
(1 —Ax)

/ (x — xo)

+ 9007 | (x— 1) + [ (x - 12+ 2 -
/ .

and
Xo = a + bsg (2)
where
d = average overall delay (sec/veh),
C = cycle time (sec),
| = fraction of the cycle which is effectively green for

the phase under consideration,
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X = v/c ratio,
T = flow period (h),
¢ = link capacity (veh/h),

m, n, a, b = calibration parameters, whose values are available for different delay models (e.g.,
Australian, Canadian, TRANSYT (8), and HCM) in Akcelik’s paper (5), and

s*g = capacity per cycle (veh/cycle).

Parameters n, m, a and b according to Akcelik’s papers (5, 6) have the following values respectively: 0,
8, 0.5, and 0. Therefore, the two equations above become

d U.SM
(1 —Ax)
, [ , | 8(x—05)]
+9007 | (x = 1) +/(r =177 + “—TJ (3)
| -
Xp 0.5
The overall delay d; at an intersection can be calculated as
dav,
d; Z AVA (4}
> Vi

where dA is delay on approach A, and VA is volume on approach A. Heidemann (9) and Olszewski (10)
used probability distribution function to estimate delay at signalized intersections.In their models, the
probability distributions of delay were obtained from the probabilities of queue lengths.

Among many approaches used to tackle the problem of project selection and scheduling are integer
programming, used by Weingartner (11) and by Cochran et al. (12), and dynamic programming, used
by Weingartner (11) and by Nemhauser and Ulman (13). One notable study on interrelated projects is
Weingartner’s (11) which presents, among other problems, interdependent projects with budget
constraints.

Mehrez et al. (14) use a multi-attribute function to specify the decision maker’s preference with a zero-
one budget model to solve the problem of selection of interrelated multi-objective long-range projects.
The authors define a set of n indivisible projects contributing to m tangible and intangible attributes with
L limited resources available for T periods. In addition, they use a utility function with m attributes and
regard each project as a collection of subprojects, each one contributing to one of the attributes affected
by the projects.

Evaluation Model

Traffic assignment can be formulated as the problem of finding the equilibrium flow pattern over a given
transportation network, if its graph representation, the associated link performance function and an
origin—destination (O-D) matrix is known. Assignment of traffic flows on network links is a result of
equalizing transportation demand (O-D matrix) and transportation supply (link and node capacity,
management actions). A reasonable assumption is that all travelers try to minimize their own travel time
between their own origins and destinations. Other assumptions are that travel times increase with link
flows, and all individuals behave identically. User equilibrium (stable condition) is achieved when no
traveler can improve their travel time by changing route. Notable publications that dealt with traffic
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assignment include Florian (15), Sheffi (16), and Boyce and Ran (17, 18). However, none of these
consider intersection characteristics and performance.

This paper applies the convex combination algorithm developed by Frank and Wolfe (19) to evaluate
link and intersection expansion projects upon their implementation in the network. The Frank-Wolfe
(FW) algorithm is an iterative algorithm used for solving a user equilibrium traffic assignment which is
a nonlinear programming problem with convex objective function and linear constraints. Given t,° a
(initial travel time for link a), the convex combination algorithm is as follows:

I. Setcountern = 1,

2. Initialization: Perform all or nothing assignment
assuming ¢"~!, which yields flows x"

3. Update: Set link travel time (Bureau of
Public Road (BPR) function) 7 = (x2) =

4
w(1+0.150)*)

4. Direction finding: Perform all-or-nothing assign-
ment based on {¢!}, which will yield a set of (aux-
iliary) flows {)}

5. Line search: find =, that solves the following

problem:
X+ ayi-—xl)
max [ la(w)dw (5)
D<x<l .
0
6. Move: Setx? *! = a(y! —x%),Va
7. Convergence test: If a convergence criterion is
met, stop. Otherwise, set » = n + 1 and return
to step 2.

Problem Statement

The problem considered here is NP hard (20) with a nonconvex objective function. The problem grows
rapidly as the number of candidate projects increases, and can be classified as a combinatorial
optimization problem. This type of problem involves finding values for discrete variables in such a way
that the optimal solution is found with respect to the objective function. Many practical problems can
be classified as combinatorial optimization problems such as the shortest path algorithm. Other
examples are the optimal assignment of employees to tasks to be performed and the traveling salesman
problem. Dorigo et al. (21) formulated a combinatorial optimization problem U as a triple (S, f, O),
where S is the set of candidate solutions (sequence of projects), f is the objective function (present value
of total costs) which assigns an objective function value f (s) to each candidate solutions 2 S, and O is
the set of constraints (budget constraint in our case). The solutions belonging to the set ~S S of candidate
solutions that satisfy the constraints O are called feasible solutions. The goal, according to Dorigo et al.
(21), is to find a globally optimal feasible solution s* (optimal sequence of projects).

In this study, the present value of total cost during the analysis period is the objective function, subject
to a budget constraint. The total cost consists of: (i) supplier cost, defined as the present value of all
project costs, and (ii) user cost, defined as the delay multiplied by the value of time. Accordingly, the
objective function can be formulated as
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where
wij = waiting time on link i in year j,
ci = present value of the cost of link project i,
npi = number of link projects (link improvements),
n = total number of links,
n; = total number of intersections,
npi = number of intersection improvement projects,
Ci = present value of the cost of intersection project i,
v = value of time, and
r = interest rate.
The cost of intersection project i can be written as

Ci=0C, +Cp=A4;,-51.6 +4;-20 (7)

where

C.i =capital cost of improvement of intersection i ($/ft2),
Cpi = cost of pavement maintenance of intersection | ($/ft2),
A = area of the land needed to improve intersection I (ft2),
A = overall area of the intersection i (ft2)

The objective function is bound by the following cumulative budget constraint (22) as

r
ng

> ex(r) < [B(r)dn()g:g?‘ (8)

i=1

0

xi(t) =0if t<y
xi(t) = 1if t=t,

where ti is the time when project i is finished, and xi(t) is a binary variable specifying whether project i
is finished by time t. Since in most realistic problems the cumulative budget constraint is binding, that
is there is never enough funding for all the available projects that are worth implementing, the optimized
project sequence represented by the set of all tis uniquely determines the schedule of projects (1, 22).

Optimization Method
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A genetic algorithm (GA) is a search technique inspired by biologic natural selection and evolution:
““survival of the fittest’’. Traditional techniques evaluate only one potential solution at a time when
searching for the optimal solution, while a GA searches by concurrently examining a population of
solutions. First, the GA generates many different solutions and computes their fitness value (which in
most cases is the objective function value). Then, solutions are ranked based on their fitness value.
Solutions with better fitness values are saved, while others are discarded. Some saved solutions are
chosen as parents, and genetic operators, such as mutation and recombination operators, are applied on
them to create a new generation of solutions. This process is repeated, until the specified number of
generations is achieved or until the fitness function stops improving significantly. The GA includes the
following steps (23):

1. Code the problem and determine the values of the parameters.

2. Form an initial population which contains n strings, where n depends on the type of problem
examined. Evaluate the fitness function of every string.

3. Assuming the probability of choice is proportional to values of fitness function, choose n potential
parents.

4. Randomly choose two or more parents and apply operators such as recombination and mutation
operators to create offspring until a new population of n offspring is created.

5. Evaluate the fitness function for the new population for every offspring.

6. If the stopping criterion is reached, terminate the algorithm, and report the optimized solution (one

with the best fitness value). Otherwise, return to step 3.

In this study, the initial population of the GA is generated randomly and solutions are represented by
integer digits showing the sequence of the projects being implemented. Each individual in a population
is defined as a string of numbers, each corresponding to a specific project in a sequence. The fitness
function is the value of the objective function and is computed through the traffic assignment model.

Table |. Input Parameters

Parameter Definition Value and unit

g Cost of lane addition %3 million/lane.mile

g Demand growth rate 0.0l /year

Ln,, Lane widths 1 ft
Auvailable budget $1.5 million/year

v Value of time $15/veh.hr
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Figure 1. Graphical representation of the Sioux Falls network.

Case Study

The Sioux Falls network adopted from LeBlanc et al. (24) is used here as a case study. This network
differs from the real network since it mainly includes the city’s major arterials. It has been used in many
previous studies. Figure 1 depicts the Sioux Falls network with 24 nodes and 76 links.

After running the traffic assignment model on the Sioux Falls network, links and intersections (nodes)
that have critical volume-capacity (v-c) ratios are identified as an initial set of project improvements.
The BPR function (19) used as a link performance function allows v-c ratios to exceed 1.0, which helps
us identify the most congested links.

The project alternatives considered are link widenings (which are assumed to be applied symmetrically
in both directions between the two connecting nodes because the O-D table is symmetric), and vertical,
horizontal, or vertical and horizontal, improvements of intersections. Improvements are carried through
the entire intersection for consistency with the number of lanes on the intersection’s legs; there are two
types of improvements that are considered in this paper: (i) N-S widening of the intersection between
the North—South approaches, (ii) E-W widening of the intersection between East—\West approaches. It
is assumed that some projects should be bundled because it saves costs due to the joint use of resources
and construction equipment. The assumption to bundle some projects is justified economically because
it saves costs due to the joint use of resources and construction equipment.

In this example, it is assumed that the demand grows exponentially over the planning horizon as

d=d%(1+g) (9)
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where dt ij is the demand between origin i and destination j, dO ij is the base demand for the ij origin
and destination (O-D) pair at time 0, and g is the growth rate per period. Some numerical values of the
input parameters and their units are displayed in Table 1.

Nodes 8, 11 and 16 represent two-phased intersections in the Sioux Falls network. Intersections were
modeled by adding one pseudo-link for each movement between link pairs, for example, for intersection
8, link 47 there are three pseudo-links (47002, 47004, 47006) for three movements (left-turn (002 part),
through movement (004), and right-turn (006), respectively). Overall, for the three intersections (8, 11
and 16), 36 pseudo-links are added to the network. Table 2 shows the pseudo-links for intersections,
their capacity, free flow travel time (t0), and which pseudo-link belongs to which intersection. The
capacity of each pseudo-link was set as the minimum value of the capacities of the two real links it
connects.

Table 3 shows the initial volumes for each of the O-D pairs. It is evident that there are no trips originating
and ending at nodes 8, 11, 16, because we consider them as intersections in the Sioux Falls network. In
Table 4, the values of delay on intersection pseudo-links, the volumes on each pseudo-link, and pseudo
V-C ratio are presented.

Table 2. Pseudo-Links for Intersections 8, | 1, and 16, Their Capacity and Free Flow Travel Time

Ist Node 2nd node Pseudo-link ID Capacity ty Intersection
4 14 10004 731 2652 I
4 10 10002 736 3

4 12 10006 736 3876

6 16 16004 734 1.302 8
6 9 16006 734 1.302

6 7 16002 734 1.302

7 9 17004 757 1.5 8
7 6 17006 734 1.302

7 16 17002 756 1.5

8 17 22004 756 1.002 8
8 10 22006 728 27

8 18 22002 756 l.614

12 4 36002 736 3876 I
12 10 36004 736 3

12 14 36006 731 2652

14 12 40002 731 2652 I
14 4 40004 731 2652

14 10 40006 731 2652

16 9 47002 756 2892 8
16 6 47004 734 1.302

16 7 47006 756 1.5

17 10 52002 728 1.002 16
17 8 52004 756 1.002

17 18 52006 756 1.002

18 17 55002 784 1.002 16
18 10 55004 728 l.614

18 8 55006 756 l.614

Figure 2 shows how the values of delay increase as the pseudo v-c ratio increases, for the three pseudo-
links 36004, 16002, and 52002. These pseudo-links were chosen because of their large increases in
delays as volume increases. The delay on each of the pseudo-links varies slightly, as can be seen in
Figure 2.

Figure 3 shows overall intersection delay for the three intersections as function of the percentage of
increase of the original O-D volumes, in 10% increments ranging from 10% to 140% of the original O-
D table. In it the intersection delay usually increases as the percentage of volume increases, with
intersections 8 and 16 having the greatest increases in delay. Due to traffic re-assignment, the delay
increase is not monotonic at individual intersections.

Intersections 8 and 16 are considered for improvement based on their delay values. The links to be
improved were chosen because of their high v-c ratios (above 0.6). Table 5 summarizes the list of
projects. Intersections with the highest delay values and links with the highest v-c ratio are selected for
improvement. Table 6 shows the bottleneck sequence and schedule of projects (ordered based on the
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projects’ v-C ratios), greedy sequence and schedule (ordered based on their benefit-cost (b-c) ratio), and
the GA-optimized sequence and schedule of projects. In this case, benefit is defined as the monetary
value of total travel time savings from implementing one project, and cost is simply the implementation
cost of each project. The present values of total costs after each project implementation are also shown
in Table 6. These results indicate that the GA yields a better solution, that is, with lower total cost
compared to sequences based on b-c and v-c ratios. This occurs because the GA process accounts for
project interrelations, unlike common practices such as b-c ratio and congestion level rankings.

Figure 4 shows the performance of the GA; the optimized solution is reached after 22 generations. The
stopping criterion for the GA was set at 10 successive similar solutions (shown in Figure 4) but, for
more confidence in the results, we let it run further for 200 generations, which yielded the same solution.
The CPU time for entire analysis is 3300 seconds. Table 7 demonstrates the sensitivity of the optimized
sequence, schedule, and the objective function value (total cost) to changes in demand.

Demand is changed by the same percentage for each cell in the O-D matrix. Table 7 also presents the
sensitivity of results to changes in the available budget. The variation in budget is specified as different
percentages of the original value, which was set to $1.5 million/year. It should be noted that unsteady
budget flows do not increase the model’s complexity or computation time.

Jelay vs. v-c ratio on link 36004
delay vs v-c ratio on pseudo link

¢ vs. v-c ratio for pseudo link

Delay on pseudo links

25

0.0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 09

v-c on pseudo link

Figure 2. Delay vs. v-c ratio for pseudo-link 36004.
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Table 3. Baseline O-D Volumes for the Sioux Falls Network

0-D 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
1 0 200 120 360 180 240 300 O 360 @840 0O 180 360 180 300 0 300 120 180 180 60 240 180 120
2 200 0 6 18 6 30 12 0 18 36 0 12 18 6 12 0 18 6 6 12 6 12 6 6
3 120 6 0 18 6 18 6 0 12 18 0 18 12 6 6 0 6 0 6 6 6 6 6 6
4 360 18 18 0 30 30 30 0 48 72 0 42 36 30 30 0 30 6 18 24 12 24 30 18
5 180 6 6 30 0 18 12 0 48 60 0 12 12 12 18 0 18 6 12 12 6 12 12 6
6 240 30 18 30 18 0 24 0 24 48 0 18 18 12 18 0 36 6 18 24 6 18 12 6
7 300 12 6 30 12 24 0 0 36 114 0 48 30 18 30 0 60 60 30 36 18 36 12 6
8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
9 360 18 12 48 48 24 36 0 0 168 0 42 36 36 60 0 60 12 30 42 24 42 36 12
10 840 36 18 72 60 48 114 0 168 0 0 126 114 132 240 0 234 42 108 156 78 162 108 54
11 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
12 180 12 18 42 12 18 48 0 42 126 0 0 84 42 48 0 42 12 18 30 24 48 42 30
13 360 18 12 36 12 18 30 0 36 114 0 84 0 36 42 0 36 6 24 42 36 78 48 48
14 180 6 6 30 12 12 18 0 36 132 0 42 36 0 45 0 42 6 24 30 24 72 66 24
15 300 12 6 30 18 18 30 0 60 240 O 48 42 45 0 0 90 18 48 66 48 156 60 30
16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
17 300 18 6 30 18 36 60 0 60 234 0 42 36 42 90 0 0 42 102 102 42 102 36 18
18 120 6 0 6 6 6 60 0 12 42 0 12 6 6 18 0 42 0 24 100 6 24 6 6
19 180 6 6 18 12 18 30 0 30 108 0O 18 24 24 48 0 102 24 0 78 30 78 24 12
20 180 12 6 24 12 24 36 0 42 156 0 30 42 30 66 0 102 100 78 0 78 150 42 30
21 60 6 6 12 6 6 18 0 24 78 0 24 36 24 48 0 42 6 30 78 0 114 42 36
22 240 12 6 24 12 18 36 0 42 162 0 48 78 72 156 0 102 24 78 150 114 0 132 72
23 180 6 6 30 12 12 12 0 36 108 O 42 48 66 60 0 36 6 24 42 42 132 0 4.8
24 120 6 6 18 6 6 6 0 12 54 0 30 48 24 30 0 18 6 12 30 36 72 4.8 0
Table 4. Values of Delay [sec/ygh], Volume [ygh] and v-c Ratios for Pseudo-Links at Intersections 8, 11, and 18
Intersection 8 Intersection 16 Intersection 11
Psaudo-link Delay Velume v-r Psaudo-link Delay Velume v-C Psaudo-link Delay Velume v-C
47002 17.97572 30.01127 0.039652 52002 2789938905 479.8608 0.658534 40002 20.85631 222 0.303496
47004 1164007 263.9938 0.359279 52004 1950075055 142.3221 0.18804 40004 18.64281 83.99553 0.11483
47006 20.98573 228.6979 0.302161 52006 1835787152 6000031 0.079274 40006 19.53734 144 0.196862
24004 20.17247 186.009 0.245547 55002 20.00773625 178 0.2269 L[k 21.30623 246 0.336306
24002 18.56341 7801732 0.106177 55004 1830268932 60.00649 0.0824 17004 1194002 279.2566 0.379258
24006 17.97555 29.99529 0.039634 55006 19.52566035 144 0.1902546 27006 17.542 0 ]
17004 18.09034 108.0194 0.142594 22004 19.33305523 130.9015 0.17295 10004 18.52113 75.35613 0.103019
17006 19.00682 443.984 0.604234 22006 17.51455175 0 0 10002 17.542 0 ]
17002 26.32533 203.9935 0.269521 2202 19.61527684 149,9971 0.19818 10006 19.91571 168.0003 0.228161
16004 20.46652 78.98595 0.107495 20002 18.08119079 4367763 0.059%77 36002 19.62855 150.0013 0.203716
16006 18.3155 60.00376 0.081661 28004 18.30256332 59,99731 0.082387 36004 2287071 322,163 0.437529
16002 25.95317 433.1572 0.589499 28006 29.63127316 515.9972 0.708556 36006 20.95642 222,0059 0.303504
30
25
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Figure 3. Intersection delay vs. percentage of the original volume of the O-D table.
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Table 5. List of Candidate Projects and Their Costs

Project ID Project description Project cost
| Improvement of links 69 & 65 $1,800,000.00
2 Improvement of links 30 & 51 $4,800,000.00
3 Improvement of links 62 & 64 $3,900,000.00
4 Improvement of links 68 & 63 $4,200,000.00
5 horizontal improvement of intersection 8 (pseudo-links 17, 24) $220,880.00
6 vertical improvement of intersection 8 (pseudo-links 16, 47) $220,880.00
7 horizontal improvement of intersection |16 (pseudo-links 29, 55) $220,880.00
8 vertical improvement of intersection |6 (pseudo-links 22, 52) $220,880.00

Table 6. Bottleneck, Greedy, and GA-Optimized Schedule of Projects with Corresponding Total Costs

Bottle neck Present value of Schedule Greedy order Present value of Schedule GA- optimized Schedule Present value of
sequence total cost ($) (years) sequence total cost ($) (years) sequence (years) total cost ($)
I 532,870,256 1.2 2 1,295,746,013 32 7 0.15 68,455,247
2 1,701,652,369 4.4 3 2,095,244,334 58 6 0.29 135,967,546
3 2,421,799.340 7 6 2,134,903,906 595 2 349 1.396,017,082
4 3,025,641,095 9.8 7 2,174,285.216 6.09 3 6.09 2,174,056,728
5 3,053,349,907 9.95 8 2,213,386,599 6.24 4 8.89 2825298019
6 3,080,981,763 10.09 5 2,252,222,345 6.39 I 10.09 3,057,265,698
7 3,108,535,464 10.24 4 2,902,828,902 9.19 5 10.24 3,085,002,834
8 3,136,038,746 10.39 I 3,134,797,942 10.39 8 1039  3,112,075,181
3.14E+09
3.135E+09
S 3.13E+09
9
' 3.1256+09
2
£ 3.12E+09
3.115E+09
3.11E+09
10 15 20 5 30 40 45
Generation

Figure 4. Performance of the genetic algorithm.

Conclusion

The improvement of intersections and links in a network is just one example of interrelated alternatives

for which the selections and scheduling of projects becomes a challenging optimization problem. This

paper modifies the FW traffic assignment model to consider intersection flows and delays. This is done

by introducing pseudolinks to the network and applying Akcelik’s delay model. The modified model is

then incorporated within a GA loop to optimize the selection and scheduling problem. Common
prioritizing practices which are rankings based on b-c ratio and congestion level do not produce the

optimal sequence of projects because they disregard the interrelations among projects, unlike the GA
used here. This methodology can be applied more generally to other more complex cases. GAs can
optimize very intractable objective functions without requiring restrictive assumptions about their
structures which allows them to be efficiently combined with other evaluation tools, to solve selecting
and scheduling problems.
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Future research may focus on extending the model by incorporating more detailed evaluation methods
(such as simulation models) to capture dynamic effects in congested networks that are missed by the
FW algorithm. Future model versions may also consider more elaborate intersection configurations,
control policies and cyclical variations in daily and weekly traffic. Gas could be solved considerably
faster by distributing the evaluation of population members among multiple processors. Moreover,
individual improvements (resurfacing, widening) could be grouped to form a project, bus traffic could
be traced along with passenger vehicles in the traffic assignment method, and different cost rates could
be assumed for different types of improvements implemented.

Table 7. Sequence and Schedule Change Subject to Demand Change and Sequence and Schedule Change Subject to Budget Change

Sequence Schedule (years) Present value of total cost
Demand
50% 6-7-3-2-4-1-8-5 0.1-0.3-2.9-6.1-8.9-10.1-10.2-10.4 $1,532,306,913
75% 7-6-2-4-3-1-5-8 0.1-0.3-3.5-6.3-8.9-10.1-10.2-10.4 $2,309,379,871
100% 7-6-2-3-4-1-5-8 0.1-0.3-3.5-6.1-8.9-10.1-10.2-10.4 $3,112,075,181
110% 7-6-2-4-3-1-8-5 0.1-0.3-3.5-6.3-8.9-10.1-10.2-10.4 $3,452,620,779
125% 7-6-2-3-4-1-8-5 0.1-0.3-3.5-6.1-8.9-10.1-10.2-10.4 $3,989,723,752
Budget
50% 6-7-2-4-3-1-8-5 0.3-0.6-7-12.6-17.8-20.2-20.5-20.8 $4,272,866,372
66% 6-7-2-4-3-1-5-8 02-0.4-5.2-9.4-13.3-15.1-15.4-15.6 $3,832,339,985
100% 7-6-2-3-4-1-5-8 0.1-0.3-3.5-6.1-8.9-10.1-10.2-10.4 $3,112,075,181
133% 7-6-3-2-4-1-5-8 0.1-0.2-2.2-4.6-6.7-7.6-7.7-7.8 $2,594,955,256
200% 7-6-3-2-4-1-5-8 0.07-0.1-1.4-3-4.4-5-5.1-5.2 $1,935.240,006
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Optimizing development plan of rail transit projects

over multiple time periods
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Abstract

This paper addresses the development of interrelated rail transit projects in urban rail transit networks
over multiple time periods. It extends the traditional network design problems by explicitly
considering the time horizon and interrelations among projects in rail transit networks. The proposed
model determines which projects in a rail transit network should be selected and completed at what
times (i.e., project selection, sequence and completion time), while jointly optimizing the evolving
headways of rail transit lines, in order to minimize the present value of the total cost. In addition to the
financial budget provided by relevant agencies (e.g., governments), we consider fare revenues
generated from the operations of previous completed projects as an internal source of funding for later
projects. A Genetic Algorithm (GA) is adapted to solve this model and tested on the transit network
development of Wuhan city in China. Sensitivity analysis is conducted to explore the effects on the
development plan of some important factors, such as travel demand and annual financial budget.
Findings are reported on the efficiency of the adapted GA approach as well as on the impacts of travel
demand and budgets.

Keywords: Rail transit network; development plan; correlated projects; financial budget constraint.
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1. Introduction

The past decade has witnessed rapid growth in rail transit investments in China. According to the
latest report by the Chinese Urban Rail Transit Association (CURTA, 2017), by the end of 2017, 165
rail transit lines with a total length of 5033 kilometers were operating in 34 cities in mainland China.
Currently, 5636 km of rail transit lines are under construction, and 7305 km of rail lines were
approved but not yet built. These rail transit projects require huge investment costs. For example, the
capital cost of Wuhan Metro Line 2 was about RMB600 million per kilometer (RMB is the Chinese
currency “Renminbi”. US$1 approximates RMB6.51 as of January 1, 2018). However, the
government funds available for investment in rail transit projects are limited. The investment or
improvement of the rail transit lines is thus usually a multi-stage process.

As an example, Fig. 1 shows the gradual development process of the rail transit projects in Wuhan (a
city located in Central China) in the past dozen years. It can be seen that Wuhan’s rail transit network
gradually expands from one line in 2005 to seven lines in 2017. The corresponding total rail line
length grows from 34.57 km to 237 km. During the development process, the order and time of the
project implementations can significantly affect user cost and the investment efficiency in terms of
total cost. This raises an important question addressed here: how should we design an appropriate
development plan for rail transit projects within financial constraints over a planning horizon such that
the discounted total cost in the urban system is minimized?

In the literature, transportation infrastructure investment issues have attracted widespread interest due
to their practical importance. Table 1 summarizes some principal contributions to the related
problems, in terms of the type of infrastructure, consideration of time horizon, and consideration of
interrelations among projects. It can be seen from Table 1 that the existing studies mainly focused on
the general road network design problems with a discrete approach (see e.g., Wang et al., 2013; Zhang
etal., 2014; Wang et al., 2015), a continuous approach (see e.g., Li etal., 2012; Yin et al., 2014; Liu
and Wang, 2015), or in a hybrid way (see e.g., Luathep et al., 2011). These models usually aimed to
add new links or expand the capacities of the old ones in the network. Certainly, this is also an
important part of urban rail transit network development. However, the urban rail transit network
development problem is more complex than the general road network development problems due to
the design and operating characteristics of rail transit lines. In this regard, Gao et al. (2004) developed
a bi-level model to examine the interaction between the supply side and the demand side in a transit
network design problem. Farahani et al. (2013) provided a comprehensive review of urban
transportation network design problems.

However, most of these were static models focused on stationary states, which cannot address the
dynamic or progressive improvements of the rail transit system. It is well known that as the urban
economy and population grows, together with the development for the transit network, the demand for
the rail transit service may significantly increase. This increase can affect the rail services such as their
headways, operating costs and fare revenues. Hence, the development decisions for the rail transit
network should change, which in turn affect the system’s travel demand. Thus, the demand for rail
transit service, the operational condition and the network development decisions in one period are
significantly affected by the decisions made in the previous periods, and therefore, vary over the entire
time horizon. Consequently, it is important to incorporate the time dimension in the rail transit
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network development problem such that interactions between the supply and demand over different
time periods can be taken into account.

So far, researchers have made considerable efforts to consider the time horizon in transport network
design problems. For example, Cheng and Schonfeld (2015) optimized the extension of single rail line
outward from a city center over time. Shayanfar et al. (2016) proposed an optimization framework for
selecting and scheduling interrelated projects in a road network. Sun et al. (2017) explored the
selection of public transit modes by costs and benefits analysis and considered essential factors in a
long-term planning process, such as economies of scale in rail extensions and future cost discounting.
More recently, Sun et al. (2018) extended the work of Cheng and Schonfeld (2015) by developing a
bi-level model to determine how many stations along a rail line should be completed in different time
periods, while considering demand elasticity. It should be noted that the previous relevant studies only
considered single rail line, expanded outward from a city center. No comparable studies have been
found for the more general rail transit network development problem.

In this paper, we extend the related studies to consider the gradual development process of urban rail
transit networks, while accounting for correlations among projects in the rail transit network over
different time periods. Here, a project means to invest in one segment or link in a rail transit network.
Correlations among projects occur when the benefits and costs of projects in the rail transit network
depend on whether and when other projects are completed. When a project is implemented, both the
user costs of the newly built segments and those of the completed segments change since the number
of OD pairs connected by rail lines and thus the demand for rail services increases. Growing travel
demand can decrease the train headways and thus the user costs of completed segments along the rail
lines. However, the operating costs increase due to the rail transit network expansion and decreasing
train headways. Consequently, the total cost change (or project benefit) due to project development is
not a simply linear summation of cost changes from individual segments, but a consideration of the
operating cost increases and the user cost savings from all segments in the network. The correlations
among projects significantly affect the investment decision and the development plan. Thus, it is
important to account for the correlations among projects in the transit network and their effects on the
system’s total cost.

In light of the above discussion, this paper proposes a model for optimizing transit network
development process over time by considering time-varying demand, financial constraints, and
interrelations among projects over time and space. There are two main contributions in this paper.
First, a novel model is proposed to determine the development process of rail projects in a rail transit
network with limited financial budget over a planning horizon. In the proposed model, the present
value of the total cost is minimized by optimizing the project selection, sequence and implementation
schedule. The effects of the newly completed projects on transit systems and the present value of the
total cost are explicitly explored by incorporating the correlations among projects over time and space.
In addition, the growth of the travel demand over time is effectively captured by a time-varying travel
demand function. The budget constraint includes possible internal funding, such as from the fare
revenue generated from the operation of the transit rail lines. In other words, in addition to externally
provided budgets, the fare revenue collected from the previous years is used as an internal source of
funding to finance the successive projects. Second, some important factors that affect the development
plan of the public transit projects and the present value of the total system cost are identified. Results
reveal that both the initial travel demand and annual financial budget can significantly affect the
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development plan for a rail transit network. The proposed model can serve as a useful tool to guide the
development process of urban transit networks.

The remainder of this paper is organized as follows. The next section describes some basic
assumptions and the components of the models, including user cost and supplier cost. Section 3
presents the model for optimizing the development plan by determining which projects will be
selected, when these projects are completed, and the train headways in each period on the rail lines in
the network. A genetic algorithm (GA) for solving the proposed model is presented in Section 4. Next,
numerical examples are provided to illustrate the applications of the proposed model in Section 5.
Finally, Section 6 provides conclusions and recommendations for further studies.

2. Components of the model

2.1. Assumptions

To facilitate the presentation of essential ideas without loss of generality, some basic

assumptions are made as follows.

Al. The layouts of rail transit lines and station locations are assumed to be exogenously given, as
assumed in Cheng and Schonfeld (2015) and Sun et al. (2018). In fact, determining the layouts of rail
transit lines and station locations in an urban rail transit network is a major task of transit system
planning. In this paper, we focus on the future development plan for this pre-given transit network,
that is, determining which projects should be selected and when these projects should be invested over
a planning horizon.

A2. It is assumed that the sequenced projects can be invested once the financial budget is available.
We aim to explore the transit network development by considering financial feasibility over time.
Moreover, the system operations such as rail line length and train headways change if new projects are
completed. These assumptions have been adopted in various previous studies (see e.g., Wang and
Schonfeld, 2008; Shayanfar et al., 2016).

A3. Travel demand is assumed to be at a stationary state within each development period but varies
among periods. Here, period refers to the development state of a transit network. Specifically, when a
project is completed (i.e., the development state of the network changes), the current period ends and
the next period begins. Therefore, the duration of periods depends on the interval between the
completion of two successive projects, which is determined by the development plan and may vary
over different periods. It is assumed that travel demand in different periods increases due to
demographic trends, economic growth and network development. It is also assumed that the travel
demand between OD pairs which are already connected by rail lines increases at a higher rate than that
between unconnected OD pairs. In this paper, an exponential form of travel demand function is
adopted (as in e.g., Shayanfar et al., 2016; Cheng and Schonfeld, 2015; Sun et al., 2018).
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A4. The present value of the total cost in the urban system is assumed to be the sum of the discounted
total cost over all development periods (see e.g., Shayanfar et al., 2016). In each period, the total cost
includes user cost and supplier cost. The supplier cost refers to the cost for providing transit service,
which includes the capital investment, network maintenance, and vehicle operating cost.

AS5. It is assumed that until origin-destination pairs are connected by rail lines, their demands are
served by other modes (e.g. autos or buses), at a cost proportional to travel distance.

AG6. In this model at most one rail route exists between any OD pair. In fact, except in central parts of
cities with very large rail networks, most rail trips have no alternative rail paths. This typical situation
can be seen in many cities, such as Atlanta.

2.2. User cost

Consider an urban rail transit network G(N, A), where N is the set of nodes (transit stations or stops)

and A is the set of transit line segments in the network. Let W be the set of origin-destination (OD)
pairs in the network, L be the set of transit lines and T be the set of development periods. The binary
decision variable can be defined as

® _

a

()

1, if segment a already exists in periodt,ac A, teT,
0, otherwise.

It should be noted that in the rail transit network, segment a may include several stations. This is
consistent with actual practice because it can yield economies of scale and save costs in using
mobilized resources such as construction equipment.

Let ¢! and c') be the user cost on segment a by rail and by other modes in period t, respectively.

The travel cost by rail consists of waiting cost and in-vehicle time cost. Note that the access cost that
be omitted because we assume that the station locations are predetermined (see Assumption 1). Thus,
we have

d h®
C;tl):kl—a+7u2—xa' L_aeAlel,teT, (2)
Vv 2
where A, and A, are the values of in-vehicle time and waiting time, respectively. ¥, isa0-1
indicator, which equals 1 when segment a is a section of rail line I, and 0 otherwise. d is the length

of segment a, V is the average speed of trains, and h, ® s the average train headway of rail line |

where segment a is located in period t. According to Assumption 5, the user cost on segment a by

other modes, ¢, can be expressed as

c) =c,d,,acAteT, 3)
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where C, is the cost per km of travelling by other modes, which is assumed to be a constant. It can be
seen from Assumption 5 that, before segment a is implemented or connected to rail lines, persons
passing through it have to choose other travel modes. Let c;t) be the user cost on segment a, which
can be expressed as

a a “a2?

acAteT, (4)

where y® is the decision variable, defined in Eq. (1), indicating whether segment a is

a

completed in period t.

®

a

The daily traffic volume on segment a in period t, Q.” , can be expressed as

QP => qi’s), acAweW,teT, (5)
weW
where q{" is the daily travel demand between OD pair w in period t. 8% is an indicator, which equals

1 when segment a is on the route between OD pair w in period t, and 0 otherwise. Note that there is at
most one rail route connecting OD pair w (see Assumption 6). Therefore, the route index is omitted
here. We assume the travel demand increases over time due to demographic and economic growth and
network development. According to Assumption 3, the exponential form of travel demand function
can be expressed as

ay =a% (1+9,)" @+9,6,) ™ teT,weWw, (6)
where qévo) is the daily travel demand between OD pair w in period 0, g, is the base growth rate per

year due to demographic and economic growth and g, is the additional annual growth rate when OD
pair w is connected (see Assumption 3). £, is a 0-1 indicator, which equals 1 when OD pair w is
connected, and 0 otherwise. X, is the starting time of period t, and X,, is the first time to complete the

connection for OD pair w. Let Cu(t) be the annual user travel cost in period t. Thus, we obtain

Cu(t) = pZQ;t)Cgt), aeAteT, (7

acA

where p is the average number of days of travel per traveler per year, which is used to transform
the daily basis cost to the yearly one. Q" is the daily traffic volume on segment a in period t

and ¢V is the user cost on segment a.

2.3. Supplier cost

According to Assumption 4, the cost of providing the rail transit service in each period includes the
capital investment cost of the new project, the maintenance cost of existing rail lines in this period,

and the vehicle operating cost in this period. Let A"’ be the capital investment cost in period t, A ®
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be the annual maintenance cost in period t, and Ao(t) be the annual vehicle operating cost in period t.
The capital investment cost Ac(t) in period t, such as land acquisition, design, and construction costs,
can be expressed as
Ac(t) _ Z( y;”l) y;t) )(I)a’ teT, (8)
acA
where ¢, is the capital investment cost for segment a. Note that the capital investment cost only

occurs at the time when segment a is developed (i.e., the end of this period and the beginning of the
next period). Here, the term (y{"*? — y{”) indicates whether or not segment a is selected at the end of

period t. It equals 1 when segment a is implemented in period t, and 0 otherwise.

The maintenance cost Am“) per year in period t, is directly proportional to the total length of the
existing transit lines in period t, which can be expressed as

A =) yid,, 9)

acA

where m is maintenance cost of transit lines per kilometer per year.

The annual vehicle operating cost is the sum of the vehicle operating cost of each transit line.
Specifically, the annual vehicle operating cost of a transit line is its fleet size multiplied by annual
operating cost per train. To obtain the fleet size, the transit round trip time should be derived first. Let

R be the round trip time of line | in period tand F,’ be the fleet size of transit line | in period t.
Thus,

RO=2%"(d,y, "% ) /\/ lelL,teT, (10)

acA
FO=RO/RO e LteT, >

where y,, is a 0-1 indicator determining whether or not segment a is a section of rail line I, defined in

Ed. (2). Y (d, Y, ) is the length of line | completed in period t, which may change due to the

acA

network development. Let B be the operating cost per train per year. Therefore, the total yearly
vehicle operating cost of the system in period t Ao(t) can be expressed as

A=Y BRY teT. (12)

leL

The rail line’s headway varies with its travel demand. Consequently, the headways are steady in each
development period, but vary among periods, like the changes in travel demand (see Assumption 3).
Therefore, we have to re-optimize the headways in each period, i.e. after every decision made. The

optimal headway for rail line I in period t h, ®can be determined by minimizing the total cost of the
system in this period. Specifically, the system’s total cost in period t is defined as the sum of the user
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cost and the supplier cost in this period. Let Q® be the total cost of the system in period t. According
to Egs. (4)-(12), it can be expressed as

0 =[P E Q1) + e nT e, TPRONC [+ T o puteT, 13

acA acA leL acA

A =X, —X,teT, (14)

where A, is the duration of period t, which is determined by the difference between the start time X,

of period t+1 and the start time X, of period t. In square brackets in the right hand side of Eq. (13) the

first term represents the annual user cost in period t, the second term is the annual maintenance cost in
®
period t, and the third term is the annual operating cost in period t. Setting —— O - =0, we can

analytically obtain the optimal headway of transit line | in period t as

2BR"
zPZ( y(t)Q(t)Xal ) ’

acA

h® = leL,teT, (15)

where {3 is the operating cost per train per year and A, is the value of waiting time. Z(y“)Q(t)Xa,)

acA

is traffic volume of line | in period t. Eq. (15) implies that the optimal headway of transit line I in
period t, h, ®  decreases to accommodate the increased demand of this line over time.

3. Model formulation

As previously stated, the goal is to minimize the present value of the total cost by determining which
projects should be developed and when these projects should be completed. The discounted total cost
is the sum of the discounted total cost in each period. According to Egs. (4)-(13), the model can be
formulated as follows.

IR e SV YL B YRS
(Q?)',Q) . ZT L+r)* - tZT: (1+r)* ' (19
s.t.
zV+2," >y i, jeN,ae At=0,1,2,..T -1, (17)
zV >y teT,aeAieN, (18)
Z(t)>y(t) teT,acA jeN, (19)
z™ >z neN,t=0,1.2,..T -1, (20)
y& > yO ae At=0,1,2,.,T -1, (21)
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> (Y%, ) < B acateT,leL, (22)

acA - hl(t) ’
B® 4 p® 2A0<t>,t=o,1,2,...,T, %)
B(t):Bo(Xt_Xt—l)’tzl’z’g"n’-r’ @4

where r is the discount rate. The denominator (1+r) in Eq. (16) is used to convert the cost of future
investment to today’s cost. Y and x, are the decision variables defined in Egs. (1) and (6),
respectively. Eq. (16) is the objective function that minimizes the present value of the system’s total
cost. z® = (zn(‘), n=12,..,N ) is the vector of 0-1 variables indicating whether a node is completed

in period t. i and j denote the indices for the two end nodes of segment a. Constraint (17) expresses the
segment connectivity in the network, which implies that the segments to be built should have at least
one end node already completed (i.e., the newly built segments must connect to the segments that have
been already completed). This constraint ensures that the network’s rail lines are extended by
connecting to the existing lines. However, there is an exception. Initially, when none of nodes or
segments in the network are yet completed, i.e., no existing lines need to be connected, any projects
may be considered for immediate implementation without subject to Constraint (17). Constraints (18)-
(19) mean that if segment a is completed, its two end nodes are also completed. Constraints (20) and
(21) are realistic constraints ensuring that after nodes and segments are completed, they always remain
in service in later periods. t is the peak-hour factor, i.e., the ratio of peak-hour demand to the daily

demand, which is used to convert the passenger volume from a daily basis to an hourly basis. K., is

the capacity of vehicles (i.e., the maximum number of passengers allowed in a vehicle, both seated and
standing). Constraint (22) is the line capacity constraint, which guarantees that the rail service supply

satisfies the associated (peak-hour) passenger demand. B® is the budget flow in period t and B, is

the annual budget level provided by relevant agencies (e.g., governments). Constraint (23) is a
reformulated budget constraint which considers an internal funding source, such as the rail fare
revenue collected from the rail service operations. The left-hand side of Constraint (23) denotes the
total available funding at the end of period t and the right-hand side denotes the capital investment cost
needed. The reformulated budget constraint reflects interrelations among projects in the transit
network since the capital used for development is partly supplied by fare revenue collected from the

rail operations, which may change with the network development. @ denotes the fare revenue
collected from the rail operations in period t, which can be expressed as

o — A, [pz(yg)Qgt) fda)j|’ (25)

acA

where A, is the duration time of period t, defined in Eq. (14). The fare on segment a is the fare per km

f multiplied by its length d .

It should be noted that if the budget is limited throughout the planning horizon, i.e., never sufficient
for all beneficial projects, a project sequence uniquely determines a project schedule. The available
funds should always be used whenever they suffice to complete a project (see Assumption 2). Hence,
after the sequence of projects is determined, the completion time of these projects can be obtained by
checking budget constraint. Accordingly, only those projects whose implementation times are within
the planning horizon are selected. Here, the projects that are completed at the time beyond the
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planning horizon are implicitly rejected. Thus, the development plan is optimized by first optimizing
the sequence of projects, and then determining the completion time of each project.

4. Solution algorithm

The above total cost minimization model (16)-(24) is a constrained integer programming problem,
which is non-linear and non-convex, making it difficult to find its globally optimal solution. A GA
approach is presented in this section due to its suitability for very “noisy” objective functions. GA’s
are inspired by phenomena in evolutionary biology. In a GA, a solution of the problem is called an
individual. It is represented as a sequence of variables called a chromosome or gene string. A group
including multiple individuals is defined as population. The essence of GA is population evolution
through selection, crossover and mutation. Generally, a GA starts from initializing a set of individuals,
i.e., a population, and then selecting the better individuals to reproduce offspring by applying genetic
operators such as crossover and mutation operators. As a result, the most adapted individuals survive
and thus the population can converge toward an optimized solution.

The GA in this paper is developed from basic GAs but differs from them in many ways. First, an
efficient genetic encoding scheme is adopted to deal with the constraints. Since the proposed model
has the network connectivity constraint (see Eq. (17)), traditional representation schemes such as the
sequence of projects may generate too many infeasible solutions. A general remedy for this problem is
to add penalty terms to fitness functions or use repair operators to transform infeasible solutions into
feasible ones. However, these methods cannot handle the connectivity constraint efficiently and
degrade the search efficiency in terms of speed and accuracy. Therefore, a novel genetic encoding
scheme is needed. Second, solutions capturing the characteristics of the network and projects are
incorporated into the initial population to accelerate the convergence of the GA. For example,
solutions that represent the sequence of projects ordered by their demand level and investment cost are
included in the initial population. Intuitively, development of projects with higher travel demand and
lower investment cost can contribute more to the system cost saving and thus those projects have
higher priority for development. As a result, such solutions may make better use of existing
information, which help accelerate the convergence of the GA. Third, some mechanisms are designed
to avoid GA prematurity. In the selection process, a ranking method is used to help the GA escape
from local optima. In addition, the catastrophe mechanism is introduced when the optima remain
unchanged for a certain number of generations (e.g., 50 generations). These mechanisms are capable
of enhancing the accuracy and stability of the GA.

4.1. Genetic encoding and decoding

The process of encoding a chromosome into a string is called genetic encoding and the process of
decoding a chromosome into a feasible solution to the problem is called decoding. In this paper, each
individual has one chromosome, which is encoded by a string of numbers representing the selection

priority of a specific project to be completed. Let E = (el, €, 6 ) be a chromosome represented by

a string of genes, where J is the number of possible projects to be selected. ¢,, i=12,..,J, istheith
gene on chromosome E, and its value indicates the selection priority of the ith project. The selection
priority for each project is randomly generated within [1, J ] exclusively. Thus, to initialize a
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chromosome (i.e., an individual) is to generate J random numbers within [1, J ] . An example of a
chromosome is shown in Fig. 2.

The main idea of decoding is to choose the one with the highest selection priority value from the
candidate set as the successive project to be implemented. In this paper, a connectivity information
matrix Mark[i][n] is constructed to store whether node n is at the end of segment i (i.e., project i),
where i =1,2,...,J, and n=1,2,..., N. N is the number of nodes in the transit network. Besides, a

vector | is used to indicate whether a node is completed. A procedure to generate a feasible solution to
the problem from a chromosome is displayed as follows.

Step 1. Initialize the candidate set by including all the feasible projects.
Step 2. Choose the project with the highest selection priority value from candidate set.
Step 3. Update vector | by checking constraints (18)-(19).

Step 4. Update the candidate set by deleting the projects that have been already completed and making
changes by checking Mark and Constraint (17).

Step 5. Check whether the candidate set is empty. If so, stop and output the sequence of projects to be
completed. If not, repeat steps 2-4.

It should be noted that since the values of selection priority for projects are distinct, each chromosome
can uniquely determine a feasible sequence of projects. As discussed in the last paragraph in Section 3,
a feasible sequence of projects can eventually determine a development plan. Therefore, each
chromosome can be uniquely decoded into a feasible solution to the problem. With this genetic
encoding scheme, all feasible solutions can be represented by changing the sequence of project
priorities.

To further illustrate the process of decoding, we consider a transit network in Fig. 3 and decode the
chromosome in Fig. 2 into a feasible solution to this network development problem. At the beginning,
initialize the candidate set as (1, 2, 3, 4, 5, 6). Then, choose project 1 from the candidate set as the first
project to be implemented due to its highest selection priority, so that the nodes (1, 3) are completed.
According to Constraint (17), only projects that connect to segments that have been already completed
can be included in the candidate set. Thus, we update the candidate set as (2, 3, 4). Choose project 4 as
the successive project because we have 4 (the selection priority of project 4)>3(the selection priority
of project 2)>2(the selection priority of project 3). Repeat those steps until the candidate set becomes
empty, so that we can obtain a unique feasible sequence of projects as (1, 4, 6, 2, 3, 5).

4.2. Calculating the fitness value

Before calculating the fitness value of an individual, we have to translate a chromosome (e.g., E= (6,
3,2,4,1,5) in Fig. 2) into a feasible sequence of projects (e.g., (1, 4, 6, 2, 3, 5)). In this paper, the
fitness function is equal to the value of the objective function as shown in Eq. (16). Therefore, the
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fitness value of an individual is the discounted total cost of a project sequence. Let € be the planning
horizon. The steps are displayed as follows.

Step 0. Initialization. Let t be the counter of periods and set t = 0.

Step 1. Calculate the travel demand for OD pairs in period t q(‘) by Eq. (6). Then, determine the daily
traffic volume on segments Q™ by Eq. (5), headway of transit lines h"’ by Eq. (15) and Constraint
(22), annual user cost CU“’ by Eq. (7) and annual supplier cost by Egs. (8)-(12), respectively.

Step 2. Calculate the implementation time of the next project X"** by checking budget constraint in
Eq. (23). If xX™Y > ¢, let X" =¢.

Step 3. Obtain the duration time of period t A, by Eq. (14). Then, calculate the discounted total cost in
period t Q" by Eq. (13) and the cumulative discounted total cost @ by Eq. (16).

Step 4. If xX™" <& holds, set t=t+1 and go to step 1. Otherwise, stop.

4.3. Selection

Parents are chosen from the population according to a probability which correlates inversely with the
fitness value of individuals. To avoid prematurity of the GA, a ranking method proposed by
Michalewicz (1996) is adopted. In this method, we first order the individuals in the population from
best to worst according to their fitness values, i.e., the individual with the lowest fitness value is the
best and is ranked first. Then, we calculate the selection probability of each individual based the

exponential ranking value by assuming the lowest fitness value is one. Let p, be the selective
pressure, which is a positive value between 0 and 1, i.e., p, €(0,1), and p; be the selection

probability of the individual ranked at i. Then, p; can be expressed as

P = po(l_ po)iil/[l_ (1_ po)M ]’ (26)

where M is the population size. Next, a roulette wheel approach is used to choose appropriate parents
based on their selection probabilities. This process is conducted by spinning the roulette wheel once
for each individual in the population. Each time a random number b € (0,1) is generated, the i_th

individual will be selected if o, ; <b <o, where o, is the cumulative probability for each individual.

4.4. Operators

It should be noted that common methods of mutation and crossover are fairly inefficient for our
problem since they construct many infeasible solutions with repetitive numbers within one
chromosome. To avoid producing such solutions and improve the efficiency, we adopt Partial
Matched Crossover (PMX) as the crossover operator and Reciprocal Exchange Mutation (REM) as the
mutation operator. These operators are explained by Wang (2001), and thus omitted here.

49



In general, GA has a strong local search ability, but may get trapped in local optima, which is also
known as prematurity. Therefore, the catastrophe mechanism is introduced (Gu et al., 2009). The main
idea of this mechanism is to discard the current optima so that the population may produce better
solution. The specific approach in this paper is to regenerate the initial population randomly when the
optima stay unchanged over a specified number of generations.

5. Numerical study

In this section, numerical examples are used to illustrate the applications of the proposed model and
the contributions of this paper. We consider the urban rail transit network represented in Fig. 3
composed of 3 transit rail lines, 7 nodes (represented by circles) and 6 segments between them. To
complete the development of this network, 6 candidate projects are considered. Specifically, each
project includes the development of one segment and the two end nodes of this segment (if they are
not yet completed). The input data for segments such as length, investment costs and associated rail
line are displayed in Table 2. Table 3 shows the daily travel demand between OD pairs. In the
following analyses, unless specifically stated otherwise, the input parameters and their baseline values
used in the model are the same as those shown in Table 4. We set the planning horizon as 10 years, the
annual capital budget as $250 million and the genetic parameters as follows: population size, pop_size

= 10; maximum generation, max_gen = 100; crossover probability, P, = 0.8 ; mutation probability,

P, =0.5; the number of implementing catastrophe mechanism, n, =1. The proposed solution

algorithm is coded in MATLAB and run on a ThinkPad Carbon X1 computer with an Intel(R)
Core(TM) i5 CPU (2.4 GHz) and 8 GB of RAM. This numerical experiment takes about 0.8 seconds
of CPU time.

5.1 Example 1
5.1.1 Optimized solution for rail transit development plan

Table 5 displays the optimized development plan of rail projects and the system performance. It can be
seen in Table 5 that 3 projects are selected over a planning horizon of 10 years, i.e., projects 4, 6, and
3, and they are completed sequentially at years 6.00, 8.61 and 9.47, respectively. Over time, the
headways of rail lines decrease, but the demand for rail service and discounted cumulative total cost
saving increase. Specifically, the headway of Line 1 decreases by 0.13 min from 1.54 min in period 1
to 1.41 min in period 3, and the headway of Line 3 decreases by 0.05 min from 2.91 min in period 2 to
2.86 min in period 3. However, the daily demand for rail service increases by 624.2 thousand from
585.60 thousand riders in period 1 to 1209.80 thousand riders in period 3, and the discounted
cumulative total cost saving increases by $8.04 billion from $7.21 billion to $15.25 billion. This
occurs because the development of the rail transit network increases the connectivity of OD pairs and
hence the demand for rail service, thereby decreasing headways (see Eg. (15)). Thus, the user costs
and total costs are reduced and the total cost saving increases.

Fig. 4 shows the changes of the state of the rail transit network over time with the development plan.
The bold segments represent those which are already in service in a period. It should be noted that the
initial state (from year 0 to 6.00) in which no segments are completed is displayed in Fig. 3. Fig. 4a
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shows the state of the network in the first period, i.e., from year 6.00 to 8.61. In this period, segment 4
is completed and in service. In period 2 from year 8.61 to 9.47, segment 6 is implemented and
connected to segment 4. Both segments 4 and 6 provide rail services, as shown in Fig. 4b. Fig. 4c
indicates that segment 3 is completed at the beginning of the third period and in service from year 9.47
to 10. It can be seen from Fig. 4 that throughout the planning horizon, the rail transit network
progressively expands to 3 rail lines with a total length of 41 km (i.e., sum of the length of segments 4,
6 and 3).

Fig. 5 shows the changes of discounted cumulative total cost with and without the rail transit
investment. It can be seen in Fig. 5 that the total cost curve with investment is under that without
investment after year 6.00. This means that the rail transit investment efficiently decreases the total
cost of system. It should be noted that in year 6.00, the discounted cumulative total cost with
investment is slightly above that without investment due to the capital investment cost of segment 4.
Fig. 5 also shows that over the planning horizon, the network development decreases the total cost
from $117.53 billion to $102.28 billion.

In order to verify the solution obtained by the proposed GA, we conduct a complete enumeration for
the urban transit network shown in Fig. 3. The comparsions of the results are displayed in Table 6.
Clearly, the solution obtained by the GA in this paper is consistent with that obtained by complete
enumeration. In addition, to test the convergence and stability of the proposed GA, the program is run
by 10 times. The results show that each run of the program converges to the same solution. This
demonstrates that the proposed GA has good stability. Therefore, we can conclude that the proposed
GA is capable of finding a very good and stable solution at acceptable computation cost (i.e., 0.8
seconds vs. 15 seconds).

5.1.2 Sensitivity analysis

To explore the effects of the initial travel demand on the optimized development plan and system
performance, we conduct numerical experiments by scaling the basic value of q(o) inEqg. (5) by 0.5

w
down and 1.5 up. Table 7 shows that as the travel demand increases, the number of implemented
projects and the total cost saving increases. Specifically, as the initial travel demand increases from

0.5x q(o) to 1.5x qv(vo) , the number of projects selected increases from 2 to 4 and the total cost saving

increases from $6.22 billion to $28.62 billion. This is because higher fare revenue can be collected
from the operation of completed projects with higher demand, which increases the available budget for
network development. Thus, both the number of implemented projects and the total cost saving
increase.

Table 8 shows the changes of the optimized development plan with the annual budget level B, in Eq.

(24). It can be noted in Table 8 that the annual budget level has a significant effect on the optimized
development plan and system performance in terms of the number of projects selected, the time of
implementation and the total cost saving. Specifically, as the annual budget level increases from

0.8x B, to 1.2x By, the number of projects selected increases by 3 from 1 to 4, the first investment
time decreases by 4 years from year 9.00 to year 5.00 and the total cost saving increases by $22 billion
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from $0.95 billion to $22.95 billion. This implies that a higher budget level can accelerate the
development process and save more costs.

5.2 Example 2

To further illustrate the applications of the proposed model and test the performance of the GA on a
more complex problem, we apply the proposed model to the rail transit network development of
Wuhan city in China. As shown in Fig. 6a, there are 3 rail lines represented by three colors: blue for
Line 1, purple for Line 2 and green for Line 4. A rail transit network with 14 nodes (represented by
circles) and 13 segments between them is considered, as shown in Fig. 6b. Similarly, we consider the
development of one segment and its two end nodes (if they are not yet completed) as a candidate
project. The input data for segments and OD pairs are displayed in Tables 9 and 10, respectively. The
base values of the input parameter are shown in Table 4. We set the planning horizon as 15 years and
the annual budget flow as $1 billion. The genetic parameters are: population size, pop_size = 50;

maximum generation, max_gen = 500; crossover probability, P. = 0.8 ; mutation probability,

P, =0.2; the number of implementing catastrophe mechanism, n, = 20; and run 10 times. This

numerical experiment requires an average CPU time of about 13 min. Using the proposed GA, we can
obtain the same solution for all runs, which shows that the proposed GA maintains its stability on a
more complex problem.

The optimized development plan and headways of rail lines are displayed in Table 11. It can be seen
that 11 projects are developed over a planning horizon of 15 years with a total cost of $99.28 billion.
Specifically, projects 3, 6, 8, 10, 4, 2,5, 9, 11, 7 and 1 are completed in sequence at years 0.29, 1.60,
3.63, 4.67, 6.45, 7.98, 10.17, 11.40, 12.06, 12.76, 13.86, respectively. This result is roughly consistent
with the realistic development of the urban rail transit network in Wuhan between 2000 and 2014, as
shown in Fig. 1.

Since the enumeration of this problem with 13 candidate projects (i.e. 13! possible solutions) requires
extensive computation time, and no existing method can guarantee a globally optimal solution, it is
difficult to verify the solution obtained by the proposed GA. In this paper, a statistical method is
adopted to evaluate the solution (as in Jong and Schonfeld, 2003 or Shayanfar et al., 2016). The main
steps are as follows. First, a large sample of solutions is randomly generated. These solutions should
be representative and independent of each other to ensure the generality of the sample. Then, the
fitness values of the solutions in the sample are calculated. Next, a distribution is fitted to the fitness
values and checked with Chi-Square or K-S tests. It should be noted that the fitted distribution should
approximate the actual distribution of fitness values for all possible solutions in the search space due to
the representativeness and randomness of the sample. Finally, the cumulative probability of the
solution in the distribution can be calculated. This cumulative probability represents the probability
that is the other solutions in the distribution smaller than the obtained solution. Therefore, the lower
the probability, the better the solution.

In this paper, a sample size of 100,000 independent solutions is randomly generated, for which the
minimum of the fitness values is 99.88x10° and the maximum is 131.21x10°. Note that the best
solution found by the proposed GA is 99.28x10° which is better than any of the 100,000 randomly
generated solutions, as shown in Fig. 7. The distribution of the fitness values for the solutions in the
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sample is supposed to cover the fitness values for all possible solutions in the search space. Actually, it
does not. This means that better solutions (i.e., having lower fitness values) are extremely rare for this
example and are unlikely to be included in a randomly generated sample. The best fitting distribution

among those searched is the generalized extreme value distribution, i.e., GEV(u =112.514x10°,

6 =5.27436, k =-0.145511), as is shown in Fig. 7. Its probability density function can be
expressed as

“1x
X—L .
f(x) = i(p(x)”le_“’(x) - where ¢(X) = (“ '{TD iF =0, 27)

e e if = 0.

The cumulative probability of the best solution found by the proposed GA (i.e., 99.28x10° in Table
11) can be calculated by integrating f (x) from 0 to 99.28x10°. The result is 2.0552x10*, which

means that the solution obtained by the proposed GA dominates 99.98% of the solutions in the
distribution, as well as 100% of the 100,000 randomly generated solutions. That is to say, the best
solution found, although not guaranteed to be globally optimal, is still remarkably good when
compared with other possible solutions in the search space. This suggests that the accuracy of the
proposed development scheduling method is limited far more by the accuracy of input data than by the
optimization capability of the GA.

6. Conclusions and further studies

To address the dynamic development problem of urban rail transit networks with limited budgets, this
paper proposes a novel model to optimize the development plan of rail transit projects over a planning
horizon. The proposed model determines which projects should be implemented and when to complete
these projects together with train headways by minimizing the present value of the total cost. The
time-varying demand and the interrelation among projects are explicitly considered. Specifically, the
model captures how the travel demand for rail service, the headway of rail lines and the network
development decision change over time. In this dynamic decision making process, the budget
constraint is reformulated to include possible internal funding, such as the fare revenue generated from
the operation of the transit rail lines. The reformulated budget constraint reflects interrelations among
projects in the transit network since the capital used for development is partly supplied by fare revenue
collected from the rail operation. A GA approach is designed to solve the problem, and the properties
of the solution found by the proposed GA are verified.

Results show that (i) the GA approach developed here is capable of finding a quite good and stable
solution at acceptable computaion cost. (ii) The development of the rail transit network can
significantly increase the demand for rail service and reduce the total cost. (iii) Higher travel demand
can encourage more intensive network development and increase the total cost saving. This helps
explain why many large cities in China such as Beijing and Shanghai are investing heavily in transit
development. (iv) A higher budget level can accelerate the development process over the planning
horizon and reduce total costs. The proposed model can serve as a useful tool for making development
plan of transit networks from an economic viability and cost-effectiveness perspective.
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Although this paper provides a new venue for addressing the transit network development problem,
some further extensions seem worth pursuing:

1. Travel demand is assumed to be attracted to rail service when OD pairs are connected by rail lines,

but is not affected by the transit service characteristics. However, travelers are usually sensitive to

the travel cost and thus the transit service level (Li et al., 2012a; Peng et al., 2017). Therefore, it

seems desirable to extend the proposed model to capture the responses of passengers to the quality

of the rail transit line service.

2. Inthis paper, the proposed model is deterministic because the demand and supply sides are assumed

to be deterministic. However, in reality there are various random factors (e.g., inflation and

economic changes) which affect the investment of rail lines and the operations of rail services. It is

thus especially important for the authority to consider the investment and operational risks of rail

transit projects in the development issue of urban rail transit networks, which is left for our future

study.

3. This paper focuses mainly on rail mode, and neglects the competition and substitution effects

between private auto and transit modes. It seems desirable to extend the proposed models to consider

different modes and analyze the transit network development in a multi-modal transportation system

(Lietal., 2012b; Ma and Lo, 2013).

4. Urban spatial structure in terms of households’ residential location choices and housing market has

a direct effect on travel demand pattern (Li et al., 2012c; Li and Peng, 2016; Wang and Lo, 2016;

Ng and Lo, 2017), and thus on the rail transit service and the network development process.

Therefore, it seems worthwhile to extend the proposed model to explore the effects of urban spatial

structure on transit network development.
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Table 1 Contributions to transportation infrastructure investment models.

Citation _ Type of Cons_idering time Considering _interrelation
infrastructure horizon or not among projects or not

Wang et al. (2013) Road network X X

Lietal. (2012) Road network X X

Luathep et al. (2011) Road network X X

Gao et al. (2004) Transit network X X

Sun et al. (2018) Rail line \ x
Shayanfar et al. (2016) Road network S
This paper Transit network \

Note: “\” means that the associated item is considered, whereas “x” means that the associated item is not considered.

Table 2 Input data for segments.

Segment Segment length Segment investment costs (million Associated rail line
No. (km) $)
1 12 1250 2
2 10 1050 1
3 8 850 2
4 15 1500 1
5 9 950 1
6 18 1800 3

Table 3 Daily travel demands between OD pairs (thousands person trips).

Nodes No.
1 2 3 4 5 6 7
(O/D)

1 0 10 30 11 12 24 25
2 10 0 35 10 27 20 12
3 30 35 0 30 40 25 20
4 11 10 30 0 30 10 15
5 12 27 40 30 0 35 20
6 24 20 25 10 35 0 15
7 25 12 20 15 20 15 0
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Table 4 Input parameters for numerical examples.

Symbol Definition

Baseline value

A, Value of in-vehicle time ($/h)

A, Value of waiting time ($/h)

Y, Average speed of trains (km/h)
f Marginal fare by transit ($/km)
0, Base growth rate of travel demand (year)
g, Annual growth rate caused by network development (year)
p Average number of days of travel per traveler per year
n Marginal maintenance cost of transit lines (million $/km/year)
B Annual operating cost per train (million $/year)
r Discount rate
T Peak-hour factor
Ken Capacity of vehicles (passengers/vehicle)
P, Selective pressure

15

30

40

0.2

0.02

0.03

250

0.05

0.1

1500

0.2

Table 5 Optimized development plan for rail transit network and resulting system performance.

Train headways of  Daily demand
Period  Segment Completion  line 1,2 and 3 (min)  for rail service
No. developed time (year) (thousand
h h, h, person trips)

Discounted
cumulative total
cost saving
(billion $/year)

1 4 6.00 1.54 - - 585.60
2 6 8.61 1.44 - 2.91 930.27
3 3 9.47 141 212 286 1209.80

7.21

11.71

15.25

Notes: (1) The completion time of projects is also the starting or ending time of periods. (2) The discounted
cumulative total cost saving is calculated by the discounted cumulative total cost without investment minus

the that with investment.
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Table 6 Comparisons of results obtained by GA and complete enumeration.

GA Complete enumeration
(computation time: 0.8 seconds) (computation time: 15 seconds)
Period Segment Completion time Period Segment Completion time
No. developed (year) No. developed (year)
1 4 6.00 1 4 6.00
2 6 8.61 2 6 8.61
3 3 9.47 3 3 9.47

Table 7 Effects of travel demand on the optimized development plan and system performance.

0.5xbase value Base value 1.5xbase value
Nur_nber of developed 5 3 4
projects
Developed projects 4 (6.00) 4 (6.00) 4 (6.00)
(completion time, year)
3(7.81) 6 (8.61) 6 (7.98)
3(9.47) 2 (8.76)
3(9.30)
Total cost saving (billion $) 6.22 15.25 28.62

Table 8 Effects of annual budget on the optimized development plan and system performance.

0.8xbase value Base value 1.2xbase value

Number of developed 1 3 4
projects
Developed projects 6 (9.00) 4 (6.00) 4 (5.00)
(completion time)

6 (8.61) 6 (7.46)

3(9.47) 2 (8.49)

3(9.20)

Total cost saving (billion $) 0.95 15.25 22.95

59



Table 9 Input data for segments of Wuhan rail transit network.

Segment Segment length Segment investment costs (million Associated rail line
No. (km) $)
1 8.4 2280 1
2 9.8 2325 1
3 3.9 292.5 1
4 10.3 2475 2
5 20.0 3600 2
6 9.2 1380 1
7 6.6 1387.5 1
8 8.0 2400 2
9 125 2250 4
10 9.1 1350 2
11 4.6 1275 4
12 10.9 2500 4
13 55 990 4

(Sources: http://www.whrt.gov.cn/ and Baidu Map)

60



Table 10 Initial daily travel demands between OD pairs of Wuhan rail transit network (thousand

person trips).

Nodes No.
1 2 3 4 5 6 7 8 9 10 11 12 13 14
(O/D)

1 0 32 24 6 24 32 6 32 2 16 16 08 04 04
2 32 0 8 10 32 4 96 32 32 24 24 16 08 04
3 24 8 0O 16 8 8 20 10 4 32 32 24 16 08
4 6 10 16 0 64 10 16 12 8 48 48 24 16 12
5 24 32 8 64 0 96 48 4 64 48 48 24 16 038
6 32 4 8 10 96 0 24 24 32 32 32 16 12 038
7 6 96 20 16 48 24 0 16 32 24 16 16 12 08
8 32 32 10 12 4 24 16 0 24 16 16 12 08 08
9 2 32 4 8 64 32 32 24 0 4 32 24 24 16
10 16 24 32 48 48 32 24 16 4 0 88 48 32 24
11 16 24 32 48 48 32 16 16 32 88 0 64 16 1.2
12 08 16 24 24 24 16 16 12 24 48 64 0 08 04
13 04 08 16 16 16 12 12 08 24 32 16 08 0 24
14 04 04 08 12 08 08 08 08 16 24 12 04 24 O
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Table 11 Optimized network development plan and headways of rail lines in Wuhan.

Train headways of Daily demand Discounted

Period Segment  Completion inel,2and4(min) o rajl service  Cumulative total
No.  developed  time (year) (thousand cost

R R persontrips) (billion $/year)
1 3 0.29 1.38 - - 292.89 19.04
2 6 1.60 1.59 - - 564.44 38.78
3 8 3.63 151 2.09 - 862.10 47.77
4 10 4.67 146 194 - 1079.08 60.89
5 4 6.45 138 1.28 - 1353.40 70.51
6 2 7.98 1.04 122 - 1608.85 82.04
7 5 10.17 0.96 0.97 - 1869.98 87.57
8 9 11.40 091 092 390 2080.53 90.22
9 11 12.06 0.89 090 3.07 2277.75 92.85
10 7 12.76 0.78 087 3.03 2460.48 96.71
11 1 13.86 069 083 296 2672.02 99.28
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2005 2010 2012

2013 2014

Fig.1. Development process of rail transit network in Wuhan, China

(Sources: http://www.whrt.gov.cn/ and https://en.wikipedia.org/wiki/Wuhan_Metro).
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Selection priority
of projects

Fig. 2. Example of a chromosome.
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Fig. 3. Example of an urban rail transit network.
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Fig. 4. Evolution of the state of the rail transit network
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Fig. 5. Changes of discounted cumulative total cost with and without the rail investment.
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10

(b)

Fig. 6. Map of Wuhan subway lines (blue for Line 1, purple for Line 2 and green for Line 4): (a) urban

Density

rail transit network of Wuhan, China; (b) candidate rail transit projects.
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Fig. 7. Fitted generalized extreme value distribution of the fitness values of the sample.
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Appendix 4 - Shayanfar, E. and Schonfeld, P. “Selecting and Scheduling Interrelated
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Abstract

In transportation systems, the existence of interrelations among components and uncertainties in
various elements such as future demand usually complicates the capital budgeting process. This
paper proposes a method for evaluating, selecting and scheduling interrelated road projects in an
urban network under demand uncertainties. The objective is to optimally determine the
selection, sequence and schedule of capacity improvement projects while minimizing the present
value of total system cost, including travel time, vehicle operating and safety costs, subject to a
cumulative budget flow constraint. The scheduling problem is formulated as a non-linear integer
optimization problem within a genetic algorithm that minimizes the present value of the system
cost over a planning horizon. The proposed model also includes a design feature which
determines the type of improvement at each location. This study constitutes a useful framework

for state planners and regional decision makers for the project prioritization process.

Keywords: Project selection and scheduling, Genetic Algorithm, Project interrelations, Project

prioritization, System optimization, Demand uncertainty
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1 Introduction

The problem of selecting transportation projects under budget constraints is a resource allocation
problem which has been studied for decades. In early studies, the project selection problem was
formulated as a simple linear and binary optimization problem (Lorie and Savage, 1955). In this case,
some benefits and costs associated with each candidate project are considered, and the objective
function is formulated as a linear summation of benefits subject to the expenditure of projects bounded
by a budget. This problem is well known as the knapsack problem, which is proved to be NP-hard
(Crowder et al., 1983) and can be solved using branch-and-bound methods or dynamic programming
(Martello and Toth, 1990). Although this formulation can be effectively solved by mathematical
modeling and can optimize the selection, it assumes that projects are completely “independent”, and

lacks any timing component, presuming that projects are implemented at about the same time.

In the real world, especially in transportation networks, the benefits and costs of projects are quite
“interrelated”. In other words, the benefits and costs of each individual project depend on whether and
when some other projects are implemented. This is the case for most transportation networks since
changes in network components shift the locations of bottlenecks in the network and redistribute flows.
Therefore, the total benefit from multiple projects is not a linear summation of the impacts from individual
projects. Conventional sequencing and scheduling methods often set prioritization policies based on
congestion level (i.e. volume/capacity ratio) or benefit cost ratio. Such methods, even after adjusting for
the relative costs of links, do not produce the best solution as they do not consider the interrelations among
network links. In an interrelated road network, changes in one link redistribute flows on others and capacity
enhancements on some links may cause congestion elsewhere in the network. Therefore, in sequencing a

group of improvement projects, it is essential to consider the relevant interrelations among all projects.

Another issue that complicates the project selection and scheduling is uncertainty, which can cause

additional challenges in optimizing network investment decisions. Improving transportation
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infrastructures require significant investments which are usually irreversible. Therefore, it is important
to effectively plan and prioritize investments in a way that addresses present as well as uncertain future
needs. Optimizing such investment plans requires the consideration of uncertainty in factors such as

future demand.

Accounting for the above observations, Shayanfar et al. (2016) demonstrated how a fairly simple
method, such as a traffic assignment model combined with a Genetic Algorithm (GA), could be
efficiently employed in evaluating the objective function of the planning and prioritizing problem for an
interrelated network and optimize the sequence and schedule of projects. The traffic assignment model
is hence used to implicitly calculate the relevant interrelations among all projects implemented at

various times.

The main contribution of this paper is the methodology for optimizing the selection and scheduling of
projects under demand uncertainty while fully accounting for project interrelations throughout the
analysis period. This paper uses the GA developed by Shayanfar et al. (2016) while enhancing the
previous work in many ways. First, it shows how realistic features such as uncertainties in transportation
systems can be effectively considered in the optimization process. The algorithm accounts for future
demand uncertainties and considers different demand growth scenarios over time. For this purpose, the
deterministic objective function used in Shayanfar et al. (2016) is transformed into a stochastic model
that combines multiple demand growth scenarios with their probabilities in the objective function.
Second, the project selection process is equipped with a design feature which selects the type of
improvement at each location. The algorithm is designed to identify potential locations for
improvement, and then consider multiple improvement alternatives at each location based on some link
characteristics. For this purpose, a probabilistic procedure is introduced to help identify the optimal
improvement at each location. This method is demonstrated in a multi-period analysis (accounting for

daily cycles of peak and off-peak periods), in a case study which involves adding new links as well as
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expanding the capacities of existing links in a network. Third, the model is further developed to account
for vehicle operation and safety costs. For this purpose, appropriate models are incorporated and added
to the objective function to estimate the cost of fuel, tire, maintenance and repair and the cost of
crashes in the system. Finally, since in meta-heuristics, such as GA, global optimal solution is not
guaranteed, a statistical test is employed to test the optimality of the GA solution by estimating the
probability of arriving at a better solution. In effect, it is shown that the probability of finding a better

solution is negligible, thus demonstrating the soundness of the GA solution.

2 Literature Review

One of the early studies dealing with project interdependencies belongs to Nemhauser and Ullman

(1969). They proposed the following quadratic objective function:

n n-1 n
f(x1;x2; "'!xn) = Z bixi + Z Z dijxixj (1)
i=1

i=1 j=i+1

In this formulation d;; represents the interaction coefficient between projects / and j, having a positive
value when projects are complementary and a negative value when they are competing. This is a binary,
non-linear and non-separable knapsack problem which incorporates project interrelations. In the

literature, a collection of all d;;s (dependencies among pairs of projects) is called “dependence matrix”.

Compared to the linear objective function, the quadratic objective function and the dependence matrix
enhance the flexibility of the project selection problem by incorporating project interrelations. This
method which has numerus applications in recent literature such as Cruz et al., 2014, Rebiasz et al.,

2014, and Li et al., 2016 has considerable shortfalls. First, the pairwise dependencies (d;;) do not fully
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represent the complex interrelations and miss some relations among alternatives since the actual
interrelations may extend beyond two-way interactions to third, fourth and even higher degrees.
Second, the interrelations may be difficult to quantify even for pairwise interactions (i.e. estimate d;;
parameter for all pairs of projects), and the number of interactions requiring estimation explodes if we
go beyond pairwise relations. Third, the interrelation coefficients (d;;) do not stay constant over time as
traffic flows change, especially after network modifications projects are implemented. Thus, such
methods ignore the timing aspect of project implementation and do not optimize the schedule of
projects. The benefits associated with particular projects may be highly related to the times when they
are implemented. Therefore, evaluating projects without considering their timing may yield misleading

results.

Instead, complete system models which can model all possible interactions among projects at various
network development stages, are more desirable. Some examples include equilibrium traffic assignment
(Shayanfar et al., 2016), simulation (Wang and Schonfeld, 2008), and artificial neural networks.
However, the objective function for problems such as prioritizing interrelated projects using complete
system models becomes non-convex and has a “noisy” surface (i.e. containing multiple local optima).
Therefore, mathematical programming such as gradient-based search, integer programming and
dynamic programming are incapable of solving such problems. As a result, heuristics and meta-
heuristics, especially population-based methods such as GA, have become more popular for solving
problems without analytical objective functions. These methods can quite easily and efficiently
distribute the evaluation of population members and probabilistic replications among multiple
processors to improve the speed of the optimization process, as in Yang et al (2015). Also, objectives
evaluated from computer simulations, which are mostly analytically intractable (i.e., discontinuous and

non-differentiable) (Koziel et al. 2011), can be easily inserted into the heuristic optimization loop.
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In general, project prioritization is an important problem in transportation policy as projects require
significant investments which are usually irreversible. Therefore, many studies in recent literature address
the problem of project prioritization under uncertainty. Szeto and Lo (2005) addressed the problem of
planning road network projects under uncertainty through sensitivity analysis. Although sensitivity
analysis is a simple method to identify the variables which affect the output of the model, it fails to
consider the interrelation between underlying variables. A stochastic optimization formulation which
explicitly considers the uncertainty of variables based on probability distributions is a more effective way
to deal with uncertainty in the planning problem. Jian and Szeto (2015) proposed a network design
framework that considers health impacts. They used a Frank-Wolfe algorithm to evaluate the land-use
transportation problem, and a bee colony algorithm to optimize the network design. Huang et al. (2018)
use the artificial bee colony algorithm in a bi-level program to solve the network design in a multi-modal
transit system. Kumar and Mishra (2018) propose a bi-level model to select capacity improvement

projects and an optimization framework to determine the optimal sequence of projects in a network.

This paper addresses the problem of project prioritization but, in addition to project rank, it considers the
timing of project implementation and demand uncertainties, while focusing on the treatment of

interrelations among projects in a network setting.
3 Methodology
3.1 Problem Formulation

The analysis in this paper focuses on the cost of travel time, vehicle operating, and safety costs.
Therefore, the objective function is formulated to reflect the present value of total cost over planning
horizon T. In this problem, the decision variable is defined as the completion time of each project. Let

x;(t) be a binary variable that shows if project i is finished by time t:
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x(®)=0 ift<t
{xl-(t) =1 if t>t¢

The problem is then formulated as:

ng ny ny
T 1
minZ = Z m(z wij * v + Z{Cvop(ij) * VMT;;} + Z{ Nerijy * Cer}
- i1 i1 i1
J:
(2)
p
cixi(6)
Li(1+7)
i=1

w;; = travel time over link i in year j

v; = value of time (S/hr)

n; = total number of links

VMT;;= vehicle kilometers traveled over link i in year j
Cyop(ij)= vehicle operating cost over link i in year j (S/veh.km)
¢; = cost of project i

Ny ()= predicted number of crashes over link i in year j

C.= crash cost for one predicted crash

n,=number of projects

r=interest rate
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t= completion time point

The above formulation minimizes the sum of total user and supplier cost subject to a budget flow
constraint, over a specified planning horizon. In this setting, the user cost consists of the total travel
time for users in the system multiplied by their value of time, vehicle operating cost, and number of
crashes multiplied by the cost of each crash. Note that project interrelations are not explicitly included
in the objective function. As mentioned previously, the proposed method considers not only pairwise or
slightly higher degrees of interrelation among alternatives, but all possible interactions among all
alternatives throughout an entire network and throughout the multi-year analysis period. The complete
interrelations are captured by applying a full network model for a set of improvement projects, with
each project implemented at a different optimized time. The interrelations, which cannot be explicitly
expressed in the objective function, are essentially captured among all network elements at one period
and among alternatives across multiple periods. This is done by applying a complete network model
such as traffic assignment before and after each project implementation. This is done by applying a
complete network model such as traffic assignment before and after each project implementation.
Recent improvements to this method (such as in dealing with demand uncertainties, multiple
improvements per location and inclusion of vehicle operating and safety costs) are demonstrated in this
paper with a fairly simple and fast network evaluation model, namely the well-known Frank-Wolfe
(1956) traffic assignment model. However, this approach for optimizing the prioritizing and scheduling
of interrelated projects is also applicable with more detailed network analysis models. For example, it
has been combined with microscopic simulation models (Wang and Schonfeld, 2005) and the cell

transmission model (Shayanfar, 2017).

Let t; be the time at which project i is completed, and T be the planning horizon (20 years). Then, the set
of t;s will decide the final project sequence and schedule (Jong and Schonfeld, 2001). Jong and

Schonfeld (2001) apply a budget constraint which at any time t (0 <t < T), limits project expenditures
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by the cumulative budget which is funded from “external” sources. In addition to their constraint, this
paper considers an “internal” budget source for funding future projects. Within the analysis period, the
“internal” fuel taxes collected from users in previous periods are added to an external budget to
determine the available funding for future projects. Other revenues collected from users can also easily
be added to the internal budget formulation. The external budget is assumed to “flow” uniformly over
time in this analysis, but non-uniform budget flows can also be easily specified. The following equation

specifies how the internal budget is calculated:

b(t)internar = VMT (ti—1) * fr * fc * f; (3)

In the above formulation f,, f;, f; represent fuel consumption rate (gal/vehicle*kilometer), fuel cost
(S/gal), and gas tax rate respectively. This formulation suggests that the fuel taxes collected from period
t;_1 contribute to the available funding in period t;. Specifically, VMT (t;_,) presents the vehicle

kilometers travelled during the period in which project i — 1 is completed.

Assuming that n,, is the number of candidate projects, for 0 < ¢t < T the budget flow constraint is thus

formulated as:

n
P t

Z Cixi(t) < f (b(t)external + b(t)internal) dt (4)
0

i=1

The left-hand side of the above formulation displays the total cost expended by time t, which should not
exceed the cumulative budget available at that time. It is assumed here that projects should be funded

sequentially rather than concurrently, with each successive project completed as soon as the cumulative
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budget permits, so the cost savings from each completed project should start flowing as soon as
possible. This, in turn, assumes that the cumulative budget constraint is binding, i.e. insufficient for all
the available projects whose benefits exceed their costs. This situation generally prevails for

transportation projects throughout the world.

Notably, since the cumulative budget constraint is expected to be binding, the optimal completion time
for all projects is uniquely determined for all projects in a given sequence. Thus, the optimized schedule
(in continuous time rather than discrete time periods) is uniquely determined by the optimized
sequence in conjunction with the cumulative budget. For any sequence, projects which are not funded
within the specified analysis period (e.g. 20 years in this paper’s numerical example), are effectively
rejected. Construction periods that exceed the budget accumulation period of the respective project,
and hence overlap with construction periods for other projects, can be considered without changing this
formulation by assuming virtual borrowing. However, some modifications to the above formulation
would be needed if resources other than budgets (e.g. construction equipment) were critical or if

additional budget constraints (e.g. by region or type of projects) were applicable.

As mentioned before, the objective function is not always convex and differentiable, which renders
gradient-based research methods, integer and linear programming ineffective. On the other hand, as
the number of alternatives grows, mathematical optimization models may no longer be feasible. As a
result, heuristic methods are now more common for solving such problems. A GA is very useful for
effectively optimizing the objective function over large solution spaces with unsmooth objective
functions. The GA is employed to solve the optimization model jointly with a network flow model which
is used to evaluate the objective function. More specifically, the GA optimizes the selection, sequence
and schedule of projects while the traffic assignment model estimates variables such as travel time,
speed and volume for evaluating the benefits and costs of projects. Figure 5 displays the general

framework proposed for selecting, sequencing and scheduling interrelated road projects. Detailed
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explanation on the GA algorithm is provided later in section 5 and an illustrative example is provided in

section 6.

3.2 Safety Cost Model

According to Highway Safety Manual (HSM, 2010), crash prediction models for two-lane and multi-lane
roadway segments should include two analytical components: (i) safety performance functions (SPFs)
also called baseline models, and (ii) crash modification factors (CMFs). There are also calibration factors
that adjust the predictions to a specific geographical area. Here, we present two separate safety
performance functions for two-lane and multi-lane roadway segments. The general crash prediction
model for roadway segments is shown in Equation 5. Equations 6 and 7 present the safety performance

functions for two-lane and multi-lane roadway segments.

Ner = Cr * Nep_sps * (CMFy % ... x CMF;5) (5)
Nera—spr = AADT * L % 365 * 1076 x ¢ 70312 (6)
Nerm—spr = €xp[—9.653 + 1.176 * In(AADT) + In(L)] )

where:

N.,.= predicted number of crashes for a roadway segment per year

N¢ra—spr= nominal or baseline predicted number of crashes per year for two-lane roadways
N¢rm-spr= nominal or baseline predicted number of crashes per year for multi-lane roadways
C, = calibration factor for roadway segments in a particular geographical area.

CME, = crash modification factor.
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AADT = average annual daily traffic (veh/day) on roadway segment;

L = length of roadway segment (mi).

In this study, the only changing condition among improvement types is lane width. Therefore, the

algorithm estimates CMF; for lane width from the following equation:

CMF; = (CMF.q — 1) * Py + 1 8

where:

CMF, = crash modification factor of lane width on total crashes.
CME,, = crash modification factor for related crashes (run-off-the-road, head-on, and sideswipe)
calculated from Table 1.

B, = proportion of total crashes to related crashes (with 0.574 as the default value).

From Table 7-4 HSM (2010) (Societal Crash Costs by Severity) and Table 10-3 HSM (2010) (Default
Distribution for Crash Severity Level), it is assumed that 32.1% of total crashes are “fatal and injury” (FI)
and 67.9% are “property damage only” (PDO). Therefore, cost for one predicted crash (Cost.,) would be
calculated as: 0.321*172,438 ($/FI crash) + 0.679*8,066 ($/PDO crash) = $60,830 / Crash. All costs are
adjusted to 2015 dollars using an inflation factor from the latest Consumer Price Index (CPI) provided by

the Bureau of Labor Statistics.
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3.3 Vehicle Operating Cost Model
The cost of operating a vehicle on a given section is a function of costs for fuel, tires, and
maintenance and repair. These costs are estimated as functions of average speed. Fuel
consumption rate, tire wear rate, and maintenance and repair rate are formulated, respectively, in
Equations 9 to 11 (HERS-ST technical report, 2005):

Rf. = 88.556 — 5.414 * S+ 1.7375* G+ 0.136 * §2 + 0.18052 *

G2 +0.122166 * S + G 9)

Ry = 0.229 4+ 10.85 % 1076 * §3 — 0.0403 * In(1.6 * S)

+0.122166 * S+ G (10)
R, = 48.4 +0.02219 % 52 + 0.0932 * S % G (11)
where

Rs. = fuel consumption rate (gallons/1000 kilometer)

R;, = tire wear rate (% worn/1000 kilometer)

R,,, = maintenance and repair rate (% avg. cost/1000 kilometer)
S = average speed (kilometer /hour)

G = grade (%)

The operating cost per vehicle- kilometer (Cy,p) is estimated as the sum of the above cost

components representing costs for fuel, tires, and maintenance and repair. The overall equation

for combining these components is:
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Cpop = (Rpe X Gy +0.01 X Ryyy X Cp + 0.01 X Ry X Cpy) * 0.001 (12)

where

Cyop= Operating cost ($/veh.km)
Cr = unit cost of fuel ($/gallon)
C; = unit cost of tire ($/tire)

Cm= unit cost of maintenance and repair

Cr, Ct, Cyy- are, respectively, 2.1 ($/gallon), 105.8 ($/tire) and 151.1 ($/1000 mi). Prices are adjusted to

2015 dollars with the latest Consumer Price Index (CPI) given by the U.S. Bureau of Labor Statistics.

3.4 Design of Improvement Alternatives

The algorithm presented in this paper has the capability to consider multiple improvements over time at
the same location. These improvements include widening existing narrow lanes (from 3m to 3.6m),
adding one or multiple narrow lanes (3m wide) and adding one or multiple wide lanes (3.6m wide). The
alternatives considered for each link depend on the existing link characteristics, and are symmetric, i.e.
the same for both directions of a link. According to the Highway Capacity Manual (HCM, 2010), lane
widths under 3.6m reduce travel speed, and thus also reduce operational capacity. In this case, it is
assumed that the narrow and wide lanes are, respectively, 3m and 3.6m wide. According to HCM (2010),
widening lanes from 3m to 3.6m would increase the capacity by 15%. The following list shows the set of

improvement alternatives at each location:

80



A. If the existing link has narrow lanes:

1.

2.

3.

Widen the existing lanes.
Add one narrow lane.

Widen existing lanes and add one wide lane.

B. If the existing link has wide lanes:

1.

2.

Add enough width for two narrow lanes. (In this case n wide lanes are transformed to n+1
narrow lanes.)

Add one wide lane.

C. If the there are no existing lanes (new development):

1.

2.

Add one narrow lane.

Add one wide lane.

Add two wide lanes.

Add three wide lanes. (This option considers the possibility of a major capacity addition

in the network)

For each case A, B and C the potential improvements are listed in increasing order of project costs. In this

case the algorithm first evaluates the characteristics of each location in terms of existing narrow/wide

lanes, and whether new lanes can be added. (In some locations new lanes cannot be added due to land

availability constraints.) Then, based on the current condition, the above set of improvements are

considered at each location. There are two problems to be resolved here. First, which links (locations)

should be selected for improvement and in what sequence and when should those links be improved?

Second, at each location, which improvement type should be selected and implemented? The first

problem is solvable by using the combination of the GA and the traffic assignment model. This method

will be explained further in section 5.
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One way to address the second problem is to compute the benefit-cost ratio of each alternative and select
the best one at each location. This myopic search is quite prevalent in current practices. However, it
disregards the interrelation among projects. A simple benefit-cost ratio in this case cannot capture the
impact of selected projects on future project implementations. In other words, due to interrelations among
network links, the alternative with lower benefit-cost ratio may be more beneficial if considered in the
long run (over the entire analysis period) and in conjunction with other alternatives (e.g. in a series of
links that remove all bottlenecks rather than just shifting them). Therefore, it seems preferable to consider
all possible improvements at each location over the entire analysis period and allow the algorithm to
evaluate them over the planning horizon. This means that the GA will both optimize the selection and
sequence of projects among links in the network as well as optimize the selection of improvement types at
each location, all within one optimization process. This will result in more search steps and increased
computation time. To tackle this issue and guide the search process, we assign selection probabilities to
each alternative based on project costs which means that under each case the less costly alternatives have
a higher probability of being selected. This is reasonable since in practice it is more desirable to start with
less costly improvements, and later move to more expensive ones. Therefore, the selection probability of
improvements at each location is inversely proportional to their relative costs. If M improvements are

considered at one location, the probability of selecting each improvement Pr(m) is:

1/Cost(m)
Zits (1/Cost(i))

Pr(m) = (13)

3.5 Stochastic Model

In long-term planning, decision makers are usually faced with the problem of uncertain information.
One of the most significant sources of uncertainties in transportation systems is future demand,

particularly for newly launched projects. This problem requires the network analysis to be robust to
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changes in future demand. Thus, demand uncertainties should be explicitly considered when selecting
and scheduling projects. In this study, the demand is assumed to grow exponentially over time given the

following equation:

d; = df = (1+ g)* (14)
where dl-tj is the demand from origin i to destination j, d?j is the base-year demand for the ij

origin and destination (O/D) pair, and g is the growth rate per year. If we consider S plausible demand

scenarios (different values for the growth rate g) then the stochastic formulation can be re-written as:

( T 1 n n n \
S | Z m (Z Wijs * Ut + {Cvops(ij) * VMTijs} + Z{Ncrs(ij) * CCr} |
man — ZPS { j=1 =1 l=1n i=1 } (15)

In the above formulation S represents the set of scenarios, P, denotes the probability of each scenario s,
and the other parameters are the same as specified for Equation 2. Here, we consider three plausible
demand scenarios: (i) low demand growth, (ii) med (medium) demand growth, and (iii) high demand
growth. Under the three demand growth scenarios we assume the growth rate per year to be: g =
0.005, 0.01, 0.02 for the low, med and high scenarios, respectively. The above formulation can be
adapted to consider more scenarios regarding demand uncertainties, as demonstrated in Sun and

Schonfeld (2015). While this study considers one source of uncertainty, future extensions of this model
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may consider multiple uncertainties as it can reduce the probability of increasing the overall uncertainty

in the analysis.

4 Evaluation Model

Basic traffic assignment models are suitable methods for estimating the traffic-related attributes of
unsaturated networks with steady flows. These attributes consist of link travel time, flow, speed and
volume-capacity ratio. This information is useful for estimating the cost savings due to capacity
improvements and therefore supports an appropriate evaluation method for selection, sequencing and
scheduling of projects. Cost savings mainly pertain to the travel time reduction for users and can be
obtained by running the traffic assignment model at various times during the multi-year analysis period
to compute speeds, travel times, and vehicle miles travelled (VMT). Hence, the objective function (eq.15)
can be computed. The Frank-Wolfe algorithm (Frank and Wolfe 1956), a user equilibrium traffic
assignment method, is used here not just for traffic assignment but also to evaluate improvement projects
before and after their implementation in the network. This algorithm is explained in detail in Shayanfar et
al. (2016). Frank-Wolfe is a relatively simple and fast algorithm which is suitable for testing metaheuristics
such as GA. However, more advanced traffic assignment models and more detailed evaluation models
such as a micro-simulation, artificial neural network, or cell transmission model (CTM) may be more

desired and can replace the Frank-Wolfe algorithm.

5 Optimization Model

This study employs a Genetic Algorithm (GA) developed by Shayanfar et al. (2016) to optimize the
sequence and schedule of improvement alternatives. The GA is selected for this paper based on the
results from Shayanfar et al. (2016) which suggested that, compared to other two heuristic algorithms

(Simulated Annealing and Tabu Search), the GA yields a better (lower total cost) and more consistent
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solution. Better consistency is indicated when multiple replications of the genetic search yield almost
similar final solutions after enough iterations. In general, population-based meta-heuristics such as GA,
are particularly suitable for solving large problems without analytical objective functions because they
can be easily and efficiently distributed among multiple processors. Also, objectives evaluated from
computer simulations, which are usually analytically intractable (i.e., discontinuous and non-

differentiable) (Koziel et al. 2011), can easily be embedded into the heuristic optimization loop.

Figure 2 illustrates the optimization process. Each population is comprised of / sequences, and each
sequence i is a string of / numbers which represents the location of the candidate project. As stated
earlier, at any specific location, several improvement projects or expansion alternatives with specified
capacities are considered. To incorporate project multiplicity, the chromosomes (sequences) should be
refined to represent specific alternatives at each location. Figure 3 shows an example of one sequence
with specific project locations. The shaded cells are locations where multiple alternatives may be
considered e.g. location 3 has three candidate alternatives (3-1, 3-2, 3-3). At each location the algorithm

selects a specific alternative based on the probabilistic approach specified in section 6 (Equation 13).

After identifying specific alternatives at each location, the algorithm begins to evaluate all sequences in
the current population. In Figure 2, for each sequence i, the algorithm selects projects 1 to j one-by-one,
schedules them as soon as the cumulative budget can fund those projects and runs the traffic
assignment after each project is implemented. In this sense, each project implementation requires a
specific change in the network e.g. widening lanes, adding one or two lanes to existing links, or adding
new links. At each step, the traffic assignment yields the travel time, VMT, speed, and number of
crashes which are inserted in the objective function to calculate the “fitness value”. Next, the budget
constraint, uniquely decides the ¢; (completion time) of project j. That is, project j is completed as soon
as the available budget equalizes the cost of project. This process is performed for all projects in the

sequence until the completion time exceeds the planning horizon T. Then the algorithm moves to the
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next sequence until all sequences in the population are evaluated. At this step, the best sequences i.e.
the ones with lowest fitness values, are given higher probabilities to be selected as parents and produce
offspring. Through several crossover and mutation operators which are extensively described in
Shayanfar et al. (2016), the selected parents produce the next generation. The algorithm begins to
evaluate the new generation and continues to do so until the termination criterion is met. In this case,

the algorithm stops if the optimal sequence does not change after 40 generations.

6 Numerical Example

In this paper, the Sioux Falls network originally introduced by LeBlanc et al. (1975), is selected as a case
study for the proposed model. Note that this is just a test network and the heuristic method in this
paper was previously tested on a much larger network (Anaheim network with 416 nodes and 914 links)
in Shayanfar and Schonfeld (2017). The Sioux Falls network inputs (Shayanfar and Schonfeld, 2015)
contain trip table, link capacity, length, number of lanes and free flow travel times. Figure 4 presents the
example Sioux Falls network used as a case study. The dashed lines indicate potential locations for new
developments which have three potential alternatives as described in section 3.4 (case C). The links
surrounded by dashed circles indicate cases A and B from section 3.4 with multiple alternatives at each

location while the other links only have one potential improvement.

In this example, the narrow and wide lanes have a capacity of 1000 and 1150 vehicles/hour, respectively
(HCM, 2010), and the equivalent annual cost of constructing roads is assumed to be 247,500 $/km per
foot of road width (Zhang et al., 2013). Therefore, the cost of widening a lane, adding one narrow lane,
and one wide lane are 495,000 ($/km), 2,475,000 ($/km) and 2,970,000 ($/km), respectively. Table 2

provides a list of potential improvements for all links.
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In order to incorporate demand uncertainty, we consider three plausible demand scenarios: (i) low
demand growth, (ii) med (medium) demand growth, and (iii) high demand growth. Under the three
demand growth scenarios we assume the following growth rate per year: g =0.005, 0.01, 0.02 for the

low, med and high scenarios, respectively (in Equation 15: S = {low, med, high}).

The first step is to find links with the highest volume-capacity ratios to identify the first list of candidate
projects. This is done by applying the traffic assignment model with the given O/D demand matrix which
is symmetric for all O/D pairs. It is assumed that the improvement projects, whether expanded or newly
added links, are implemented in both directions between two nodes. In this problem, the potential new
links (shown by dashed lines in Figure 4) are existing links in the original network which are treated as
potential new links in this study. Initially, the algorithm considers zero capacity for these links and later
examines whether and when they should be added to the network. A multi-period analysis is
incorporated in this model to account for cyclical demand fluctuations during each day. While only peak

and off-peak periods are presently considered, the number of periods per day can be easily increased.

After determining the initial set of candidates, the algorithm considers multiple improvement projects at
each location based on Table 2. Then, a benefit-cost analysis is applied to all projects to identify the
economically beneficial projects and order them based on their benefit-cost ratio. Thus, we can obtain
two initial solutions, one based on volume-capacity ratio (bottleneck order solution) and the other
based on benefit-cost ratio (greedy-order solution). These two set of initial solutions are later used as

part of the initial population in the GA.

The analysis begins by running the traffic assignment model to assess the travel times and traffic
volumes before and after improvement projects. Then the GA is used to find the near-optimal solution
for selecting and scheduling projects. At this stage, the algorithm selects one improvement from a set of

multiple improvement alternatives at each location following the procedure explained in section 6 and
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the probabilistic Equation 13. Ultimately, the GA yields the optimized project selection at each location,
the order of their implementation, and the schedule of completing each one. In this study, we assume a
20-year planning horizon. That is, projects with scheduled completion time after the planning horizon
are eliminated from the sequence. Table 3 presents the results from the stochastic model which yields
the optimal selection of projects, their order and implementation schedule. The results also indicate the

optimal improvement type for each link which is obtained from the GA search.

Table 4 provides detailed costs yielded by the genetic search, bottleneck-order, and greedy-order
solutions. These results are shown in terms of the Present Value (PV) of total costs that include user
travel time, vehicle operating, crash, and total cost. The results indicate lower costs for the GA solution
(i.e. 9.03% less than the bottleneck-order and 8.06% less than the greedy-order solution). This
demonstrates that the greedy-order and bottle-neck order are far from the optimal sequence of

projects when project interrelations are considered.

Figure 9 displays the accumulated cost over time in terms of travel time, vehicle operating and safety
costs. Most of the user cost pertains to travel time, with much lower amounts for vehicle operation and

safety costs.

Figure 10 illustrates the evolution of the GA process. It indicates how the objective function converges
to the optimized value. The optimization process is completed after the genetic search has stopped
improving for 40 generations. It is observed that approximately between generations 60 to 100 the

result does not change which is why the algorithm stops at the 100th generation.

Figure 11 presents the computation time for different numbers of projects. These numbers
indicate how the computation time grows as the number of projects increases. As the number of
projects grows, the number of cells in each chromosome, and the number of chromosomes in each

population increase. Also, the number of generations needed to reach convergence increases simply
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because more combinations of projects must be evaluated. Hence the computation time increases

considerably as the number of projects grows.

A simpler and easier alternative to the stochastic program is to insert the average demand scenario into
the deterministic formulation, which is less complicated and can thus be solved in less time. Figure 12
displays the average demand growth compared to the three scenarios. We can see that the average
demand is close to the medium growth rate and roughly between the low and high growth rate
scenarios. Using the average demand growth rate, we can solve a deterministic version of the selection
and sequencing problem whose objective is defined in Equation 15. However, with this approach the
results are subject to the flaw of averages (Savage and Markowitz, 2009), and hence less reliable, as

shown in De Neufville and Scholtes (2011).

To compare the deterministic with the stochastic formulation, the model is applied using the average
demand growth rate with the deterministic formulation (Equation 2). Figure 13 shows the PV of total
cost in the average scenario compared to other demand scenarios. We can see that the total cost in the
average scenario is close to the medium and low scenarios, and quite distant from the high scenario. In
other words, if decisions are made only based on the average scenario, the results will underestimate
the high cost of the high demand scenario. In fact, the results indicate that the total cost under the
average demand growth scenario (solving the deterministic program) is 7.5% above that using the
proposed stochastic program. This shows that solving the stochastic model yields a better solution with
a lower objective function i.e. yields a solution with a lower cost. Furthermore, the difference between
the objective function value (PV of total cost) of the deterministic and stochastic program, which is
called the Value of Stochastic Solution (VSS), is $669 million. This value shows the advantage of using the
stochastic model rather than using the expected value and solving the deterministic model. Failure to
consider the full probability distribution instead of the average scenario is also called the “flaw of

averages” (Savage and Markowitz, 2009).

89



7 Algorithm Testing

One major limitation of meta-heuristics is that global optimality is almost never guaranteed, and it is
challenging to assess whether evolutionary methods yield the global optimal solution. To evaluate the
accuracy of the genetic search, (Shayanfar and Schonfeld, 2017) conducted an exhaustive enumeration
and compared the GA results with enumeration results. The results indicated that the GA found the
same exact solution obtained through complete enumeration. For large problems where complete a
enumeration test would require excessive computation time, the quality of meta-heuristic results can be
verified with a statistical test (Jon and Schonfeld, 2003) which estimates the probability that better

solutions exist.

For this test, a random sample consisting of 100,000 solutions is created. After testing different
distribution functions, the Lognormal (mu=22.997, sigma= 0.0238) distribution is found to best fit the
sample. From Figure 10, it is evident that the GA solution (8917 x10° from Table 3) is located at the far-
left tail of the diagram meaning that the GA solution has a lower objective function than the entire
sample. This means that the solution obtained by the genetic search has a lower cost than any of the
100,000 random solutions in the distribution. Accordingly, the cumulative probability of the optimized
solution (8917 x10° from Table 3) can be calculated based on the fitted distribution: p = F (x| u,0) =

F(8917 x 10°|22.997,0.0238) = 1.568 x 10™*.

This result indicates that the probability of finding a solution better than the GA solution is extremely
small, i.e. 2.834 x 107> . In other words, the GA solution is better than 99.999% of the random
solutions in the fitted distribution (as well as 100% of the actual randomly generated sample).
Therefore, the GA optimized solution, is overwhelmingly better that other possible alternatives in the

solution space and the likelihood that significantly better solutions exist is negligible. Moreover, errors
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from imperfect optimization (i.e. deviations from mathematically global optimality) are likely to be

greatly dominated by uncertainties in the input parameters.

8 Conclusions

This study proposes a general framework for selecting and scheduling interrelated alternatives while
dealing with demand uncertainties. The proposed methodology is intended to apply to any system with
interrelated alternatives as GAs can be effectively combined with an appropriate evaluation tool such as
microsimulation, simulation approximates, queuing or neural networks, to optimize the planning and
scheduling problem in a variety of applications. With a well-developed evaluation model, users can use

the proposed framework to evaluate and prioritize projects in any interrelated network.

The study introduces a stochastic program that analyzes the problem of selecting and scheduling
interrelated alternatives with consideration of uncertainties in demand forecasts and offers a significant
improvement on previous models by adding an improvement design component at each location where
multiple improvement alternatives based on current link characteristics are considered. Moreover, the

model is further developed to account for vehicle operation and safety costs.

It is observed that the genetic search yields a better solution than the naive greedy and bottleneck
solutions when interrelations exist among alternatives. In this case, the total cost of the genetic solution
is 9.03% below the bottleneck-order and 8.06% below the greedy-order solution. Furthermore, it is
concluded that the stochastic model greatly improves upon the total cost of the deterministic solution
(which considers the average scenario rather than explicitly deal with uncertainty) due to the flaw of
averages. Specifically, the total cost of the stochastic solution is 7.5% below that for the average
scenario, and the difference between the two solutions is $669 million (VSS). Finally, although the

genetic solution is not guaranteed to be globally optimal, the statistical test demonstrates the goodness
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of the result compared to a sample of the solution space. It is highly probable that the input errors and

uncertainties in many factors dominate errors due to imperfect GA solutions.

The work in this paper can be enhanced by replacing the Frank-Wolfe Algorithm with more advanced
traffic assignment models. In addition, for system evaluation purposes the traffic assignment algorithm
used here may be replaced with more detailed evaluation models such as micro simulations and cell
transmission models which can model queues and saturation effects in networks. Future work may also
include intersection characteristics at nodes, and effects of travel time variability. It is also worthwhile to
consider multiple uncertainties and explore other source of uncertainties such as project costs, available

budget and construction time.
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Table 1 Values of CMF; for Lane Width on Roadway Segments (HSM, Table 10-8)

Lane width(ft) ADT<400 (veh/day) ADT =400 to 2000 (veh/day) (A\/EJ::S)OO
9 1.05 1.05+0.000281*(ADT-400) 1.50
10 1.02 1.02+0.000175*(ADT-400) 1.30
11 1.01 1.01+0.000025*(ADT-400) 1.05
12 1.00 1.00 1.00
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Table 2 Improvement Alternatives for Different Links

Case
A

Link Number
3,11, 25

8,21, 36

9, 16, 24, 32, 35

All other links

Possible improvements

-Widen the existing lanes.

-Add one narrow lane in each direction.
-Widen existing lanes and add one wide lane.
- Add enough width for two narrow lanes.

- Add one wide lane in each direction.

- Add one narrow lane in each direction.

- Add one wide lane in each direction.

- Add two wide lanes.

- Add three wide lanes.

-Add one narrow lane in each direction.
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Table 3 GA Optimal Sequence and Schedule

Project Project # Improvement Type Completion
Rank (Link#) (on both directions) Time (year)
1 25 Widen existing lanes 0.19
2 34 Add one narrow lane 1.13
3 36 Add one wide lane 4.60
4 14 Add one narrow lane 5.03
5 22 Add one narrow lane 7.17
6 16 Add a new link with a narrow lane 9.32
7 11 Widen existing lanes 9.94
8 15 Add one narrow lane 11.61
9 30 Add one narrow lane 13.35
10 3 Widen existing lanes 13.99
11 37 Add one narrow lane 15.90
12 2 Add one narrow lane 19.24
PV of Total Cost 8917 x10°($)
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Table 4 GA, Bottleneck-order and Greedy-order Solution Results

User Travel Time Cost  Vehicle Operating Cost Improvement

Crash Cost ($) Total Cost (S)

($) Cost ($) by GA (%)

GA solution
—»25—>»34 —B6 —4 —2» —H —H > [ —S>» 37> 2

7,505,448,440 890,475,922 489,829,910 8,917,684,007 -

Bottleneck order
11—»36—»34 —%4 —%5 —» —38 —S3PF —2>» 2> > 25>

8,265,225,305 970,186,444 533,935,197 9,803,467,182 9.03%

Greedy-order
—»1l1 —86—»3 —» —» —2»p [P 16> 22> H> 36> 34

8,194,600,060 950,522,818 521,753,124 9,700,467,112 8.06%
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Figure 7 Process to Select Alternatives at Each Location
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Optimal Zone Sizes and Headways for Flexible-Route Bus Services

Myungseob (Edward) Kim?, Joshua Levy?, and Paul Schonfeld?

Abstract

Flexible-route bus systems serving passengers at their doorsteps may be preferable to fixed-route bus
systems in areas with low demand densities or whose roads cannot accommodate relatively large fixed-
route buses. Flexible-route systems may also be preferable for elderly or handicapped riders for whom
accessing the pre-determined stops on fixed routes is difficult. Since bus systems with flexible demand-
responsive routes retain the economic and environmental advantages of public transportation, it is
important to analyze them and optimize their characteristics to match their operating environments.
This study shows how the total cost can be minimized for a flexible-route bus system with a many-to-
one demand pattern by jointly optimizing its headway and service zone size. Numerical results
demonstrate the model’s applicability and indicate how such flexible-route systems should be adapted
to demand characteristics and planning constraints.

Introduction

Since public transit systems can transport many passengers efficiently, they have an important role in
urban areas. Hence, many researchers have sought to improve the costs and service quality of transit
systems. Bus transit operations may be classified as fixed-route or flexible-route services. Fixed-route
bus services have predetermined routes, stops and schedules, and they are very widely used in densely
populated urban areas since their average cost for serving high demand densities is relatively low (Kim
and Schonfeld, 2012 & 2013). When the demand densities or roadway geometric characteristics are
unsuitable for fixed-route bus operations, flexible-route services, which can operate on-demand without
predetermined stop locations, may offer a practical alternative. When the demand density is relatively
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low, flexible-route service may have lower average system cost than conventional fixed-route bus
services. In an early study, Wilson and Hendrickson (1980) reviewed models for predicting the
performance of flexible transportation services such as taxi and dial-a-ride. Their review covered
methodological approaches such as simulation, empirical, deterministic queuing and stochastic
processes. With rapid developments of information technology and computation capabilities in recent
years, various studies (such as Luo and Schonfeld, 2007; Markovic et al, 2015) explored micro-level
transit service modeling by solving dial-a-ride problems or vehicle routing problems for public transit
systems.

Service Zone

CBD or Terminal .-‘_ _—

} ® St
Line Haul ops

Figure 15 Configuration of Flexible-route Bus Service Module

However, we observe that the relations among optimal zone sizes, headways and relevant exogenous
factors for flexible-route services have not been sufficiently explored, especially in considering how zone
sizes may be optimized based on the local demand densities. This paper presents a planning model for
optimizing a flexible-route bus operation serving many-to-one and one-to-many demand patterns, as
sketched in Figure 1. The rest of the paper includes a literature review for flexible transportation
operations, problem formulations, numerical studies and a concluding summary.

Literature Review

Flexible-route bus services, including demand-responsive dial-a-ride services, are widely considered to
improve the service quality for disabled passengers by providing door-to-door services or to reduce the
cost of public transit systems for regions with low demand densities. In this section, we present the
studies that are closely related to flexible-route bus operations. General reviews of fixed route bus
transit operations and network design may be found in Ceder and Wilson (1986) and in Ibarra-Rojas et al
(2015). An extensive overview of dial-a-ride problems, including recent developments, is provided in
Molenbruch et al (2017).
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Nourbakhsh and Ouyang (2012) analyze the costs of flexible bus routes and their competitiveness versus
fixed bus routes and taxis. The optimal network layout, service area, and bus headway are used to
minimize total system cost. It is noted that in low to moderate demand areas, flexible bus route systems
have the lowest system cost among flexible-route bus, fixed-route bus and taxi services. Daganzo and
Ouyang (2019) present analytic models for door-to-door transit services, including non-shared taxi and
demand-responsive transportation as special variants of the model. Several objectives are considered in
the paper as follows: Firstly, the case of non-shared taxi is analyzed to emphasize the level of service
quality. Secondly, dial-a-ride services are analyzed for minimizing resources. Thirdly, the case of shared
taxi is analyzed for maximizing the number of served passenger trips. The model formulations assume a
uniform and steady many-to-many demand pattern. The deterministic analysis framework provides
approximated closed form solutions for the travel time and fleet size thresholds among dial-a-ride,
ridesharing, and non-shared taxi services.

Amirgholy and Gonzales (2016) employ an analytic model to approximate the operation cost of demand-
responsive transit (DRT) operations with time-dependent demand patterns. The cost of demand-
responsive transit services is estimated using the fleet size, the vehicle miles traveled, and the vehicle
hours traveled. The study also formulates the total cost that users experience as a result of the
operating decisions. This study analyzes the dynamic equilibrium that is associated with oversaturated
conditions in which the demand rate exceeds the operating capacity of the DRT system. A dynamic
pricing policy is considered that improves the efficiency of the DRT system by shifting the demand to a
different time of the day and avoiding the underutilization of capacity during off-peak times. Bakas et al
(2016) formulate a dial-a-ride problem with the assumption that customer pickups and drop-offs are
allowed only at pre-defined bus stops. With this assumption, the benefit of demand responsive
transportation services in low demand areas is compared to fixed-route bus operations.

Adebisi (1980) develops a model for estimating the travel time for fully- and partially flexible bus routes.
His model incorporates randomness in the number of passengers and their locations on grid networks.
Pei et al (2019) explore flexible bus operation by allowing turn-backs for dispatched vehicles as well as
skipping some bus stops. By adjusting the length of the service route with demand-responsive turn-
backs, the travel time for all passengers, including the onboard and waiting time, is minimized. This
study finds that a flexible bus operation performs well when demand density is low to medium. Qui et al
(2015) explore a flag-stop bus operation policy in which bus services do not provide complete curb-to-
curb services, but still offer some flexibility to transit riders. By comparing this operation policy to fixed-
and flexible-route bus operations, the flag-stop policy is found to be advantageous in low-demand
regions, such as suburban and rural areas. Zheng et al (2018) use two analytical models for comparing
services with limited route deviation versus more flexible point deviation. Stiglic et al (2015) analyze a
flexible dial-a-ride system in which passengers are picked up at their origin and dropped off at their
destinations, or passengers come to the designated points to be picked up or dropped off. Although a
possible inconvenience for such systems is that passengers have to arrive at the meeting point before
their vehicle arrives, the proposed model substantially improves the system performance. Gomes et al
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(2015) develop a simulation-based optimization model for demand-responsive transportation
scheduling. Yu et al (2015) incorporate a dynamic vehicle routing algorithm into an agent-based traffic
simulation and compare demand responsive transportation services with conventional bus operations.
They note that demand-responsive service increases mobility by decreasing the travel time perceived by
passengers. Several case studies are found on implementing flexible transportation services (Horn, 2002;
Fernandez et al, 2008).

Pan et al (2015) propose a mathematical model for designing the service area and routing plan for a
flexible bus feeder system that is connected to a rail transit line. By assuming the fleet size and demand
as inputs, this model approximates the service area and routing schedule without assuming a grid street
geometry and uniform demand distributions. It is assumed that the passengers within the zone report to
the designated pickup or drop points, also called gates Thus, the tour within each zone is not modeled;
instead, a gravity-based heuristic approach for optimizing vehicle routes among gates is proposed. As an
extension from Pan et al (2015), Lu et al (2016) present a model for deviated fixed-route transit
operations. Their main purpose is to assign random requests to the nearest possible routes by allowing
route deviations based on the travelling salesman problem. Bus travel time is minimized with a genetic
algorithm. Saeed and Kurauch (2015) formulate mixed-integer problems to analyze a dial-a-ride (DAR)
system for rural areas. A branch-and-cut algorithm-based solution is proposed to minimize the operating
costs as well as user’s travel times for the DAR system. They note that flexible-route DAR operation is
suitable for low demand density and wide spatial coverage in complex road networks. Their DAR results
show decreased waiting times for rural area users.

The relative advantages of fixed-route, flexible-route and variable-type bus services are analyzed by
Chang & Schonfeld (1991) and by Kim and Schonfeld (2012). Kim and Schonfeld (2012) find that at low
demand densities, flexible-route services have lower average cost per passenger than conventional
fixed-route bus operations. Kim and Schonfeld (2013) integrate fixed and flexible bus services using a
genetic algorithm and analytic optimization while determining the type of service based on demand
density. Chen and Nie (2017) analyze hybrid systems with fixed and flexible services using simulation.
They use flexible services to increase accessibility to fixed-route bus systems. Hall et al (2018) propose a
simulation-based analysis for integrated bus operations combining a fixed-route service and demand-
responsive service. They find that for the integrated bus operations, the number of transfers as well as
the pricing policy for demand-responsive service strongly affect the performance of such integrated
transit services.

Chang and Schonfeld (1993) develop a model for jointly optimizing the dimensions for served zones and
headways, but only for fixed-route services whose characteristics and resulting model formulations
differ considerably from those for flexible-route services. They assume that zone shapes are rectangular
and find that zone lengths, zone widths and headways should increase with distance from a major
terminal. Some related studies such as Chang and Schonfeld (1991), Kim and Schonfeld (2013, 2014, and
2015) assume that each served zone is rectangular, while larger service regions are divided into multiple
zones, based on the demand levels. It should be noted that the zone size is a very important factor (and
not only for rectangular zones) in planning efficient flexible route services. Broome et al (2007)

114



completed a study showing the public’s positive perception of flexible bus route systems. Designed for
elderly persons who cannot travel to and from fixed bus stops, these flexible bus systems saw ridership
double over the course of the study. Satisfaction was also significantly increased and the flexible bus
system began to attract younger users.

From the literature review we note the importance of flexible-route bus operation for serving low
demand regions or handicapped passengers. However, the main interests in those studies are new
solution algorithms or heuristics for dial-a-ride or demand responsive transportation services. It is clear
that the relations among optimal zone sizes, headways and relevant exogenous factors have not been
sufficiently explored for flexible-route services. This paper contributes to the literature mathematical
relations for optimally matching headways and service zone sizes to exogenous local characteristics such
as demand density, distance from major terminals, unit costs and travel speeds, in order to minimize
average costs per passenger, including the supplier and user costs. The model presented in this paper
can help guide the design of relatively simple flexible-route bus services, especially where the demand
density is relatively low or where street geometry cannot accommodate the relatively large buses used
for fixed-route bus services.

Flexible-route Service Formulation

Each flexible-route module considered in this study includes one bus route that connects a local service
zone to a major terminal, through an express segment, as shown in Figure 1. The route’s headway and
the area of the local service zone are jointly optimized as functions of demand density, distance from
the major terminal, applicable unit costs, bus speeds, and other relevant exogenous parameters. The
major terminal may be a Central Business District (CBD), another major trip attractor, or a transfer
terminal along a rail transit route. The route within each module primarily serves a Many-to-One (M-to-
1) or One—-to-Many (1-to-M) demand pattern. However, with multiple modules optimized for urban
regions around the major terminal(s), their converging routes would enable Many-to-Many (M-to-M)
demand patterns to be served, as briefly discussed below. This paper focuses on the optimization of
single modules while a future study is expected to optimize the development of multi-module flexible
route systems that cover substantial urban and suburban areas.

For each module, trip origins and destinations are assumed to be randomly and uniformly distributed
over the local zone and over time. An example of this type of bus system could be a suburban
neighborhood outside a large city. Passengers residing in that neighborhood or “service zone” take the
bus to or from a train station, a downtown terminal or an airport, as shown in Figure 1. Neighborhoods
may be divided into smaller subsections, depending on the results of the joint optimization of the
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decision variables that are analyzed here. Figure 1 shows a zone with a rectangular shape, but the
analysis is also applicable to other zone shapes as long as the zones are fairly compact and fairly convex.

We noted that the flexible-route service model presented in this paper and illustrated in Figure 1 can
constitute a modular building block in designing larger and more comprehensive systems, which serve
M-to-M demand patterns. As an example, the region in Figure 2 can be subdivided into multiple zones,
roughly in accordance to the guidelines developed in this paper on jointly optimizing zone areas and
headways as functions of demand densities and distances from the central terminal (or central business
district). Then the M-to-M demand patterns can be served with transfers at the central terminal,
possibly with coordinated headways to minimize transfer delays, while minimizing system-wide costs.

l:r—:rﬁj Flexible Bus Towr
l:l"_:]] I @ Taminal

o I,

e

Figure 16 Potential Extension to Multi-zone Flexible-route System

The formulated total cost for flexible bus services is the sum of supplier (operator) cost, user in-vehicle
cost, and user waiting cost. Since flexible-route services are assumed to provide door-to-door service,
they have no access time or cost. The relevant notation is defined in Table 1. In order to provide a
relatively simple and widely applicable model for planning and preliminary system design, the following
simplifying assumptions are made:

1. Stein (1978)’s formula is assumed to provide an acceptable approximation of the shortest tour
distance within a zone, with a constant k = 1.15 according to Daganzo (1984) for rectilinear
movements within the zone.

2. The service zone is fairly compact and fairly convex.

3. Destinations and origins are fairly uniformly distributed over time and space within the service
zone.

4. The number of stopping points in a zone for each vehicle tour exceeds five.

5. Dwell times and stopping times within the service zone are included in the average speed.
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6. The average wait time is approximately half of the service headway.
7. Passenger pickups and drop-offs are intermingled within each tour.

Table 3 Notation and Baseline Values for Inputs

Symbol Variable Units Base Value Range for
Sensitivity
Analysis

A Zone Size (Area) Square Miles - -

a Parameter for bus operating S / bus hour 30 -
cost

b Parameter for bus operating S / seat hour 0.3 -
cost

Ca Average Total Cost S / passenger - -

Cr Total Cost S/ hour - -

Cs Supplier Cost S/ hour - -

Cv In-vehicle Cost S/ hour - -

Cw Waiting Cost S per hour - -

C Unit Bus Operating Cost S / bus hour - -

(=a+b*S)

Dc Tour Length within Zone Miles - -

h Headway Hours - -

J Line Haul Distance Miles 10 6-15

| Load factor Dimensionless 1.0 -

N Fleet Size Buses - -

)] Stein’s Constant Dimensionless 1.15 -

Q Demand Density 10 5-50

Trips / square mile*hour

q Hourly demand Trips / hour - -

R Round Trip Time Hours - -

S Bus Capacity Seats / bus 45 10-50

u Number of Passengers per Number of passengers 1 -
Stop

Vx Line Haul Speed Miles / hour 30 15-60

Vi Average Local Speed Miles / hour - 10-40

Vy Value of in-vehicle time $ / passenger hour 12 6-20

Vw Value of waiting time S / passenger hour 15 6-20

w waiting time Hours - -
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y Ratio of local speed to Dimensionless 0.9 0.5-1.0
express speed

The operator’s service cost Cs is formulated as the product of the required fleet size N and the unit
operating cost c:

CS:NXC (1)

The required fleet size is the vehicle round trip time divided by headway:

=

(2)

The round trip time R is the sum of 2-directional trip time for the line haul (i.e., express) segment and
trip time in the local zone. Stein’s approximation for tour length within the zone D. is expressed as:

D.= @+Vnd (3)

The approximation in Eq. (3) is very useful in this study for optimizing the headway and zone size for
flexible bus routes.

The number of stops during the tour n is expressed as a function of demand density Q, zone size,
A, headway h, and the number of passengers (boarding or alighting) per stop u:

QAR

n =" “4)

u

As the actual hourly demand per zone q (in passenger trips/hour) is product of the demand density
Q and the zone size A, the demand q is expressed as:

q =04 )

Then, the tour length D is:

Dc = Q’\/@ (6)
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The line haul distance J, the express speed Vx, and local speed Vi are used to compute the vehicle
round trip time R:

2] D¢
Vx VL

R= 7

We assume the local speed is a fraction of the express speed Vx. We denote the ratio of local speed
V1, to express speed Vx, as y. Then:

VL=yVx (8)

The service cost, Cs is then formulated as:

_zc | o [aa
CS - hVx + yVx N uh (9)

The in-vehicle cost Cv is the product of the value of passenger’s in-vehicle time v, the demand q,
and passenger’s trip time, which is assumed to be half of the vehicle round trip time R:

R
Cr=v,q & (10)

Eq. (10) can be re-written as:

_ wq] vy q3hA
Cy = Vy +2ny\’ u (11)

Since we are formulating a planning-level model, we approximate the average wait time as half of
the headway h. This assumption is widely applied in urban transit services, in which the headways
are relatively short. It should also be noted that for flexible-route bus services much of the waiting
may be inside the users” homes or workplaces rather than at remote bus stops. The resulting waiting

cost for passenger Cw is product of the value of waiting time v,,, the demand q, and the average
waiting time h/2:

h
Cw =Vwq s (12)
The total cost for the flexible service is the sum of operating cost, in-vehicle cost and waiting cost:

CT = CS+CV+CW (13)
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Eq. (13) is detailed as:

_ ﬂ Pc ﬁ vpqJ vy q3hA E
CT_hVX+yVX\’uh+ Vy +2ny\} o T Uwd; (14)

The average cost per passenger Ca can be found by dividing the total cost function in Eq. (14) by
the passenger flow q:

Thus, the average cost for the service is:
_2jc 1 oc /QA~A 1 vQAJ | Bu, 1 ,(QA)3hA v QAR
Ca = hVy QA + yVxQA uh + QA Vy + 2yVx QA a— 204 (16)
Eq. (16) is rewritten as:

__2ec , Pc ’L vl |, PvwA /Q_h vwh
Ca = VXQAh+yVX Qhu+ Vy +2yVX e T2 (17)

In Eq. (17), the average cost per passenger is a function of two decision variables, namely the zone
size A and the headway h.

The first order derivative of the average cost with respect to the zone size A, shown in Eq. (18), is
set equal to zero:

a_ __2e _ w/oh _ (18)
0A VxQhA2 2yVxVu

The necessary condition for the global optimality of the zone size A is that Eq. (19) should have a
positive value. Since Eq. (19) is always positive, we confirm that the optimal value of the zone
size A yields the global minimum in Eq. (17).

9%Cy _  4Jc
dCa%2  VyQhA3

>0 (19)

The first order derivative of the average cost with respect to the headway h is:

Ca _ 2Jc @c Pv,A/Q w_

dh — VxQAR?  2yvyJQuhd | 4yVxVuh | 2

(20)
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Similarly, the second-order derivative for the headway, which should be positive, is shown in Eq. (21).

d%c, _ 4Jc 39c ewAQ (21)
dhZ ~ VxQAh®  ayVyJQuhS  8yVyVuh3

We seek the solution by solving Eq. (18) and Eq. (20) simultaneously. From Eq. (18), we obtain
the following relation:

S 22)

A2JmE - 4yjevu

By denoting t to substitute for the right hand side of Eq. (22), we find a simplified relation between
the headway and zone size, as shown in Eq. (23):

1
vf4,/h3

Eq. (23) is inserted in Eq. (20), and Eq. (20) is re-written as:

9Ca _  2jcVt oc Pv,A\/Q Lo
oh VQ RS 2yVxJQuNRE | ayvyvut/hs | 2

(24)

By using X to substitute forVh, Eq. (25) is obtained:

Yw v Pv,,/Q _chﬁ} _ 0c
zX +{4yVX\/E VxQ X 2yvxm_0 (25)

Eq. (25) is re-arranged, and denoted as Y:

_ Vw6 (25171;\/5 _ @c
V=X {4yVX«/1E}X 2yVx/Qu (26)

To investigate the convexity of Eq. (26), we find the partial derivative of Y with respect to X as
follows:

P = 3p, X5 — {M} (27

ox 4yV xut
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By setting Eq. (27) to zero, we find only one root, as shown in Eq. (28):

X :{ 0v,\/Q }1/5 (28)

120,V yVut

Since we find only one root, shown in Eq. (28), for which Eq. (27) equals zero, and since the
coefficient of the X° term in Eq. (26), which is 1,/2, is positive, we confirm that the function in
Eq. (26) is convex. We apply Newton’s Method to find the optimal headway as h™ = X*. The
pseudo-algorithm is shown as follows (Press et. al., 2007):

Step 1: Pick the initial value (x1) of X, which must be greater than zero.
Step 2: Evaluate Eq. (26), f(x1) at this point (x1)

Step 3: Assuming f(x1) was not the root of the equation, compute the following equation to determine
the next evaluation point, x2.

Step 4: Evaluate Eq. (26) at x2, and obtain f(x2).

Step 5: Repeat this iterative process until the root is determined or the tolerance criterion is satisfied.

f(xn)

le+1 = xn _fl(x )
n

In Eq. (19), the optimal zone size A", yields the global minimum of the objective function. We
must also ensure that the optimal headway h” yields the globally optimal solution by investigating
the previously derived Eq. (21).

To ensure the optimal headway yields the global minimum, Eq. (21) should be positive. To achieve
the closed-form equation of headway boundary that yields the global solution, we note that either
of the following two conditions should be positive:

4jc  wAQ
VxQAh3 8yVXvuh3

>0 (29)

or

3@c _ Pv,A\/Q
4yVx/Quh>  8yVxVuh3

>0 (30)
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Eq. (29) is rearranged in Eq. (31), and Eq. (30) is rearranged in Eq. (32):
3’ 1 (32yjcvu 2
h < E{ vi\/Q_3} (31)

or

6c

70A (32)

h <

Since both Egs. (31) and (32) provide closed-form conditions, they can provide insights for decision
makers regarding headway planning. The visual representation of the global solution boundary will be
discussed in the numerical analysis section.

When the maximum allowable headway policy is considered (h = ;—;), the complexity of the problem is

reduced to analytically optimizing a single variable, which is the zone size A. The optimal zone size A" is
found in closed-form, as shown in Eq. (33):

vy Sl

* __ 2Q
A" = /{ @c n 017,,\/5_1} (33)
29VxVuSl = 4yVxJu

The global optimality condition of the zone size A is presented in Eq. (34):

2
A< @ [wSh , (34)
2 { @C + vi\/ﬁ }

4yVx\VuSl = 8yVxVu

The details of the derivations of A, and the necessary condition for its global optimality are summarized
in Appendix A.

Numerical Analysis
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Numerical cases are used to explore the relations between the decision variables, which are the
headway h and the zone size A, for the problem illustrated in Figure 1. This section explores how various
input parameters affect the design of flexible-route bus services. We present a baseline case and an
elasticity analysis for the sensitivity of solutions to service design parameters. The baseline values of the
parameter for the formulations and numerical cases are provided in Table 1.

Visual Representation of Convexity in the Objective Function

We seek to verify the global optimality of the solutions. By solving Eq. (27) using the baseline
values from Table 1, the minimum of X is obtained as 0.4426. As shown in Figure 3, the value of
Eq. (26) decreases until X is 0.4426, and then Eq. (26) increases beyond X values of 0.4426.
Therefore, we graphically confirm that Eq. (26) is a convex function with only one root (i.e., 0.692)
as discussed for Eq. (28). In Figure 3, we also note that the root of X, at which Eq. (26) equals
zero, is 0.692. Thus, the optimal headway h” (=0.229 hours) is found from X* (=0.692%). From the
optimal headway (i.e., 0.229 hours), we find the optimal zone size A" using Eq. (23), as 5.72 sq.
miles.

Eq.(26)

- : : : :
0 0.2 0.4 0.6 0.8 1

Figure 17 Convexity of Eq. (26)

Either Eq. (31) or Eq. (32) must be satisfied to guarantee the global optimality of the solution. As shown
in Figure 4, we note that the headway condition specified in Eq. (32) always satisfies the condition
specified in Eqg. (31). Thus, we take Eq. (31) as the criterion which guarantees the globally optimal
solution for the headway. With baseline values, the optimal headway h” is 0.229 hours, and we obtain
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the upper limit (i.e., condition) of the headway from Eq. (31) as 0.917 hours. Therefore, we find the
global solution.

10 T - T

e Eq. (31)
| '-I ——Eq. (32)

Headway Limit

Zone Size (A)

Figure 18 Headway Limits Constrained by Egs. (31) and (32)

Joint Optimization vs. Maximum Allowable Headway Solutions

For the baseline case, the optimal zone size A™ is found as 5.72 sq. miles and the optimal headway h” is
found as 0.23 hours. As shown in Table 2, the average cost per person trip includes an operating cost of
3.44 $/person trip, an in-vehicle time of 6.21 $/person trip, and a waiting time cost of 1.72 $/person
trip, resulting a total cost for flexible service of 11.37 $/person trip. The operating cost, in-vehicle cost
and waiting cost components of the average system cost are about 30 %, 55% and 15%, respectively.

Figure 3 shows that the cost function is convex, and its optimal zone size and headway are the global
solution.
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Figure 19 Average Cost Plot for Baseline Case

When the maximum headway policy is applied, a closed-form solution is achievable, which offers
insights regarding the relations among decision variables and input parameters. With the closed-form
solution shown in Eq. (33), the optimal solution for the zone size A" is analytically found as 10.48 sq.
miles. Using Eq. (34), the necessary condition (i.e., the maximum zone size A) is obtained as 26.4 sq.
miles, and the optimal zone size (10.48 sq. miles) satisfies the condition. Thus, we confirm that the
solution with the maximum allowable headway policy finds the global minimum solution. The maximum
allowable headway h” is obtained as 0.43 hours, using the relation h = SI/QA.

Table 2 provides comparisons between the two solution approaches, namely the joint optimal solution
and maximum allowable headway solution. The optimal zone size A" based on the maximum allowable
headway is 83% larger than that for the joint optimal solution. The maximum allowable headway h” is
almost double that of the joint optimal solution. For this base case, the maximum allowable headway
can reduce the operator cost compared to the joint optimal solution while the in-vehicle and waiting
costs exceed those in the joint optimal solution. The average cost per person trip is 26% higher for the
maximum allowable headway than for the joint optimal solution.

Table 4 Cost Comparison between the Maximum Allowable Headway and Joint Optimal Solution for
Zone Size and Headway

Zone Size, Headway, Operator In-vehicle Waiting Average
A h Cost Cost Cost Cost
(sg. miles) (hrs) (S/person) | (S/person) | (S/person) | (S/person)
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Maximum Allowable

. 10.48 0.43 1.54 9.55 3.22 14.31
Headway Solution (1)

Joint Optimal Solution (2) 5.72 0.23 3.44 6.21 1.72 11.37

Cost Difference,

83.2% 87.8% -55.2% 53.7% 87.5% 25.9%
{(1)-(2)1/(2)

Sensitivity Analysis

Demand Density

Table 3 shows the sensitivity of costs to the demand density Q. In it the in-vehicle cost is the highest
among the cost components and is approximately double the operating cost, while the waiting cost is
the lowest cost component. Table 3 shows that as Q increases, the optimal zone size and headway
decrease. The resulting A" decreases from 8.42 to 2.31 sq. miles, and it shows greater variations
(between 47.3% increase and -59.6% decrease) than the headway variations (between 19% increase and
-33% decrease) over the range of demand changes. For instance, when the hourly demand density
increases from 5 to 10 person trips/sq. miles, A" decreases from 8.42 to 5.72 sq. miles, while the
demand density increase from 45 to 50 person trips/sq. miles reduces the zone size from 2.45 to 2.31
sg. miles. When the demand density increases from 10 to 50 persons/sq.mile, the average cost per
person decreases by 20% from 11.37 to 9.09 $/person.

Table 5 Joint Optimal Solution for Demand Variations

Demand Density (persons/sq.mile) 5 10 15 20 25 30 35 40 45 50
fointOptimal | ¢ ) | 575 | 456 | 388 | 342 | 308 | 283 | 262 | 245 | 2.31
Zone Size (sq. Solution ’ : ’ ) ’ ’ ) ) ) ’
miles)
% Change 473 | 00 | 203 | -322 | 403 | -46.1 | -50.6 | 54.2 | -57.1 | -59.6
Joint Optimal | >0 | 53 | 021 | 019 | 018 | 017 | 017 | 016 | 016 | 015
Headway olton . . . . . . . . . .
(hours)
% Change 194 | 00% | 9.7 | -16.0 | 205 | -24.0 | -26.8 | -29.2 | 31.2 | -33.0
Joint Optimal
Average 0'2 | Pamal 410 | 344 | 310 | 289 | 273 | 261 | 251 | 243 | 236 | 230
Operating Cost olution
($/hr)
% Change 194 | 00 | 97 | -160 | 205 | 240 | 268 | 292 | 31.2 | -33.0
Average In- Joint Optimal
vehicle Cost P 652 | 621 | 605 | 594 | 586 | 580 | 575 | 571 | 567 | 5.64
($/hr) Solution
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% Change 49 | 00 | 26 | 43 | 56 | 66 | 75 | 82 | 88 | 93
Average ngtIOp_tlmal 205 | 172 | 155 | 144 | 137 | 131 | 126 | 122 | 118 | 115
Waiting Cost olution

($/hr) % Change 194 | 00 | 9.7 | -160 | 205 | 240 | 26.8 | -29.2 | -31.2 | -33.0

Total Cost Joint Optimal | ) o> | 1137 | 1071 | 1027 | 996 | 972 | 952 | 936 | 921 | 9.09
(Average Cost Solution : ) ’ ’ ’ ’ ) ) ) :

in
3 per person) % Change 115 | 00 | -58 | -96 | -124 | -145 | -163 | -17.7 | -18.9 | -20.0

We also explore the effects of demand densities on headways while the zone size is not optimizable, as
presented in Table 4. We hold the zone size at A=5.72 sq. miles, as a fixed input parameter, and explore
the relations between the demand density and headway. When Q increases from 10 (in the baseline
conditions) to 50, we find that h* decreases from 0.23 hours to 0.07 hours, thus resulting in more
frequent bus service, while the total cost per trip decreases by 14.7%. When Q increases from 10 to 50
while fixing the zone size, the in-vehicle cost increase by 8.8% and the operating cost decreases by 30%.
As h” decreases from 0.23 to 0.07 hours, the waiting cost decreases significantly by 68.9%.

Table 6 Effects of Demand Density with Zone Size on Hold

Demand Density (persons/sq.mile) 5 10 15 20 25 30 35 40 45 50
Zone Size (sq. | ZoneSi
one Size (sq oneSizeon | o | 525 | 572 | 572 | 572 | 572 | 572 | 572 | 572 | 572
miles) Hold (Input)
Zone Size on
035 | 023 | 018 | 014 | 012 | 011 | 009 | 009 | 0.08 | 0.07
Headway Hold (Input)
(hours)
% Change 529 | 00 | -235 | -37.4 | 467 | -535 | 587 | -62.8 | -66.1 | -68.9
Zone Si
Average HOTS I'Zeotn 429 | 344 | 307 | 286 | 272 | 262 | 255 | 249 | 244 | 240
Operating Cost old (Input)
($/hr) % Change 250 | 00 | -106 | -16.8 | 208 | -23.7 | 258 | -27.5 | -28.9 | -30.0
Zone Si
Average In- Or;z Z€OoN 1 593 | 621 | 637 | 648 | 655 | 6.61 | 6.66 | 670 | 6.73 | 6.76
vehicle Cost Hold (Input)
($/hr) % Change 45 | 00 | 25 | 42 | 55 | 64 | 72 | 78 | 84 | 88
Zone Si
Average °r;§ Zeon 1 563 | 172 | 131 | 1.08 | 092 | 080 | 071 | 064 | 058 | 053
Waiting Cost Hold (Input)
($/hr) % Change 529 | 00 | -235 | -37.4 | 467 | 535 | 58.7 | -62.8 | -66.1 | -68.9
Total Cost Zone Si
otal L0s ONESIZEON 1 15 86 | 11.37 | 10.76 | 1041 | 10.19 | 1003 | 992 | 983 | 976 | 9.70
(Average Cost Hold (Input)
in
$ per person) % Change 131 | 00 | 54 | -84 | -104 | -12.7 | <127 | -135 | -142 | -147
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Vehicle Capacity

The vehicle size S is a critical design parameter for planning and scheduling public transportation
operations. When S increases from 10 to 15 seats/bus, the optimal zone size A" increases by 6.3% while
the optimal headway h” increases by 5%. As expected, when the vehicle capacity increases, the optimal
zone size A" and optimal headway h” both increase to cover a larger area for each bus tour while
decreasing service frequency.

Table 7 Effects of Vehicle Capacity on Costs

Vehicle Optimal Zone Optimal Average Average In- Average Total Cost
Capacity (# of Size (sq. Headway Operating vehicle Cost | Waiting Cost (AC\;(Z:ﬁe
seats) miles) (hrs) Cost ($/hr) ($/hr) ($/hr) $ per person)
10 5.23 0.19 3.22 5.85 1.43 10.50
15 5.56 0.20 3.06 6.03 1.53 10.62
20 5.59 0.21 3.12 6.06 1.56 10.75
25 5.62 0.21 3.19 6.09 1.59 10.88
30 5.65 0.22 3.25 6.12 1.63 11.00
35 5.67 0.22 331 6.15 1.66 11.13
40 5.70 0.23 3.38 6.18 1.69 11.25
45 5.72 0.23 3.44 6.21 1.72 11.37
50 5.74 0.23 3.50 6.24 1.75 11.49
55 5.77 0.24 3.55 6.27 1.78 11.60

Figures 6 and 7 each show a sharp turning point for optimal zone size and headway. These changes are
based on the vehicle capacity constraints (i.e., h < 5—;). When the vehicle capacity is small (e.g.,

between 10 and 15 seats/bus), the vehicle capacity constraint is bounded so that the optimal zone size
increase sharply. When the capacity constraint is not binding (e.g., vehicle capacity larger than 15
seats/bus), the optimal zone size A" increases less rapidly.
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Figure 21 Optimal Headway versus Vehicle Capacity

Figure 7 shows how the optimal headway h* varies with given vehicle capacity S. We note that the
headway increases rapidly with vehicle capacities between 5 and 15 seats/bus. When vehicles have
sufficient capacity (i.e., above 15 seats/bus) to satisfy the demand, the increase in optimal headway
ranges between 0.08% and 0.09% as vehicle capacity increases by one seat. Table 6 summarizes the
resulting effects of vehicle capacity.
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Table 8 Effects of Vehicle Capacity on Optimal Zone Size and Headway

% Increase of % Increase of | % Change of
. % Increase of . )
. Optimal Zone . . Optimal Zone Optimal
Vehicle . . . Optimal Zone Optimal . .
. Optimal Zone | Size per Unit . Size per Unit Headway
Capacity (# of . . . Size From Headway .
Size (sg.mile) of Vehicle . of Vehicle From
seats) . Baseline (hrs) . .
Capacity (+1 Result Capacity (+1 Baseline
esu
seat/veh) seat/veh) Result
10 5.23 - -8.50 0.191 - -19.92
15 5.56 6.52 -2.79 0.204 0.26 -12.38
20 5.59 0.59 -2.28 0.208 0.09 -10.01
25 5.62 0.56 -1.79 0.213 0.09 -7.78
30 5.65 0.54 -1.31 0.217 0.08 -5.67
35 5.67 0.52 -0.86 0.221 0.08 -3.68
40 5.70 0.50 -0.42 0.225 0.08 -1.79
45 5.72 0.48 0.00 0.229 0.08 0.00
50 5.74 0.47 0.41 0.233 0.08 1.70
55 5.77 0.45 0.80 0.237 0.08 3.33

Elasticity Analysis of Input Parameters

Table 7 shows the elasticity of the optimized zone size A" and headway h” with respect to 10% increases
in various design parameters. For example, when demand density Q increases by 10%, A* decreases by

5.20%, implying a -0.52 elasticity of A" to Q. Similarly, a 10% increase in Q, reduces h” by 2.31%, implying

the elasticity of h™ to Q is -0.23. In this case, the average cost per person-trip decreases from 11.368 to

11.260S.

The sensitivities of A" and h” to other input parameters are also shown in Table 7. Increases in the

parameters a and b for the unit operating cost both increase A" and h”. The elasticities of A" and h” to

vehicle capacity are 0.04 and 0.16, respectively. An increase in the line haul distance increases the round

trip time. Thus, the supplier cost and in-vehicle cost are increased, which increase A" and h”.
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Table 7 shows that, with respect to the value of the in-vehicle time, the elasticity of A" is negative while
the elasticity of h™ is positive. As expected, the optimal vehicle round trip time decreases when the
passengers’ value of in-vehicle time increases. With respect to the value of waiting time vy and the
vehicle operating speed Vy, the elasticities of A" are positive and the elasticities of h* are negative.

Table 9 Elasticities of Optimal Zone Size and Headway with Respect to Various Design Parameters

Q a B S J Vv Vw Vx y
Baseline Input Values 10.0 | 30.0 | 0.30 | 45.0 | 10.0 | 12.0 | 15.0 | 30.0 0.90
A* 5.72
Baseline Case h* 0.23
TC* 11.37
+10%
change | 11.00 | 33.00 | 0.33 | 49.50 | 11.00 | 13.20 | 16.50 | 33.00 0.99
of x
A* 5.42 5.77 5.74 5.74 5.90 5.36 6.03 6.03 6.22
elasticity
of A*
w.r.t.
+10% -0.52 | 0.08 | 0.04 | 0.04 | 031 | -0.63 | 0.55 | 0.55 0.87
o change
Elasticity Results
of x
h* 0.22 | 0.24 | 023 | 0.23 | 0.23 | 0.23 | 0.21 | 0.21 0.22
elasticity
of h*
w.r.t.
+10% -0.23 | 035 | 0.16 | 0.16 | 0.24 | 0.24 | -0.68 | -0.68 -0.47
change
of x
TC* 11.26 | 11.60 | 11.47 | 11.47 | 11.98 | 11.98 | 11.53 | 10.49 11.05

Conclusions

In this paper a model for optimizing the headway and zone size is formulated for a flexible-bus service. It
minimizes the average cost per passenger trip, which is the sum of the operator cost, in-vehicle cost,
and waiting cost, while considering a vehicle capacity constraint. An analytic relation is obtained
between optimal headway and optimal zone size, and the minimum cost is found by solving a sixth order
polynomial function using Newton’s method. We also analyze the case in which the zone size is
unchangeable as a policy constraint. For it, we treat the headway as the only decision variable, and
compare the results with the joint optimal solutions. We also consider the flexible-route bus service
based on the maximum allowable headway policy. Since its headway is determined based on the zone
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size A, the average cost formulation, as shown in Eq. (A4), is reduced to a problem with one decision
variable, namely A. The maximum allowable headway approach provides a closed-form solution, and
thus useful insights into the relations among decision variables and input parameters.

The optimized relations presented here for zone sizes and headways may be used to design multi-zone
systems that serve many-to-many demand patterns (as sketched in Figure 2), as well as simpler single-
zone systems (as sketched in Figure 1). For the baseline case analysis, the cost percentages for vehicle
operation, in-vehicle time and waiting time are 30%, 55% and 16%, respectively. When demand density
increases from 10 to 50 persons/sq.mile, we find that the share of in-vehicle cost increases to 62%. The
numerical analyses confirm that, in general, the cost of in-vehicle time exceeds operating and waiting
cost components. Sensitivity analyses also explore how changes in design parameters affect the
operating decisions as well as costs. Thus, the obtained relations and results from numerical analysis can
be used as planning guidelines in designing flexible-bus route systems. A useful extension of this work
would explore how flexible-route modules which are separately optimized in this paper can be
integrated to serve larger regions with many-to-many demand patterns. Such analysis might consider
additional transfer stations away from the central one (e.g. at some zone boundaries) and possible
coordination of headways for different modules to reduce passenger wait times at transfer stations.
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Appendix A — Optimal Solution with Maximum Allowable Headway
The average cost in Eq. (17) is presented in Eq. (Al):

2 A h h
CA= Je +£ /L-l- M+®v_" /Q_+UL (Al)
VxQAh yVx Al Qhu Vx 2yVyx u 2

The maximum allowable headway hmax depends on the vehicle capacity S, the load factor 1, the
demand density Q, and the zone size A:

M

hmax = Q_A (A2)
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By substituting h in Eq. (A1) the maximum allowable headway hmax from Eq. (A2), we obtain the
average cost Ca as

__ 2JcQA @c QA vy] Py, A Q_Sl vy, Sl
Ca = VxQASI + y Vx Al QuSl + Vy + 2yVx \/uQA + 204 (A3)

Eq. (A3) is simplified as

C, = 2jc @c A vy,] Qv, [ASlL | vy,Sl
AT yySl T yUgAluSl | Vyx | 2yVxA u | 204

(A4)

The optimal zone size A is found by taking the derivative of the average cost Ca, with respect to A, as
= \/% + o \/5:; =0 (A5)

By substituting t for VA:

S R . o

We multiply Eq. (A6) by t*:

gc ’Lt3+ﬂ\/§t3_u‘”_ﬂ=0 (A7)
2yVx \ uSl 4yVx\ u 2Q

Eq. (A7) is rewritten as:

follows:

3 @c @vv\/ﬁ}_vWSl
t {ZyVX\/uSl ayVxvu) T 20 (A8)

From Eq. (A8), the value of tis found as

136



— |20
t= /{ Bc n (Dv,,\/ﬁ} (A9)
2yVx\VuSl = 4yVxu

The optimal value of the zone size A* is then found as

vy Sl 2

3 —_—
AF = ZQ/ o - (33, A10)
{Zny\/"lm 4nyx/"lI}

After the optimal value of the zone size A* is obtained from Eq. (A10), the maximum allowable headway
is obtained using Eq. (A2).

The global optimality of the solution for the zone area, A should be verified. The second derivative of the
average cost Ca with respect to the zone size A is expressed as follows, and Eq. (A11) should be positive
to guarantee the globally minimal solution.

92Ca oc 1 1 @v, VSI 1 v, SL
0A2 4yVx VuSIVA3  8yVx Vu VA3 = Q43

>0 (A11)

As we substitute VA3 with P, Eq. (A11) becomes:

¢c 1 1 v, VSI1 | v,Sl

- 4yVxJuSlP 8yVxVu P = QP2

>0 (A12)

By multiplying P? in Eq. (A12),

{ Bc G)vvxfﬁ} < vy SI

4yVxVusl | 8yVyvu 0 (A13)

As we substitute VA3 for Pin Eq. (A13):
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vy Sl

\/F<{Q}/{

(A14)

®c v, VSl }
4yVxVuSl = 8yVxvu

From Eq. (A14), we find the condition of the zone size A for global optimality:

2

A < #|twSt 5 (34, A15)

2{ gc (va\/ﬁ}
4yVxVuSl = 8yVxvu
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Appendix 6 - Wu, F. and Schonfeld, P. “Optimized Two-directional Phased
Development of a Rail Transit Line,” submitted to Transp. Research Part B:
Methodological, May 2020.

Optimizing the Two-directional Phased Development of a Rail Transit Line

Fei Wu and Paul Schonfeld

ABSTRACT:

A model is developed for optimizing the phased development of a pre-designed rail transit line. The
investment plan and extension phases of the line are optimized over continuous time and under budget
constraints to maximize net present value (NPV) over an analysis period. This model determines the
maximal allowable train headway while considering demand elasticity. This model is formulated for a two-
directional extension problem. A genetic algorithm with customized operators is developed for optimizing
the sequence and grouping of link and station completions. The model is demonstrated with a numerical
case. The sensitivity of results to several important input parameters is analyzed. Results show that the
potential demand and in-vehicle time value greatly influence the optimized NPV, while the unit
construction cost and potential demand are most influential on the optimized extension plan.

Keywords: Rail transit, Optimization, Phased development, Demand elasticity, Investment planning

1. Introduction

1.1 Background

In many metropolitan areas worldwide rail rapid transit systems play an important role in serving busy
commuting corridors and relieving traffic congestion. Such rail transit systems can significantly reduce
road congestion, help alleviate traffic-induced air pollution, and reduce travel times for transit users as
well as others. Hence, the construction of rail transit systems is widely supported by decision makers in
major cities.

Although many passengers may benefit from new links and stations, their construction as well as their
regular operation and maintenance impose substantial costs on the operating agencies. Since fares should
be affordable for most users, these costs make it difficult for rail transit projects to be profitable.
Therefore, it is challenging to design affordable development plans, which are constrained by available
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budgets. An operator’s available funds, including external subsidy and some fraction of revenues, may be
needed to pay for operating and maintenance costs, as well as invest in new construction. As new stations
and links are completed, new OD pairs become available for rail transit users and the numbers of
passengers traveling through different sections of the rail transit network are affected in an interrelated
process. Revenue, users’ total benefit, users’ total costs, and supplier’s costs increase as a rail transit
network is extended. Moreover, while the value of satisfying travel demand favors earlier extensions,
budget constraints and the discounting of costs and benefits through the time value of money favor
delaying extensions (Sun et al., 2018). Given the above considerations, it is desirable to optimize a phased
development plan. This plan determines which links and stations should be completed at what times in
order to maximize the system’s discounted net benefit, i.e. its net present value (NPV).

1.2 Literature Review

The design and optimization of rail transit systems has been studied by numerous researchers. Most
previous studies focus on the following aspects:

1) Timetabling. Wong et al. (2008) optimize trains' running times, dwell times, turnaround times and
headways. Barrena et al. (2014) optimize single line timetabling under dynamic passenger demand.
Hassannayebi et al. (2014) optimize a timetable to deal with uncertainty of travel time, demand, and dwell
time. In these works, the users’ waiting time is minimized. However, for oversaturated passenger flows,
Niu and Zhou (2013) optimize timetables with a binary integer programming model that minimizes the
numbers of waiting passengers and weighted left-over passengers. Shang et al. (2018) optimize skip-stop
scheduling with a passenger equity improvement model.

2) Coordination with other systems. To minimize total system cost in coordinated rail and bus transit
systems with location-varying demand, Wirasinghe et al. (1977) optimize station spacings, feeder-bus
zone boundaries, and train headways in a network with radial rail lines, while Chien and Schonfeld (1998)
optimize rail length, rail station spacings, bus headway, bus stop and route spacings for a single rail route
with feeder bus routes in an urban corridor. Gallo et al. (2011) optimize train frequency to minimize
operator's cost, users' cost and external cost, considering the bus system as a feeding and competing
system, and the private car system as a competing system.

3) Alignment and network design. These studies involve designing a network or a single line from
scratch, or extending existing lines. For alignment design, Samanta and Jha (2011) optimize station
locations for a given corridor using three different objective functions, while Lai and Schonfeld (2016)
jointly optimize rail transit alignments and station locations under various realistic constraints. Both of
those studies evaluate candidate solutions using data from geographic information systems (GIS’s). Guan
et al. (2006) jointly minimize total line length with given candidate lines and minimize total travel time
and total number of passenger transfers with optimized passenger line assignment. Li et al. (2012) develop
two models using flat and distance-based pricing to maximize profit with optimized rail line length, station
number and locations, train headway, and fare. Saidi et al. (2016) propose a long-term planning method
for ring-radial rail transit networks with three steps: exactly optimizing the number of radial lines with
minimized total cost, predicting passengers' route choice with a ring line in the network, and identifying
optimality and feasibility of the ring line. Canca et al. (2017) formulate a profit-maximizing model for
designing rail transit lines based on given demand points, and solve the problem with an adaptive
neighborhood search metaheuristic algorithm.
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The problem of phased development of a rail transit system is related to network design problems, but
has some distinguishing features. It focuses on the timing of improvements for a pre-designed system.
Completion times of various system components are decision variables. The objective function value is
evaluated and discounted over an analysis period that includes multiple extension steps, while travel
demand grows over time and may be affected by the system’s evolving characteristics.

Currently, the phased development problem is still largely unexplored for rail transit lines and even less
explored for networks. Only a few studies on this problem have been published. Cheng and Schonfeld
(2015) propose the first known model, where the system’s NPV is maximized in the analyzed period.
Budget constraints, economies of scale (i.e. reducing construction costs by completing multiple links
together), and a fixed growth rate of demand are considered. A simulated annealing method is used to
optimize the extension plan, and the sensitivity of results to budget constraints and interest rates is
examined. Sun et al. (2018) improve upon that model by proposing a bi-level program. Fare, headway and
train capacity are jointly optimized in the lower-level problem using analytic methods. The extension plan
is optimized with dynamic programming in the upper-level problem, where the system’s NPV is
maximized. An elastic demand function is proposed to incorporate the effects of waiting time, access time
and in-vehicle time. They find that a multi-phase plan may be preferable to a single-phase one even
without budget constraints since rail segments to outer suburbs may by unwarranted until demand
increases sufficiently. Peng et al. (2019) analyze a network with interrelated projects, and capture larger
demand growth rates after new station completions. Their travel demand function is time-varying. They
use a genetic algorithm to minimize the present value (PV) of total costs. The sensitivity of the results to
initial travel demand and annual budget level is examined.

Models proposed by Cheng and Schonfeld (2015) and Sun et al. (2018) specifically for solving the phased
development problem are formulated with the analysis period segmented into smaller time steps. Then,
the number of possible values of completion times of links and stations is limited, which is somewhat
unrealistic and may miss desirable solutions. A model that treats time as being continuous is desirable, so
that in the optimized extension plan links can be completed at any time during the analysis period. Peng
et al. (2019) formulate the problem with continuous time in the analysis period, but the stations and links
to be completed in groups are pre-determined. The extension plan would be more flexible if any feasible
sequence for completing links and stations and links could be applied.

It should be noted that the problem of selecting scheduling extensions in rail transit systems, which is
studied here, is fairly closely related to system development problems for other kinds of transportation
infrastructure. Thus, system development problems have been studied for general transportation
infrastructure (Szimba and Rothengatter 2012), road networks (Szeto and Lo 2005, Tao and Schonfeld
2007, Bagloee and Asadi 2015, Jovanovic et al. 2018, Kumar and Mishra 2018, Shayanfar and Schonfeld
2019), airports (Sun and Schonfeld 2015) and inland waterways (Jong and Schonfeld 2001, Wang and
Schonfeld 2005 and 2012, Yang et al. 2015 ).

1.3 Scope of Study

This paper presents a novel model for optimizing the phased development of a rail transit line. The
model is based on a two-directional extension problem. Since time is continuously formulated, the model
formulation is significantly different from most models proposed in previous studies. In this model, the
only group of decision variables is the completion times of new stations and links. Demand elasticity is
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considered by using a linear demand function that specifies effects of fare, waiting time (train headway)
and in-vehicle time on actual demand. Demand growth rates, economies of completing multiple stations
and links together, and funding constraints are also incorporated in the model. The objective is to
maximize the overall system NPV (i.e., the discounted value of total consumer surplus plus total supplier
revenue minus total supplier cost). A Genetic Algorithm (GA) is developed with customized operators.
Constraints on sequence and grouping of station completion are considered in operator settings.

It should be noted that while a heuristic algorithm such as a GA is needed to solve this relatively
complex problem, solutions found by GA’s are not guaranteed to be globally optimal. The terms
“optimization” and “optimized” are used here to denote, respectively, a heuristic process that searches
for the best possible solution and the result of that search, even if that result is not a guaranteed global
optimum.

In this paper, the problem formulation is presented in Section 2. The solution method with the
customized GA is presented in Section 3. A numerical case with its base scenario, the optimized extension
plans, effects of selected parameters, and sensitivity analysis, are presented in Section 4. Conclusions and
possible future improvements are presented in Section 5.

2. Problem Formulation

2.1 Problem settings

A planned single rail transit line (as shown in Figure 1) connects a central business district (CBD) with
outer districts. It can be extended in two directions from its existing state. When completed the line will
have m (m > 4) stations, among which n, (n, = 2) stations are existing, while n, (n; = 1) stations at one
end of the existing line (denoted as End 1) and n, (n, = 1) stations at the other end (denoted as End 2)
may be completed in the following T years. Link i is defined as the link between stations i — 1 and i, and
has a length d;.

Sta. Sta. Sta.

Sta. 1 Sta.2 --- Stan, Stang+l Stamy+2 - mygtn,l ngtn, m+n,tl . Sta m-1  Stam
O----0----O----@ ® ® ®----O----0----0
Link 2 Link ny+1 Link ny+2 Link ny+n, Link m

+— Extension (End 1) Extension (End 2) —
L A L )
I I [
Planned segment Existing segment Planned segment
(outer districts) (in CBD) (outer districts)

Figure 1 Planned rail transit line with two-directional extensions

In the problem with two-directional extensions, t; denotes the planned completion time of the kth
group of planned stations (which can be one or several) and corresponding links. The number of potential
extension steps k4, as well as the stations and links to be completed in each extension step k are given
by a chromosome from the upper level genetic algorithm (GA). Each chromosome has two rows of
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integers that represent groups of stations (and corresponding links) to be completed in a certain sequence
in the next T years. The customized GA and its chromosomes are presented in detail in Section 3.

Each chromosome in the GA assigns temporary terminal station codes E{‘ (for End 1) and Eé‘ (for End
2) after finishing the kth potential extension step. For all 1 < k < kpqy, either EX < EF~1 and E}¥ =
EX=1, or EF = EF~1 and E¥ > E¥~. That is, for each extension step, the line can be extended in only
one direction. Before the first potential extension step is completed, the codes of temporary terminal
stations are given by EY = n; + 1and EJ = n; + n,. After the last potential extension step is completed,

k k
Efme = 1 and Eyme* = m,

The values of t; range continuously from 0 to T in years. t;, is numerically found for each potential step
that can be realized within T years, using the formulation for the problem (to be shown below). If t, # T
and Ef < EF1 (or E¥ > E¥~1), then stations with codes from Ef to EF~* — 1 (or from E¥~* + 1 to EX)
will be completed ¢, years from the start of the analysis period, and their corresponding links will be
completed simultaneously. In the numerical search, if the k’th potential extension step cannot be
completed within the analysis period (t,+ > T), then for Period k such that k' < k < k4, lett,=T, and
the stations and links that should be completed in the k'th and later potential extension steps will not be
completed within T years. Forallk = 1,2, ..., kypar — 1, 0 < t) < tyyq < T is ensured.

The time period between t; and t; 4 (or T) is defined as “Period k”, whose duration is denoted as Tj.
Then, T = tgy1 =t (1 <k < kppgx — 1), and Ty, =T — ti,, .- For the period before t;, “Period 0”
is defined with duration Ty = t;. If t, = T, Period k has zero duration and is not realized within the
analysis period which is limited to T years.

The following simplifying assumptions are used in developing the model:

1. When extending the line, its continuity is always ensured. Also, considering past instances as well as
the high costs of simultaneously altering two ends of a rail transit line , this line can be extended in only
one direction at each step. These rules are used as constraints for generating feasible chromosomes in
the GA.

2. Each potential extension step will be completed as soon as the available budget becomes sufficient
for this extension within the analysis period.

3. The potential demand for each OD pair increases exponentially at an annual rate g. (

4. At most one transfer between rail transit and its alternative modes is allowed for potential rail transit
passengers.

5. The cost of access time is neglected.

6. The average waiting time per transit trip is half the train headway.

7. The demand function for each OD pair is linear with respect to travel time and fare.

8. The maximum headway that satisfies the demand is used as the operating headway in each period.

9. The fleet size satisfies the peak demand at the end of each period and no new vehicles are added into
the system within each period.

10. The fleet size can be non-integer.

11. Construction costs are incurred at the time of completion of new stations and links.
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2.2 Notation

The notation and baseline values for used variables are shown in Table 1.

Table 10 Notation and baseline values for variables

Symbol Description Units B?/ZTSQG
b;; Maximal acceptable impedance (total travel cost) for a passenger S
from Station i to j
Cena  Costrelated to terminal facilities for reversing train direction S 1.5x10?
Cin Initial cost of a train $/train 1.2x10’
Cm Avg. hourly maintenance cost per unit length of the rail transit S/mile/hr 500
line
Co Avg. hourly operation cost per train in operation $/train/hr 5000
Cst Construction cost of a new station S 6x10’
Cin Construction cost per unit length of rail transit line $/mile 1.4x10%
Ci’j. Impedance per passenger from Station i to j during Period k S
d; Length of Link i miles
Ef/z Temporary terminal station code for End 1/2 after finishing
the kth potential extension step
f Fixed rail transit fare S 2.75
F, Initial available budget for construction S 1x108
F Yearly external budget for construction S/yr 5x10’
g Constant annual exponential growth rate of potential demand %/yr 3%
hk Train headway during Period k hours
hk . ~ Maximum allowable train headway during Period k hours
H Number of operation hours per year hrs/year 6000
kmax  Number of potential extension steps
K Capacity of each train psgrs 1280
m Number of all planned stations in the transit line
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Qmax

Number of existing stations in the rail transit line
Number of trains on the rail transit line during Period k

Present value (PV) of construction cost incurred at the start of
Period k

PV of consumer surplus incurred during Period k

PV of fare revenues during Period k

PV of track maintenance cost incurred during Period k
Net PV of social benefit = NPV

PV of operation cost to be incurred during Period k
Total PV of supplier costs

Actual hourly passenger flow from Station i to j in Period k

Largest hourly passenger flow over the operating line at end of
Period k

Potential hourly passenger flow from Station i to j

Constant annual interest rate

Round-trip time on the rail transit line during Period k
Approx. avg. hourly consumer surplus during Period k
Average dwell time at a station

Time needed for reversing direction at each terminal station

In-vehicle travel time from Station i to j during Period k

The time when kth group of planned stations and corresponding
links are to be completed

A passenger’s avg. waiting time for a train during Period k
Duration of the analysis period

Duration of Period k

A passengers’ avg. value of in-vehicle time

A passengers’ avg. value of waiting time

Avg. speed of alternatives to rail transit

Avg. cruising speed of a train (excluding stops)

Binary variable indicating whether construction costs are incurred

at start of Period k
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5k Binary variable indicating whether terminal facility costs are
incurred at start of Period k

n Peak hour factor 1.25

p Fraction of fare revenues to be used for new construction 25%

2.3 Determining impedance, actual demand and consumer surplus

In the equations presented below, unless otherwise stated, let 1 <i<m,1<j<m,and 0 <k <
Kmax- 1, j, and k are integers.

It is assumed here that the initial potential demand (i.e. the largest possible number of rail transit
passenger trips, theoretically occurring at zero travel time and fare) for each OD pair (at the station level
and for this line only) is externally given. The initial potential hourly passenger flow from Station i to j is
denoted as Q;;. If i = j, let Q;; = 0.

In the two-directional extension problem, Period k has its temporary terminal station codes EX and EX.
In Period k, the passengers’ travel impedance Ci'j- and actual rail transit ridership q{‘j of any OD pair (from
Station i to j) depend on the rail connection status between Station i and j. According to assumption 4,
in a period, if the operating segment of the rail transit line partially covers the interval between origin and
destination stations but none of the OD stations are in operation, passengers of this OD pair do not use
rail transit.

The impedance Ci’j- equals the rail transit fare f plus the user’s time costs, which include waiting cost
and in-vehicle cost. Then for passengers who use rail transit in Period k, the impedance is given by (for
i<j):

(Ef<i<Ef-1Aj=EF+1) (1)

Ck = f+u,th, +u,th, vi<ja
j=ftuw ww J V(i <Ef—1AEf+1<j<Ef)

v,ij

where u,, is the average value of in-vehicle time, u,, is the average value of waiting time, t,’f_l-j is the in-

vehicle time for a passenger from Station i to j during Period k, and t% is the average waiting time per
transit trip during Period k.

For passengers who do not use rail transit in Period k, the impedance is given by (for i < j):

Cl=by, VEN<i<jVi<j<EfVi<Ef-1Aj=Ef+1 (2)

where b;; is the pre-determined maximal acceptable impedance for passengers from Station i to j

When determining values of travel impedance Ci’j- in equation (1), for i < j we have:

Jj Ek 3a
leEf‘i'l dl 1 ( )

1.o.d
thi; = p 2t G ER)e,  Vi<ER<j
’ Vir Vot
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th, =2= L TR Bk ), Vi<EK<j
H VtT’ VOf
k { l+1 k K (3C)
tvU v, +(] l)td, VEl Si<jSE2
k
4
e =2 (@)
2

where V;, is the average running speed of a train, V,; is the average speed of alternatives to rail transit,
ty is the average dwell time at a station, and h¥ is the train headway during Period k. Waiting time for
alternatives to rail transit is not specifically considered because V,; has taken it into account. V., V,;,
and t; are assumed to be constant over time.

During each period, the in-vehicle time is assumed to be symmetric for each OD pair:

k
- tv;u

k
tvt]

Vi #j (5)
which makes the impedance symmetric for each OD pair:

ck=cf

K VizEj (6)

According to assumption 7, there is an underlying linear demand function for determining the actual
ridership of each OD pair, as shown in Figure 2. The actual hourly passenger flow from Station i to j at
Period k is denoted as qlk] Its approximate average value during this period is given by:

tk+tk+1 bl_] Cl’; (7)

=Q(l+g) 2 ——
ij

The hourly ridership at the midpoint of this period is used as the approximate average. Using assumption
L+t

k
3, the initial hourly potential demand Q;; is multiplied by the factor (1 +g)" 2 = to obtain the hourly
potential demand at this midpoint. If the impedance C exceeds the maximal acceptable impedance b,
the actual ridership for the corresponding OD pair becomes zero.

With this demand function the approximate average hourly consumer surplus (CS) during Period k can
be calculated. This value is denoted as S¥ and expressed as:

ZZ & U lk _ 1+ g)tk+tk+ ZZ o ” 11)2 (8)

i Jj#i [ U

where the hourly CS value at the midpoint of the period is used as the approximate average.
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Figure 2 Linear demand curve and related parameters & amounts

2.4 Determining train headway

A set of OD pairs is defined whose corresponding passengers will use rail transit in Period k. This set is
denoted as Q, given by:

(EF<j<EX—1Aiz=EF+1)
VG <EF-1AEf+1<i<E})

(Ef<i<Ef—1Aj=Ef+1)
V(i<Ef-1AEf+1<j<Ek)

U {(i,j)

i<jA

‘Qk = {("'])

j<iA

To determine the maximum allowable train headway in Period k, the capacity of each identical train
(denoted as K) and the peak hour factor 1 are considered. If the higher one-directional hourly passenger
flow through Link i at the end of Period k is denoted as q{‘, then:

qf = max{qf,,, 4} VEF+1<i<Ef (9)
where qllfup is the actual hourly “upbound” passenger flow in the direction from Station 1 to m through

Link i at the end of Period k, and q{fdn is the corresponding “downbound” flow in the direction from
Stationmto 1. Letting ty, 41 =T, qllfup and qllfdn are given by:
b;; — Cf
Al = (1 + g)tier z Q——2,  VEF+1<i<E}
1<i<j,(Lj)EQ b (10a)
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qg‘fdn=(1+g)tk+1 Z Qﬂb—-, VEf+1SlSE§
1<i<j,(j,DEQ L (10b)

If the highest hourly passenger flow over the operating line at the end of Period k is denoted as q%,4..,
then:

k _ k k k
Amax = maX{qE{c+1:qE{c+2;---;qEéc} (11)

According to assumption 9, the maximum allowable headway k¥ ., is determined by the peak hourly
passenger flow at the end of Period k:

K

k
hmax K
Ndmax (12)

Since the impedance Clkj increases linearly as the headway h* increases, and actual passenger flows
q{fup, q{fdn decrease linearly as Clkj increases, qfup, qffdn decrease linearly as h* increases. Then, to
determine the value of h¥,,,, a quadratic equation must be solved. For each q{fup (Ef +1 <i<E¥)the
following equation is used:

hgc,upnqllfup =K (123)
It is expanded stepwise:
b, —Ck
hfupn(l + gt Z QU% —-K=0
1<i<j,(1,)eQy b (12b)
bij — f —uytl, —u,tk
hgc,upr’(l +g)tk+1 z Qlj d ; v ] Y K=0
1<i<f,(L)E b (12c)
bl' - f - uvt{;(l' uwhgcu
TR L] B S Y Q=2

Lup lj blj lj Zb” (12d)

1<i<j, (L)€ I<i<j,(L)HEQ

—-K=0
u 1+ g)tk+1 . b, : — _utk.
wilt , 9) it = (1 + gyten > o fb L hfup
1<isf, e 1<i</ (L)EQy L (12e)
+K=0
For simplicity, coefficients in the quadratic equation (12e) are denoted:
kK _ uwn(l + g)tkﬂ Qlj
% = 2 by
<isj e, Y (13a)
bjj—f— uvtk,z'
TR S Tl ke
1<i</,(Lj)EQ lj (13b)
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The quadratic equation (12e) with unknown variable hllfup has two positive real roots when:

2
k®—4Kak >0 (14a)
The smaller root is chosen because a longer headway that reduces ridership is undesirable:

2
Bl Bk - aKah
hiw, = (15a)

Lup 2af

Since q{fup decreases linearly as hfup increases, the value of h{‘_upnq{‘_up (the peak number of loaded
“upbound” passengers in a train through Link i at the end of Period k) reaches the maximum when hg‘fup =
—[31-"1/(20({‘1). If (14a) is not satisfied, then the quadratic equation (12e) has no real roots, which means
that K > (hfupanup)max, and the highest possible number of passengers in a train traveling “upbound”
on Link i in Period k is below the train capacity. To maximize the utilization of train capacity. the headway

for such “upbound” flow qllfup is given by:

we - b
bup T gk
i1 (15b)

Similarly, for each “downbound” flow q{fdn (E¥ + 1 <i < EF) the equation h{fdnnq{fdn = K is used.
After expansion, coefficients in the resulting quadratic equation are denoted:

k _ uwn(l + g)tkﬂ Qlj
aj; = 5 b
1<isj,GDeq, Y (13¢c)
b — f —u,tk,;
pls =@+ gy gy
1<i<j,(j,DeQ 3} (13d)
Then when
pE? — aKkak >0 (14b)

the equation for headway becomes:

2
o =Bl — Bl - 4ka
(15c¢)

idn — Zasz
L
If (14b) is not satisfied:
e __ B
idn — — 20k
®iz (15d)

Then the maximum allowable headway h¥,,, in each period can be determined. Under assumption 8,
h¥ .. is used as the operating train headway h* in Period k:

hf = min{h¥,,, his),  VEF+1<i<E¥ (16)

L,up’
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hk, (17)

h* = M = min{h, R 50 e P

EX+1’
With temporary terminal stations E{‘ to Eé‘ in operation, the round-trip time of a train during Period k
is:
ZEéc d (18)

pkyq Qi
=M (BN —ER 4 Dty + ty]
Vir

Rk =2[
where t;; is the required time for a train to reverse direction at each terminal station.
The required number of trains (fleet size) for the rail transit line during Period k is:
N¥* = R¥/n¥ (19)

Under assumption 10, the fleet size N¥ can be non-integer. In a more rigorous analysis, N¥ should be
limited to integers, thus limiting possible values of headway h* with given R.

2.5 Objective function and constraints

The objective of this model is to maximize net present value (NPV), i.e. the discounted net benefit. It is
achieved by optimizing completion times of planned stations and links, so that the resulting overall NPV
over the analysis period is maximized.

First, the components of the objective function (OF) are explained.

There are H operating hours per year, and Period k lasts for T, years. When calculating the present
value (PV) of consumer surplus, a constant interest rate r is used here. Then the PV of consumer surplus
in Period k is:

Pk _ SkHTk _ 1+ g tk+tk+1 ZZ U ”)
¢s ttlicer (
1+7r)y 2 e, (20)

An approximation used here is that when discounting total consumer surplus in Period k, the original sum
is concentrated at the midpoint of the period (as shown in Figure 3).
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Figure 3 Approximation of total PV of consumer surplus during period k

Using Figures 2 and 3, the approximate PV of fares to be collected from passengers in Period k can be
determined similarly:

pk _ fHT; qu 1 +g)tk+tk+1ZZQ Cilj-
RN - 71 v L+r U by (21)

a1+n i j#l AT

Then the PV of various supplier cost components can be determined. The approximate PV of total
vehicle operation cost during Period k is:

Pk — coN*¥HT,,
0 trttiia
1+7) (22)
where ¢, is the average hourly operation cost of each train.
The approximate PV of total track maintenance cost during Period k is:
Pk CmHTk Zz Ek+1 di
m — trttps1 (23)
A1+r) 2
where ¢, is the average hourly maintenance cost per unit length of the rail transit line.
fk+fk+ fk+fk+1
It should be noted that all the above approximations that involve (1+71r) 2z or (1+ g) are

acceptable when the interest rate r and the demand growth rate g are small and (1 + r) is close to (1 +
g)- Integration methods that yield more accurate PV’s may be considered in future versions of the model.

Using assumption 11, the PV of construction costs of new stations and links at the start of Period k is:
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B k-1
( Cst(E{( - E{c) + Cin Zi;E{‘+1 di + Cend X
v, if BEf <Ef™
pk = { (1 +7r)t (25)
co — _ Ek )
lcst(Eéc - Eéc 1) + Cin ZiiEé‘_1+1 di + Cena K -1 K
Ao e i B < B

V1 <k < kyax

where cg; is the average construction cost of a new station, ¢, is the average construction cost per unit
length of the transit line, and c,,,4 is the cost of removing old terminal facilities and setting new ones
when the line is extended. Terminal facilities include tracks for turning back trains, and are used at both
ends of the transit line. The binary variable y* equals 0 when the completion time of the kth stept;, =T,
and equals 1 when t;, < T. This indicates that if Period k is not realized within the analysis period (i.e.,
has a duration of zero) for some extension plan, the construction costs are not incurred in this period.

In the evaluation of each chromosome (extension plan) in GA, using assumption 2, the completion time
t; of each potential extension step is numerically determined using the binding budget constraint:

k k
, Littivq .
Fot Ftop+p Y PIA+7) 2 — Z PEHL(1 + r)tins = 0,
i=0 i=0

VO < k < kpgy — 1

(26)

where Fj is the initial available budget for construction, F is the yearly external budget, and p is the
fraction of transit fare revenues that contribute to total available budget. In this constraint, sources of
construction budget include a specified external budget and a fraction of fares collected from passengers.
With assumption 2, upon completion of each group of stations and links, the available budget for
construction reaches zero. With k = 0 in equation (26) the completion time of the first extension step t;
is found first, given ty = 0. Then, with k = 1, the second completion time t, is found given the first
completion time t;. With k = 2, t; is found given t,, and so forth. As long as the most recently determined
completion time is within the analysis period (t;, < T), this search continues until the completion time of
the last potential extension step t, is found. Once some completion time is found to be larger than
the duration of analysis period (t,’ > T), we stop the search and let t,=T for k' < k < k4, for
unrealizable potential extension steps. Upon finding each realizable completion time (t;, < T), the various

present value items (Pé‘s_l, P}‘_l, Pk=1 and PX~1) that compose the system NPV in Period (k — 1) are

computed. The PV of construction cost at the beginning of Period k (PX) is also computed. If the final
completion time is within the analysis period (tkmax < T), non-zero PV items in the period after the last
potential extension step (Pécsma", }}km“", Pokm“", and Prﬁma") are computed. When some unrealizable
completion time t,» > T is found for the k’th extension step, let Period (k' — 1) terminate at the end of
the analysis period without next line extension (thatis, lett, = T,T,_; =T — t}/_4, and PC’E,’ = 0). Non-
zero PV items in Period (k' — 1) (P2, P}"_l, P¥'=1 and PX'~1) are computed. Since potential periods
later than Period (k' — 1) cannot be realized, let Ps ! = Pf~" = pf~1 = pX=1 = p = Oforallk’ + 1 <
k < kpayx, and let Pcksm“" = Pfkm‘”‘ = pfmax — pKmax — 0 The overall NPV over the analysis period is

o m

given by:
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Kmax kmax
Pup= ) (Pl +PE—BE—BE) - ) Bk o)
k=0 k=1

In this problem, the objective is to find the optimal extension plan of the rail transit line which maximizes
Py for a given analysis period. This optimization search is done by the customized GA method presented
in Section 3.

3. Optimization Method

A customized genetic algorithm (GA) is proposed here for optimizing a two-directional extension plan.
The whole GA module with the mathematical model is coded in Python (Version 3.7.3) and run on Spyder
IDE. The flowchart of this customized GA is shown in Figure 4.

At first, an initial population (Generation 0) is generated. Individuals in this generation are first
evaluated for their fitness values, which are the NPV of each candidate solution. A small fraction of
individuals with best (largest) fitness values are reserved for the next generation. Then some individuals
are selected as “parents” based on their fitness values, and “children” are generated using the crossover
operator and the mutation operator. The next generation is generated when the total number of
individuals (reserved best individuals and newly generated “children”) reaches pop size. For each
generation thereafter, GA operators (evaluation, selection, crossover, mutation) are applied to individuals
so that its next generation is created. This iteration continues until the best fitness value in a generation
remains unimproved for a certain number (denoted as max_stall) of generations or the maximal iteration
count (denoted as max_iter) is reached.
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3.1 Initialization of Population

The genetic algorithm starts with an initial population with a certain number (denoted as pop_size,
usually an even number between 20 and 50) of individuals. Each individual is represented by a
chromosome with two rows of integers. When a single rail transit line has n; planned stations at one end
and n, planned stations at the other, each row has (n; + n;) locations with integers. Integers in Row 1
represent the sequence of planned stations to be completed in the future, while the binary ones in Row
2 indicate groups of stations to be completed. In Row 2, each integer is either 1 or 0. If the integer at a
certain location of Row 2 is 1, it indicates that the station represented by the integer at the same location
of Row 1 will be completed together with that represented by the integer at the preceding location. Figure
5 shows an example of a chromosome, given n; = n, = 3 and n, = 4 existing stations. This example
indicates an extension plan where Stations 2 and 3 will be completed together first, then Stations 8 to 10
will be completed together, and finally Station 1 will be completed.
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Rowl |3]12]18]9|10] 1] (Planned station codes)
Row2 JO|1]O|J1]1]0]| (ndicatorof grouped completion)

Stelp 1 Stelp 2 Stelp 3 (Planned steps of completion)

Figure 5 Example of a Chromosome

To randomly generate an individual, n; locations randomly selected out of (n; + n,) locations are
assigned integer 1, and the remaining n, locations are assigned integer 2. Then, for each location (except
the first) in Row 1 that shares an integer with the preceding location, we randomly assign either 0 or 1
(with equal probability) to this location in Row 2. Other locations in Row 2 are assigned 0. According to
assumption 1, completion of multiple stations can be grouped in one extension step only when they are
at the same end of the rail transit line. Finally, from left to right, replace n, integers 1 in Row 1 with n,,
n; — 1, ..., 1, and replace n, integers 2 in Row 1 withm — n, + 1, m — n, + 2, ..., m. These steps generate
anindividual (chromosome) that represents a possible extension plan. These steps are looped for pop_size
times to initialize the population of Generation 0.

3.2 Fitness Value Evaluation

After each generation is created, the GA evaluates the fitness values of its individuals The fitness value
of each individual is equivalent to the NPV incurred within the analysis period under the extension plan
that individual represents.

The evaluation of each individual takes the following steps. First, each chromosome is decoded into an
extension plan with multiple potential periods, each having temporary terminal stations (with station
codes E{‘ and E§) at both sides. The number of potential periods equals the number of integer 0’s in Row
2 (which equals the number of potential extension steps k,;,4,) plus 1. Figure 6 shows an example, given
n; = n, =5 and 4 existing stations. The chromosome below indicates an extension with 6 potential
periods (K,qx = 5). Temporary terminal station codes in Period 0 are EY = 6 and EY = 9, which are
terminals of the line without any extension. After the first extension, in Period 1 the temporary terminal
station at one end is updated to Station 4 (ET = 4), while the other terminal remains Station 9 (E3 = 9). In
each period after each extension step, only one of two temporary terminal stations is changed, as is
highlighted in Figure 6.
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Figure 6 Decoding a Chromosome into Potential Periods and Temporary Terminals

In the second step, the completion times (t;, 1 < k < k,4,) are determined for each planned step in
an extension plan. The available budget stays non-negative during the whole analysis period and reaches
zero at each completion time. Using the “fsolve” function in the Python package of “scipy.optimize”, the
first completion time t; is numerically found such that the available budget (as shown in equation (26))
reaches zero upon the completion. Given t;, Period O starts at time 0 and ends at time t;, and has a
duration of Ty = t;. Then, for each t; given (1 < k < k4, — 1), the (k + 1)th completion time ty,4 is
numerically found such that the available budget reaches zero upon this completion. If t;, < T, then
all completion times are within the analysis period. In this case, Period k (1 < k < k;,4 — 1) has a
duration of Ty = ty41 — ty, and Period Ky, 4y, which starts attime t;,_and ends attime T, has a duration
of Tipur = T = tk,nay- NOte that the periods in an extension plan are treated as “potential” because the
last periods may not be realized within the analysis period. During the numerical search, if there exists
sometyr >T (1 < k' < kpay) thenlett, =T for k' < k < kpyqy, and end the search. In this case the
last period to be realized within the analysis period is Period (k" — 1), which starts at time t,/_; (we set
to =0)and endsattime T. Itisgiventhat T,y =T —t;r_;. If k' = 2, thenforall0 < k < k' —1,itis
giventhat Tj, = ty4q — t-

The third step is to compute the components of NPV (including present values of consumer surplus,
fare revenues, and supplier’s costs) incurred during each of the realized periods within the analysis period
using the model presented in Chapter 2, and aggregate to obtain the NPV incurred during the whole
analysis period for the extension plan. Note that the construction cost is not counted in the last realized
period. The NPV of this extension plan is used as the fitness value of its corresponding individual
(chromosome).

3.3 Selection of “Parents”

After evaluating all individuals in a generation, “parent” individuals are selected for generating
“children” in the next generation. Before selection, the fitness values of individuals in this generation are
sorted in descending order, and directly succeed a certain number (denoted as best_chroms, usually an
even number smaller than half of pop_size) of individuals with highest fitness values to the next
generation. Then, the number of “children” needed in the next generation equals to pop_size minus
best_chroms. The same number of “parents” is selected in the current generation. Each individual may be
selected multiple times and some “parent” individuals may be duplicate.

To mimic the natural selection process, individuals with higher fitness values should be given higher
probabilities of being selected as “parents”. For this optimization problem, the selection probabilities are
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based on the fitness rankings of individuals. With this method, the selective pressure (in other words, the
dominance of individuals with higher fitness value over those with lower fitness value in terms of selection
probabilities) stays constant over successive generations and is not affected by absolute differences of
fitness values (Whitley, 1989). If the selection probability is directly based on fitness values rather than
the ranking, then as iterations proceed, the absolute gaps of fitness values among individuals tend to
shrink, which reduces selective pressure and increases chance of staleness and prematurity.

The ranking-based selection probabilities are determined as follows. The individual with the highest
fitness value has the ranking value of 1. Let i be the ranking value (an integer between 1 and pop_size) of
an individual in the current generation. The selection probability of this individual is given by:

_ a(l-a)t?
pi = 1 — (1 — a)pop-size

where 0 < a < 1. A greater a poses greater selective pressure. The value of a should be carefully
determined. If a is too large, there is excessive selective pressure that leads to extremely low selection
probability of individuals with lower fitness values and limits the GA’s search breadth. If a is too small, the
pace of solution improvement is retarded. With a proper value of a, while better individuals are more
likely to be chosen and generate potentially better offspring, worse individuals still have a non-negligible
chance to pass on their potentially beneficial components to the next generation.

In each selection operation, two different “parent” individuals are selected from the current generation
with their corresponding probabilities. After potential crossover and mutation, they produce two
“children” for the next generation. These two “parents” are replaced into the population for the next
selection. The operation loop of selection-crossover-mutation is executed (pop_size - best_chroms)/2
times until the number of individuals in the next generation reaches pop_size.

3.4 Crossover operator

Each pair of selected “parent” individuals (chromosomes) in the current generation is processed by the
crossover operator. The crossover operator deals with two “parents” at a time and produces two
“children”. The probability that crossover between two “parents” actually occurs is given by a parameter
p_c. Before the crossover operation, a number uniformly distributed between 0 and 1 is randomly
generated. Crossover will actually occur only if this number is smaller than p_c. Otherwise, no crossover
occurs and the “children” are identical to their “parents” before possible mutation.

The whole process of crossover is illustrated in the example shown in Figure 7 (wheren; = n, = 5 and
there are 4 existing stations coded 6 to 9).
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Figure 7 Process of PMX crossover and repairing infeasible results

The first crossover step is to swap segments in two chromosomes. In a chromosome with a length of
(nq + ny) integers in each row, two different locations are randomly chosen in (n; + n, + 1) possible
locations (including two ends). For each of two chromosomes to be operated, the segment between these
two locations is swapped with that segment in the other chromosome, as shown in (al) and (a2) of Figure
7. This may create infeasible chromosomes with duplicate station codes in Row 1. In that case the Partial
Mapped Crossover (PMX) method, proposed by Goldberg and Lingle (1985), is applied to fix the error. The
mapping process is shown in the example in (a2) of Figure 7. In this example, station codes 5, 4, and 14
are duplicate in Chromosome 1, and station codes 11, 12, and 2 are duplicate in Chromosome 2. As shown
by solid arrows, the mapping relation is set up by examining station codes at locations within the swapped
sections. For duplicate station code 5 in Chromosome 1, the station code at the same location in
Chromosome 2 is 11, which is not found in the swapped section in Chromosome 1. Thus, station code 5 is
mapped to 11. For duplicate station code 4 in Chromosome 1, the station code at the same location in
Chromosome 2 is 3, which is found in the swapped section in Chromosome 1. For the code 3 in
Chromosome 1, the station code at the same location in Chromosome 2 is 2, which is not found in the
swapped section in Chromosome 1. Thus, station code 4 is mapped to 2. Similarly, station code 14 is
mapped to 12. After the mapping relation is determined, the mapping station codes are found outside
the swapped segments, as shown by dashed arrows in (a2). Then these station codes are swapped
together with the indicators at the same locations in Row 2, between two chromosomes. The result is
shown in (a3), without any duplicate station codes in Row 1 in each chromosome.
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After these operations, the resulting chromosomes may still be infeasible. These chromosomes should
be fixed further to get rid of infeasible completion sequences and infeasible grouping of completion.

First, completion sequences are repaired. In the example in (b1) of Figure 7, station codes that belong
to the same end of the line are highlighted with the same color. Then, station codes that belong to the
same end are rearranged so that the order of station completion becomes feasible for this end (for
example, the order {11, 10, 13, 14, 12} in Row 1 of Chromosome 1 is rearranged to {10, 11, 12, 13, 14}),
while the set of locations these station codes occupy in this chromosome is not changed. The indicator
values in Row 2 move together with their corresponding station codes in Row 1. The resulting
chromosomes are shown in (b2) of Figure 7.

Next, the grouping of completions (links and stations to be completed at each extension step) is
repaired. The 1’s in the indicators in Row 2 of each chromosome are checked. If the corresponding station
code and that station code at the previous location do not belong to the same end of the line, this indicator
1is infeasible because it is assumed that multiple links and stations to be completed in one extension step
must belong to the same end. Each infeasible indicator 1 in Row 2 is moved together with its
corresponding station code in Row 1 to a destination location such that this station code, together with
that station code at the previous location of this destination location, belong to the same end of the line,
as shown in (b2). The resulting chromosomes in (b3) are the final products of the crossover of two
“parents”, if crossover occurs.

3.5 Mutation operator

“Children” individuals may experience mutation before they are finally passed on to the next
generation. The probability that mutation of a “child” actually occurs is given by a parameter p_m. Before
the mutation operation, a number uniformly distributed between 0 and 1 is randomly generated.
Mutation will actually occur only if this number is smaller than p_m. All possible mutation cases are
illustrated in examples (where n; = n, = 5 and there are 4 existing stations coded 6 to 9) in Figure 8.

In a mutation operation, a location (except the first location) is randomly selected in a chromosome.
Depending on whether the station code at the chosen location shares one end of the line with codes at
neighboring locations, there will be three types of possible operations:

1) If the chosen station code shares one end of the rail transit line with the previous code and the next
code, then the chosen indicator in Row 2 is changed from 0 to 1 (or from 1 to 0), as is highlighted in (al)
in Figure 8. If the last location is chosen, then the indicator is changed if the chosen station code shares
one end with the previous code, as shown in (a2). This operation type yields the final result of mutation.

2) If the chosen station code does not share one end of the line with the previous code, then the chosen
station code and indicator are moved to a randomly chosen new location such that the station completion
sequence that the chromosome represents is still feasible after this move. As illustrated in (b1) and (b2)
of Figure 8, possible moves are shown by dashed arrows while the actual move is shown by the solid
arrow.

3) If the last location is not chosen, and the chosen station code shares one end of the line with the
previous code but not the next one, as shown in (c), then a random number uniformly distributed between
0 and 1is generated. If it is smaller than 0.5, then the chosen indicator in Row
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Figure 8 Types of operations in the mutation operator

2 is changed from 0 to 1 (or from 1 to 0). The operation type in 1) is used, and the final result of mutation
is obtained. If it is larger than 0.5, then the chosen elements are moved to a new feasible location. The

operation type in 2) is used.
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The operation type in 2) may produce chromosomes that represent infeasible groups of stations to be
completed. These chromosomes are repaired using the method shown in Figure 9. First, the infeasible
indicator 1’s that group stations in different ends into one completion step are counted and located. Then,
the indicator 0’s that can be changed into 1’s without producing infeasible completion groups are counted
and located. If the number of changeable 0’s (denoted here as a) exceeds that of infeasible 1’s (denoted
here as b), then b randomly chosen changeable 0’s out of a are changed into 1’s, and all b infeasible 1’s
are changed into 0’s. If a < b, all changeable 0’s are changed into 1’s and all infeasible 1’s are changed
into 0’s. After this correction the final result of mutation is obtained.

Not at the same end (Randomly select
—_—l one changeable zero)
1011 S|4 |3 [12]13|2|14]1 10]11| 5S|4 |3 |12|13|2]14]1
0000101010:>0001101000
# of infeasible 1’s in Row 2: 1 I l |

# of changeable 0’s in Row 2: 2>1

Figure 9 Repairing infeasible results of mutation
4. Numerical Results

4.1 Solving the problem in a base scenario

A numerical case is synthesized to demonstrate the model for this two-directional extension problem
and its solution method, with m=20 stations and 19 links in a rail transit line similar to that shown in Figure
1. n,=4 stations (Stations 9 to 12) and 3 links (Links 10 to 12) in the CBD are currently in operation. n,=8
stations at End 1 (with codes 1 to 8), n,=8 stations at End 2 (with codes 13 to 20) and their corresponding
links may be completed in the upcoming analysis period of T=30 years. Link lengths and potential demand
values in the base scenario are listed in Table 2. The synthetic potential demand matrix assumes that the
existing segment (with 4 stations and 3 links) of the rail transit line is located in the city’s CBD, and the
planned segments extend to suburban residential areas. Commuting between the CBD and residential
areas is assumed to be the dominant trip purpose, and stations closer to the CBD have higher rates of trip
production and attraction. For most stations (especially those in the CBD), the potential demands of rail
transit trips to nearby stations tend to be lower than those to farther stations, because for shorter trips
using rail transit tends to save less travel costs (fare plus time) over walking and cycling, especially given
the waiting time for trains. Values of b;; are given by:

j
by =4+ 1.75 2 d), Vi<j
l=i+1

bij - bji' V] <i
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Other parameters in the base scenario use the values as listed in Table 1.

Table 2 Link lengths and potential demand values in the base scenario

j|112|3|4|5|6|7|8|9]|10|11|12|13|14|15|16|17|18|19|20
d; 2.0/2.0/1.51.2|1.1}1.0|0.8|1.0/0.8|0.8|1.0{1.0|1.1|1.2|1.2|1.4|1.0|1.6|1.8
Q.;| 0 | 50|60 |120/100{150|200|305|335|440(470|360|305(255|200{135|110| 70 | 90 | 55
Q2; | 50| 0 | 45|90 70 |140|190|270|370|490|465|365|350(295|225(180|135| 85 | 80 | 65
Q3;160|45| 0 | 90|90 [160]|225|305|375|575|505|375|335|280|240(160|145| 95 | 95 | 90
Q4; (120/90 |90 | O | 75 |110|185|240|350|490(480|340|280|255|185(145|105| 75 |130|110
Qs; (100| 70 |90 | 75| 0 | 95|185|315/400|585|490|405|295|280|210{150|140|105|110|120
Qs; |150|140(160|110| 95 | 0 |145|245|370|495(510|375|280|270|210({185|145|125|145|135
Q7; |200|190(225|185|185|145| 0 |185|335|450(510|400{310|270|230(210|150|175|175|185
Qs; |305|270(305|240|315|245|185| 0 |280|425|415|310|305|305|265(230|240|225|250|270
Q5; |335|370(375|350|{400{370|335|280| 0 |335(370|295|280|335|350(315|360|330|350|335
Q10,j|440(490|575|490|585|495|450(425|335| 0 |305|280|290|310|385|390|455|450|510{495
Q11,j|470]465|505|480(490|510|510(415|370{305| 0 |265|310|350|360|430|440(505|560(520
Q1,,j|360(365|375|340|405|375|400(310|295|280|265| 0 |250|265|345|370|400(410|530(410
Q13,j|305|350|335|280|295|280|310(305|280{290|310|250| 0 |210|270|265|280(350|375|360
Q14,j|1255]295|280|255|280|270|270|305|335|310|350|265|210| 0 |230|210|250(215|250{250
Q15,j|1200{225|240{185|210|210|230|265|350(385|360|345|270|230| 0 |175|195(150|130{120
Q16,j|135]180|160{145|150|185|210(230|315|390|430|370(265|210{175| O |130{ 95|80 | 85
Q17,110{135|145|105|140|145|150(240|360|455|440|400(280|250{195|130| 0 | 70|70 | 55
Q1s,| 70 | 85|95 | 75 |105|125|175|225|330|450|505|410(350|215|150/ 95|70 | 0 | 50|75
Q10,5 90 | 80 | 95 {130{110|145|175|250|350(510|560|530(375|250{130/ 80| 70 | 50| O |65
Q20,j| 55| 65|90 |110{120(135|185|270|335|495|520|410(360|250{120| 85 |55 | 75|65 | O

The GA optimization model coded in Python 3.7.3 is run on a personal laptop with an Intel® Core™ i7-
8750H CPU @ 2.20GHz. For this numerical case, GA parameters are set as shown in Table 3.

Table 3 GA parameters used for the base scenario

Parameter Value Parameter Value
pop_size 40 best_chroms 4
max_iter 1000 max_stall 30

p_c 0.8 p_m 0.5
a 0.06
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The model is run 10 times on the base scenario. The average computation time per run is 712.49
seconds, and the average iteration count is 48. Each iteration takes 14.84 seconds on average. With the
max_stall of 30, the average iteration count needed for GA to attain the optimized chromosome is 18,
which requires 720 evaluations of fitness values (NPV) of chromosomes. With different initial populations,
6 of 10 runs return the same optimized chromosome with the best (largest) fitness value in these 10 runs.
The best chromosome is shown as:

13(8 |7 (14|15 6 |5 (16|17 4 | 3 (18|19 2 | 1 |20
oj0j12y0(2j0}j2y0}j2y0}210j2|10|1/ 0
which represents an extension plan with 9 potential extension steps. This plan can be denoted as the
following array, where station codes inside each pair of round brackets are to be completed together, and
extension steps are shown chronologically from left to right, separated by commas.

[(13), (8 7), (14 15), (6 5), (16 17), (4 3), (18 19), (2 1), (20)]

With the binding constraint on available budget, all these extension steps can be realized within the
analysis period. Results show the following completion times:

51 by i3 by ts 3 ty tg iy
2.873 | 6.881 |10.021 | 12.297 | 14.455| 16.371 | 18.055 | 20.084 | 21.140
This means that, extension steps 1 to 9 should be completed in years 2.873, 6.881, 10.021, 12.297, 14.455,
16.371, 18.055, 20.084, and 21.140 into the analysis period, respectively. Periods 0 to 9 should last 2.873,
4.008, 3.140, 2.276, 2.158, 1.916, 1.684, 2.029, 1.056, and 8.860 years, respectively. For this optimized
extension plan, Pyg = $15.781 X 10°, which means the overall NPV over 30 years is $15.781 billion.

4.2 Effects of terminal cost

Next, the effect of terminal cost (c,,,4) on the model and the optimized extension plan is examined. The
original value of ¢4 is halved to 7.5x10’ first, and then doubled to 3.0x10%, with other parameters
unchanged. In each modified scenario the model is run 10 times.

When ¢,,,4=7.5%107, the average computation time per run is 850.40 seconds, and the average iteration
count is 40.1. Each iteration takes 21.21 seconds on average. All 10 runs return the same optimized
chromosome that represents the following extension plan:

[(13), (8), (14), (15), (7 6), (16), (5), (17), (4), (3), (18), (19), (2), (20), (1)]

The GA converges, i.e. attains the optimized chromosome in fewer iterations, because most
chromosomes in the initial population have much more 0’s than 1’s in Row 2, and attaining the optimized
chromosome with 15 0’s and only one 1 in Row 2 requires fewer mutations than attaining that with 9 0’s
and 7 1’s in Row 2. Average calculation time per iteration increases, because as iterations proceed,
chromosomes with more 0’s in Row 2 are favored. Since these chromosomes represent more extension
steps, more completion times need to be numerically determined.

All 15 extension steps can be realized within the analysis period at the following completion times:

|51 ty t3 ty ts ls ity g £ 1o t11 t12 t13 l1g s
2.022 | 4.256 | 6.124 | 7.754 | 9.825 [10.999(12.030(|13.129|14.071|15.084|15.851|16.813|17.877|18.826|19.809
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For this optimized extension plan, the overall NPV over 30 years (Pyg) is $17.067 billion.

When c,,,4=3.0x108, the average computation time per run is 698.50 seconds, and the average iteration
count is 61.5. Each iteration takes 11.36 seconds on average. 9 out of 10 runs return the same optimized
chromosome that represents the following extension plan:

[(1314),(876),(151617), (54 3), (18 19 20), (2 1)]

Compared to the case where c,,4=1.5%108, the GA terminates after more generations due to more
mutations needed for attaining the optimized chromosome with 6 0’s and 9 1’s in Row 2. Average
computation time per iteration, however, becomes shorter than when c,,4=1.5x108. As iterations
proceed, chromosomes with more 1’s in Row 2 are favored. Since these chromosomes represent fewer
extension steps, fewer completion times need to be numerically determined.

All 6 extension steps can be realized within the analysis period at the following completion times:

ty t, ts t, ts te
6.359 | 11.437 | 15.336 | 18.325 | 21.045 | 23.225
For this optimized extension plan, the overall NPV over 30 years (Pyg) is $14.265 billion.

The optimized extension steps with different terminal cost values are shown in Figure 10. It explicitly
reveals that higher costs of terminal facilities lead to fewer extension steps and more stations to be
completed together in each step. A higher c,,,4 increases the economic advantage of completing multiple
neighboring stations in a single step, while completion of the rail transit line is delayed. For almost any
given operating length, the optimized extension plan with higher c,,4 achieves this length later. The
delayed coverage of the operating segment on OD pairs reduces total consumer surplus and total fare
revenues over the analysis period, resulting in a lower NPV for an extension plan with a higher c,;, 4.
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Figure 10 Optimized extension steps under different values of Copnq4
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To check the quality of optimized solutions obtained from the GA with customized operators, a
statistical test is used, as in Jong and Schonfeld (2003). At first, a probability distribution function that fits
the distribution of fitness values is sought. For the numerical case where n; = n, = 8, the total number
of all possible permutations of chromosome is given by:

2 X Z 214 21+Z( ) ( )-213—2i = 3,968,310
i+1

For each numerical case in 4.2 with different values of c,.,4, 50,000 different chromosomes are
randomly sampled from the full set of all 3,968,310 possible permutations and are evaluated. The
distribution of fitness values (Pyg) regarding these sampled chromosomes in cases with c,.,4 value of
7.5%107, 1.5x108, and 3.0x108, are shown in histograms (a), (b), and (c) in Figure 11, respectively.

It appears that no commonly known distribution can generalize the sample distribution of Pyz under
three scenarios with different c,,4. Hence, statistical tests using probability distribution fitting are not
appropriate for these cases. However, the best (highest) fitness value among sampled chromosomes in
each case with a ¢4 value of 7.5x107, 1.5x108, and 3.0x10% is 17.058x10°, 15.759x10°, and 14.235x10°,
respectively. Each one is lower than the fitness value of the optimized chromosome obtained through GA
for the same c,,4 value.
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Figure 22 Distribution of fitness values of sampled chromosomes with different c.p,4

In each case, since the 50,000 chromosomes are randomly selected from all 3,968,310 unique
chromosomes, the probability that at least one chromosome from the 0.01% of chromosomes with the

. . . 3968310-396—i+1 . .
best fitness value is selected is: 1 — Hsoooom 0.9934. This means, given that the best

fitness value among 50,000 randomly selected chromosomes is lower than that of the GA-optimized
chromosome, we can claim with over 99% confidence that the fitness value of the GA-optimized
chromosome dominates 99.99% of all possible chromosomes. This demonstrates the effectiveness of the
proposed GA framework and operators customized for this problem. Heuristic methods such as GA'’s
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cannot guarantee the global optimality of the solution, and the globally maximal fitness value is unknown
(unless we exhaustively evaluate all possible chromosomes, which is expected to take more than a week),
but a 99.99% dominance in fitness value is acceptable for optimizing an extension plan in this problem.
Moreover, in practice the uncertainties in input parameters (e.g., Uy, Uy, F, g, Qi;) outweigh the
uncertainty in optimality of solutions under given input parameters.

4.3 Effects of analysis period duration

In numerical cases shown above with analysis period length of T=30 years, all potential extension steps
can be realized within 30 years, with binding constraint of available budget. If a shorter analysis period is
used, some later potential extension steps could not be completed within T years, and the optimized
extension plans could be affected.

For each of ¢4 values 7.5x107, 1.5x108, and 3.0x108, shorter analysis period durations of T=25 and
T=20 are applied. Other parameters are unchanged. For each numerical case, the GA model is run multiple
times until the optimized extension plan (chromosome) with the best fitness value among optimized plans
in all finished runs is obtained at least three times. max_stall is adjusted to 50. The optimized results are
shown in Table 4.

Table 4 Optimized extension plans under different values of c.,q and T

CenalS | T/year Optimized plan (only showing steps that can be completed within T years)
30 | [(13),(8), (14), (15), (7 6), (16), (5), (17), (4), (3), (18), (19), (2), (20), (1)]

7.5x10 25 | [(13), (8), (14), (15), (7 6), (16), (5), (17), (4), (3), (18 19), (2 1), (20)]

20 | [(13),(8), (14), (15), (7), (6), (16), (5), (17), (4), (3), (18), (19), (2), (20)]*

30 [(13), (8 7), (14 15), (6 5), (16 17), (4 3), (18 19), (2 1), (20)]

1.5x10% | 25 | [(13),(87), (14 15), (65), (16 17), (4 3), (18 19 20), (2 1)]

20 [(13 14), (8 7), (15 16), (6 5), (17), (4), (18 19)]*

30 [(13 14), (87 6), (1516 17), (5 4 3), (18 19 20), (2 1)]

3.0x10% 25 [(13 14), (8 7 6), (15 16), (5 4), (17 18), (3), (19), (20)1*

20 | [(1314),(876), (1516 17)]*

Given that c,,4 equals to 7.5x107 (1.5x108), if T is reduced from 30 to 25, all potential extension steps
can still be completed and the first 10 (6) steps in optimized extension plans are identical in terms of
sequence and station grouping, but several later steps are combined, with more stations to be completed
in each step (as is underlined in Table 4). When T=20, or c,,;=3.0x10® and T=25, the last potential steps
in optimized extension plans cannot be completed, and only the steps that can be completed within T
years are shown in Table 4 with a star mark (*).For each c.,4, later extension steps under a shorter T tend
to be smaller than those later steps containing same stations under a longer T. Also note that given that
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T=20, as c.pq increases, the number of extension steps as well as stations that can be completed within
the analysis period decreases sharply.

It can be learned from above that, if all potential steps in the optimized extension plan can be completed
within the analysis period, a shorter analysis period T could decrease the fraction of completion of
optimized extension plans and affect station grouping in steps, with late steps likely to be smaller. On the
other hand, a longer T yields more and smaller extension steps, with most steps unchanged. One possible
explanation is as follows. If c.,4 is not too large, when a late extension step with multiple stations is
decomposed into smaller steps without changing any other steps, inner stations in the original extension
step are completed earlier, while the completion of outermost stations in this original step as well as
stations in succeeding steps may be delayed. Typically, the completion advance of each inner station is
greater than the completion delay of each outer and succeeding station. Given the same T, earlier
completion of stations provides longer time in operation during the analysis period and therefore
increases PV of consumer surplus (Pcs) and fare revenues (P¢) from related OD pairs, while delayed
completion of stations has opposite effects on P¢g and Pr. More extension steps also lead to higher PV of
terminal cost. If all potential steps can be completed within the analysis period T regardless of grouping
of completion and a shorter analysis period makes T closer to the final completion time (¢, ), negative
effects of decomposing steps on NPV are more likely to outweigh positive ones. The negative effects
include decreased P¢g and Py due to delayed completion, shortened operation duration of some stations,
and increased PV of terminal cost. The positive effects include increased Pcs and Py due to advanced
completion and lengthened operation duration of inner stations.

It should be noted that with a smaller T, the proposed GA method is more susceptible to prematurity.
A shorter analysis period means that more extension steps cannot be realized within T years, and more
different chromosomes will have the same fitness value (NPV). Thus the optimization search becomes
more likely to be trapped in local optima.

4.4 Analysis of sensitivity to selected parameters

For sensitivity analysis, five parameters that are likely to have major impacts on NPV or completion time
are analyzed: c¢;,, (unit construction cost of rail line), F (yearly external budget), Q;; (potential hourly
ridership), u,, (value of in-vehicle time), and p (fraction of fare revenues to be used for construction). The
sensitivity of the optimized solution to these parameters is examined. For each of these parameters, its
value is slightly changed from its base scenario value (within +20%), while other parameters stay
unchanged (except that c,;, the construction cost of a station, changes proportionally with c;,,). The model
is run to obtain the optimized solution. In each of the modified scenarios, the optimized extension plan is
fully completed.

The optimized extension plans with changes of various parameters are shown in Table 5. Table 6 lists
all changes of parameters in modified scenarios, the corresponding optimized NPVs and their change rates
from the base scenario, the corresponding final completion time t; under optimized plans and their
change rates from the base scenario, and the proportional change (elasticity, calculated from the ratio of
percentage changes) of NPV and tima, 1N response to the change of each parameter.

For each parameter the elasticity calculation uses the two scenarios closest to the base value. For
example, with all other parameters unchanged, a decrease of c;;,, by 10% from its base value leads to a
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3.07% increase of NPV, while an increase of ¢;;,, by 10% from its base value leads to a 2.88% decrease of
NPV. The elasticity of NPV to ¢y, is [-2.88%-3.07%]/[10%-(-10%)] = -0.297.

Table 5 Changes of parameters in modified scenarios and corresponding changes of

optimized extension plans

Para- Value Change Optimized Extension Plan
meter Rate
1.12x10% | -20% |[(13), (8 7), (14 15), (6 5), (16 17), (4 3), (18), (19), (2), (20), (1)]
1.26x108 | -10% |[(13), (8 7), (14 15), (6 5), (16 17), (4 3), (18 19), (2), (20), (1)]
a0 10% | [(13 14), (8 7), (15 16), (6 5), (17), (4 3), (18 19), (2 1), (20)]
1.68x10% | 20% |[(13 14), (8 7), (15 16), (6 5), (17), (4 3), (18 19), (2 1), (20)]
4.0x107 | -20% |[(1314), (87), (15 16), (6 5), (17), (4 3), (18 19), (2 1), (20)]
4.5x107 | -10% |[(1314),(87), (1516), (65), (17), (4 3), (18 19), (2 1), (20)]
d 5.5x107 | 10% |[(13), (8 7), (14 15), (65), (16 17), (4 3), (18 19), (2), (20), (1)]
6.0x10" | 20% |[(13),(87), (14 15), (65), (16 17), (4 3), (18 19), (2), (20), (1)]
0.8Q 20% |[(13 14), (8 7), (15 16), (6 5), (17), (4 3), (18 19), (2 1), (20)]
09Q -10% | [(13), (8 7), (14 15), (6 5), (16 17), (4 3), (18 19), (2 1), (20)]
@ 11Q 10% |[[(13 14), (87), (15 16), (6 5), (17), (4 3), (18 19), (2), (20), (2)]
1.2Q 20% |[(1314),(87),(1516),(65),(17), (4), (3), (18), (19), (2), (20), (1)]
144 -20% | [(13 14), (8 7), (15 16), (6 5), (17), (4), (3), (18), (19), (2), (20), (1)]
16.2 -10% | [(13 14), (8 7), (15 16), (6 5), (17), (4 3), (18), (19), (2), (20), (1)]
uv 19.8 10% |[(13 14), (87), (15 16), (65), (17), (4 3), (18 19), (2 1), (20)]
21.6 20% |[(13 14), (8 7), (15 16), (6 5), (17), (4 3), (18 19), (2 1), (20)]
20% -20% | [(13 14), (87), (15 16), (65), (17), (4 3), (18 19), (2 1), (20)]
22.5% -10% | [(13 14), (8 7), (15 16), (6 5), (17), (4 3), (18 19), (2 1), (20)]
P 27.5% 10% |[(13), (8 7), (14 15), (6 5), (16 17), (4 3), (18 19), (2 1), (20)]
30% 20% |[(13),(87),(1415),(65), (16 17), (4 3), (18 19), (2 1), (20)]

Table 6 Changes of parameters in modified scenarios and corresponding changes of
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NPV and final completion time

Para- Value Change NPV Change | Elasticity of | ¢t Change | Elasticity of
t Rat Rat NPV Rat t
meter ate (x$10°) ate Value ate Kmax
1.12x10% | -20% 16.758 6.19% 19.344 -8.50%
1.26x10% | -10% 16.265 3.07% 20.244 -4.24%
Cin -0.297 0.492
1.54x108 10% 15.326 | -2.88% 22.325 5.61%
1.68x108 20% 14.896 | -5.61% 23.467 11.01%
4.0x10’ -20% 15.420 -2.29% 21.945 3.81%
4.5x107 -10% 15.598 | -1.16% 21.538 1.88%
F 0.117 -0.110
5.5x10’ 10% 15.966 1.17% 21.074 -0.31%
6.0x107 20% 16.137 2.26% 20.697 -2.10%
0.8Q -20% 11.009 | -30.24% 24.356 15.21%
09Q -10% 13.363 | -15.32% 22.634 7.07%
Q 1.654 -0.626
1.1Q 10% 18.582 | 17.75% 19.987 -5.45%
1.2Q 20% 21.266 | 34.76% 19.378 -8.34%
14.4 -20% 22.553 | 42.91% 19.861 -6.05%
16.2 -10% 19.244 | 21.94% 20.523 -2.92%
Uy, -1.986 0.425
19.8 10% 12.976 | -17.78% 22.318 5.57%
21.6 20% 10.525 | -33.31% 23.527 11.29%
20% -20% 15.297 | -3.07% 23.873 12.93%
22.5% -10% 15.554 -1.44% 22.410 6.01%
p 0.141 -0.569
27.5% 10% 15.999 1.38% 20.006 -5.36%
30% 20% 16.184 2.55% 19.001 | -10.12%

Recall that the optimized extension plan in the base scenario is denoted as:
[(13), (8 7), (14 15), (6 5), (16 17), (4 3), (18 19), (2 1), (20)]

It can be learned from the results that the optimized NPV is fairly sensitive to Q;; (potential hourly
ridership) and u,, (value of in-vehicle time). An increase of Q;; or a decrease of u,, by a small percentage
leads to an increase in NPV by a greater percentage. It should also be noted that the change of optimized
extension plans is highly correlated with the change of the optimized NPV. The optimized extension plans
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denoted as [(13 14), (8 7), (15 16), (6 5), (17), (4 3), (18 19), (2 1), (20)] all correspond to decreased NPV.
While slight increases of NPV caused by decrease of ¢, (unit construction cost of rail line), increase of F
(yearly external budget), or increase of p (fraction of fare revenues to be used for construction)
correspond to slight changes in extension plans (with a few stations regrouped), significant increases of
NPV (caused by increase of Q;; or decrease of u,,) correspond to greater changes in extension plans (with
more stations regrouped and more extension steps). Here is the explanation: Both the increase of Q;; and
decrease of u, increase actual hourly ridership for all OD pairs served by the operating segment. By
completing some neighboring stations in multiple steps instead of one, some stations can be completed
earlier, and the increase of PV of total consumer surplus and fare revenues incurred over T years could
overcome the increase of PV of terminal cost.

The final completion time ¢ is moderately sensitive to Q;;, p, ¢, (along with cg), and
Uy tipoy 1S much less sensitive to F, because in this numerical case, the future ridership as well as the
reservation rate of revenue is relatively high, making internal funding (i.e., fares collected from
passengers) dominant over the external funding. Note that while ¢ is similarly sensitive to Q;; and p,
the changes of optimized extension plans in response to Q;; and p do not appear to be similar, which
implies that changes of optimized extension plans are more correlated to those of optimized NPVs than
to those of optimized ¢y, .

5. Conclusions

A novel optimization model is developed for solving the phased development problem of a rail transit
line with two extending directions. Demand elasticity is considered, and the closed form of the maximal
allowable headway is derived. Time is treated as being continuous rather than subdivided into discrete
periods. The objective is to maximize system NPV over the analysis period, while line continuity and the
available budget at the start of each period serve as constraints. The economies of completing multiple
links together and the option of not completing some links within the analysis period are captured in the
model. The model is coded in Python 3.7.3, and customized operators of GA are developed for solution
search in the two-directional extension problem. Under the assumption of a binding available budget
constraint, an optimized extension plan is obtained with the customized GA for the base scenario of the
two-directional extension problem. With other parameters unchanged, when the analysis period is
lengthened, the completion of outermost planned links within the analysis period becomes justified, and
when the construction cost of terminal facilities is increased, the optimized extension plan increasingly
favors simultaneous completion of multiple links in one step. Sensitivities of the maximized NPV and the
optimized completion sequence and grouping of planned stations to five selected parameters are
examined. Sensitivity analysis reveals that decision makers should be especially careful in determining the
potential future demands, the value of users’ in-vehicle time, and the unit construction cost of the rail
transit line before making extension plans.

The model presented here may be improved in several ways in the future:

1) Due to the difficulty in formulating the closed form of the optimal train headway that maximizes
total net social benefit in each period, the headway used in each period is assumed to be the
maximal allowable headway. Some numerical method may be developed to optimize headways in
each period. Fares, train capacity, and train speed may also be optimizable in more complex
versions of this model.
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2) Some additional demand features, such as faster growth due to new station completion, effect of
access time, and nonlinear demand functions, may be developed.

3) Land use development induced by rail line extensions may be considered.

4) The computations of total PV of consumer surplus and supplier’s revenue, operation cost and
maintenance cost include approximations, which may be replaced with a more precise integration
method.

5) Integer fleet sizes may be imposed.

6) Cyclical operations (e.g. peak and off-peak) may be considered.

7) Uncertainties regarding demand, budget and construction costs may be considered.

8) This model could be further extended beyond single rail lines to solve phased development

problems for rail transit networks and connecting bus routes.
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ABSTRACT

The shortest tour distance for visiting all points exactly once and returning to the origin is
computed by solving the well-known Traveling Salesman Problem (TSP). Due to the large
computational effort for optimizing TSP tours, researchers have developed approximations that
relate the average length of TSP tours to the number of points n visited per tour. The existing
approximations are used in transportation system planning and evaluation for estimating the
distance for vehicles with a large capacity (e.g., delivery trucks) where n is relatively large.
However, the approximations are derived from large instances are underestimating the TSP tour
lengths for some recent delivery alternatives. The estimates of the approximation formula increase
at a decreasing rate (i.e., with v/n) as n increases. A comprehensive review is presented here of
existing studies in approximating the TSP tour lengths for low n values, which have become
important for some recently favored delivery alternatives (e.g., deliveries by bikes, drones, and
robots).

Keywords: Distance approximation, Tour length approximation, Travelling salesman problem
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INTRODUCTION

The shortest tour distance for visiting all n points exactly once and returning to the origin is
computed by solving the well-known Traveling Salesman Problem (TSP) [5]. This problem
belongs to the class of NP-hard problems in which finding the optimal path requires computation
time that increases exponentially with the number of points n [6]. Due to this large computational
effort, researchers have developed approximations for the relation between the average length of
TSP tours and n values. Since the distance approximation models are capable of analyzing complex
transportation systems reasonably well, the approximations have been used in various
transportation planning and system design applications, such as for transit systems, facility
location and fleet sizing.

Ground Robot Delivery Drone Delivery

Conventional Truck Delivery

() ServiceArea EEE  Ground Robot
e DemandPoint g Drone

— Last-mile Tour Q=® Truck
&  Depot

Figure 1 Some Examples of Delivery Tours to a Few Points
Adapted from Choi ............ 3]

An approximation provides flexibility to operators and researchers who seek to reduce costs or
improve system efficiency in large-scale problems. However, the approximation models tend to
underestimate the average tour length if n, i.e. the number of points served, is relatively small;
their approximated tour lengths asymptotically approach a specific value when n approaches
infinity. For practical applications, it is more useful to estimate average tour lengths with relatively
small n values, which reflect paratransit (e.g., carpool, dial-a-ride, and airport shuttle) [1, 2] or
package delivery services by vehicles with limited carrying capacities, such as autonomous ground
robotic vehicles, unmanned aerial vehicles, or environmentally friendly vehicles (e.g., bike
deliveries) in Figure 1 [3]. Even for vehicles with a large capacity (i.e., trucks), Holguin-Veras and
Patil [4] showed that more than 50% of truck routes had less than six stops, while 95% of the truck
routes had less than 20 stops in Denver, Colorado. Although these types of vehicles may not handle
economically many shipments per tour, new businesses adopting new technologies have grown
due to their advantages, which include speed, responsiveness, or freshness for some items.
Therefore, the tour length for these transportation alternatives may not be reliably approximated.
The approximations for small numbers of n points will show promise in analyzing new type of
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vehicles and delivery alternatives because actual tours serve relatively few customers, particularly
with vehicle loading capacity or working period constraints.

This study summarizes a review of existing studies in 1) approximation methods for the
Travelling Salesman Problem (TSP) and 2) experiment settings for obtaining the TSP tour length
approximation. For the latter, the study includes the point generation, solution methods, sample
size, and ordinary least squares (OLS) regression analysis. From the review, the gaps in the current
knowledge and further possible improvements in approximation models are identified.

LITERATURE REVIEW
Overview of Average TSP Tour Length Approximation
Approximations for the TSP Tour Lengths

The average distance between two points in both Euclidean and rectilinear space can be
mathematically derived [3, 4, 5]. Here, the Euclidean space allows vehicle movements in straight
lines between any pair of points, while rectilinear space refers to movements which are restricted
to two orthogonal coordinates. Although average TSP distance with three points can still be
analytically computed, estimating the tour lengths becomes challenging as the number of points n
increases.

In early studies for distance approximation models, Mahalanobis [10] suggested that average
TSP tour lengths for visiting a set of points n in a region served by a single vehicle asymptotically
converged to v/n with large n, where the points n were scattered at random within the space. Later,
Marks [11] mathematically proved the approximation by providing a lower bound for the expected
value of the distance as shown in Equation (1):

An-1

Average TSP Tour Length = 8 PN 1)

where £ is a coefficient and A is the zone size .

With a large n, the coefficient £ found by Marks [11] was roughly 0.7071. Beardwood et al.
[12] later estimated the constant /5 to be 0.749 for v/na (Beardwood’s formula) in Euclidean space
with a mathematical proof and numerical experiments by constructing tour instances. Note that
irregular networks can be analyzed with the Euclidean g coefficient multiplied by an appropriate
circuity factor. After Stein [13] estimated f at 0.765 through Monte Carlo experiments, many
researchers estimated the coefficients using different algorithms. For instance, Ong and Huang
[14] reported that 5 converged to 0.7425 with normalized TSP tour lengths.

Table 11 Summary of Literature with Beardwood’s Formula

Authors Solution Estimated | Problem | Number of | Special
Method Coefficient” | Type Points n Considerations

Marks (1948) [11] Theoretical 0.7071 TSP N/A N/A
Derivation

Beardwood et al. (1959) | Theoretical 0.749 TSP N/A N/A

[12] Derivation

Christofides and  Eilon | N/A N/A VRP 10-70 N/A

(1969) [15]
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Stein (1977) [13] Partition 0.765 TSP N/A N/A
Heuristic
Daganzo (1984) [16] Theoretical 0.9 TSP N/A Shape of a Space
Derivation
Ong and Huang (1989) [14] | 3-optimal 0.7425 TSP 5-N/A N/A
Heuristic
Brunetti et al. (1991) [17] | Cavity Method | 0.7251 TSP 50 - 800 N/A
Chien (1992) [18] Exact Solution | 0.88™ TSP 5-30 Shape of a Space
Fiechter (1994) [19] Parallel  Tabu | 0.7298 TSP 500 — | N/A
Search 100,000
Lee and Choi (1994) [20] Multicanonical | 0.7239  ~ | TSP 50 - 40,000 | N/A
Annealing 0.8075
Kwon et al. (1995) [21] Exact Solution | -™ TSP 10 - 80 Shape of a Space
Percus and Martin (1996) | Chained local | 0.7120 TSP 12 -100 N/A
[22] optimization +0.0002
Johnson et al. (1996) [23] Iterated Lin- | 0.7124 TSP 100 — | N/A
Kernighan + 0.0002 100,000
Finch (2003) [24] N/A 0.62499 ~ | TSP N/A N/A
0.91996
Hindle and Worthington | Cheapest - TSP 5-50 Point Distribution
(2004) [25] Insertion
Robusté et al. (2004) [26] Three Heuristic | - TSP, 15-139 Shape of a Space
Algorithms™" VRP
Figliozzi (2008) [27] Monte  Carlo | -™ VRP N/A Point Distribution,
Simulation and Depot location
Applegate et al. (2011) [5] Cutting-plane 0.7764689 TSP 100 — | N/A
method ~0.7241373 2,500
Cavdar and Sokol (2015) | Exact Solution S TSP N/A Point Distribution,
[28] Shape of a Space
Mei (2015) [29] Cutting-plane S TSP, N/A Point Distribution
method VRP
Lei et al. (2016) [30] The Concorde | 0.8584265 | TSP 20-90 N/A
TSP Solver ~0.7773827
Nicola et al. (2019) [31] Pilot Method S TSP, 25-1,000 | Time Window,
VRP Demands

* the estimates S in the Euclidean space were listed

** Salesman’s origin (e.g., a depot) was positioned at a fixed location

*** The studies considered other decision variables or other terms from Beardwood’s
formula, such as the spatial distribution and variance of points

**** Clarke and Wright, Fisher and Jaikumar, and Gillet and Miller algorithm

Fiechter [19] found the constant 5 at 0.7298 for large values of n ranging from 500 to 100,000.
Lee and Choi [20] showed p to be 0.721, while Percus and Martin [22] estimated /5 to be 0.7120 +
0.0002 in Euclidean space. Johnson et al. [23] generated large sets of points with n up to 100,000
and found the constant £ to be 0.7124 within the 95% confidence intervals of + 0.0002. Note that
the multiplier g is correlated with the value of n [32]. Applegate et al. [5] estimated the coefficient
S by running a regression on the optimized TSP solution instances for randomly generated n
ranging from 100 to 2000. Lei et al. [30] used a similar approach to Applegate et al. [5] where n
ranged between 20 and 90. With the two studies combined, the estimated § asymptotically
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approached an interval ranging from 0.7256264 to 0.8584265 and had a downward trend as n
increased, as shown in Table 1. More rigorous bounds were found between 0.62499 and 0.91996
in other studies [20, 29].

Approximations for TSP Variants and VRP Tour Lengths

For the TSP variants and Vehicle Routing Problem (VRP), many researchers have attempted to
estimate the coefficient £ through both analytical and experimental studies, for different
operational settings such as considered vehicle capacity, zone shape, geometry, or point
distributions. The major difference between the TSP and VRP is whether the problem considers
vehicle loading capacities, time constraints, or time windows [34]. Therefore, the TSP solution
would have a single route served by one vehicle, while the VRP has multiple routes possibly served
by multiple vehicles. Therefore, the number of vehicles should be known a priori for VRP
problems. Alternatively, the single TSP route can be split into several equal tours with an
optimistic assumption that a penalty in terms of extra travel distance does not exist [7].

Christofides and Eilon [15] first incorporated a vehicle capacity per tour in the formula and
suggested approximations to the VRP tour length based on the shape and area of a region. Daganzo
[16] proposed an intuitive approximation for a generic irregular district; a space was divided into
multiple subareas containing clusters of points. A vehicle route was developed to serve each
cluster. In this setting, he estimated £ at 0.9 for Euclidean and 1.15 for rectilinear space. Although
S for the Euclidean might overpredict the tour distance, it suited spaces with typical shapes.

Chien [18] derived the constant g at 0.88 through empirical simulations and multiple
regressions. The paper considered 16 different shapes varying in the 1) elongation and 2) angle of
a space. Rectangular areas with different length-to-width ratios from 1 to 8 were proposed in Figure
2 (a). Sectorial-shaped areas were developed with eight central angles from 45° to 360° as
illustrated in Figure 2 (b). The starting point (i.e., a depot) was positioned at the lower left side of
the district. From generated TSP instances, the best-fitted coefficients for Beardwood’s formula
were derived though OLS regression.

1 12

1:8

(a) Elongation for Rectangular Areas
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45° 90°

315° 360°
(b) Angle of Sectorial-shaped Areas
Figure 2 Shape of Areas Developed by Chien [18]

Aside from the widely used form of Beardwood, later studies included various terms in the
models, such as a length-to-width ratio or area of the smallest rectangle that covered all points.
Kwon et al. [21] carried out both simulations and OLS regressions to test the previous variations
(i.e., Beardwood et al. [12], Daganzo [16], and Chien [18]). That research team also compared
results from the regression with a neural network (NN) model in estimating the TSP tour length;
the latter model provided slightly better approximations than the former. However, the NN model
was difficult to interpret geometrically due to its characteristic as a so-called “a black box”, where
the model would not give any insights. Hindle and Worthington [25] approximated the average
TSP tour length through simulations and regressions as shown in Equation (2).

Average TSP distance =a Xn+ b X In(n) + ¢ (2

where a, b, and c are constants in a 100 x 100 unit square. a = 3.63, b = 85.78, and ¢ = 62.67. Two
models were proposed based on demand patterns, namely uniformly random and probabilistic
point distribution. The probabilistic demands were designed to simulate point distributions and
settlement patterns.

Special Considerations in Tour Length Approximations

Later studies for TSP approximations, considered zone shape, geometry, or point distributions. An
extended version of Daganzo’s approximation [16] that considered circular and elliptical spaces
was proposed by Robusté et al. [26]. Figliozzi [27] proposed VRP tour length approximations
using six different spatial distributions. His models also considered time windows, demands, and
depot location. The study showed that time windows negatively affected the accuracy of the
models; the time windows increased travel distance not only because the number of routes was
increased but also because the distance between points per route was increased. Cavdar and Sokol
[28] developed approximations where the point distribution was not uniform and random. The
approximation models consisted of a few variables (e.g., the standard deviations of coordinates
and of distances between the point and center in a region). The models were tested with different
spatial distributions, including uniform and triangular distribution. In addition, the models also
performed well for various shapes of a space, such as triangular or polygon district. Mei [29]
incorporated spatial distributions in approximating the tour lengths. The average nearest neighbor
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index was introduced for measuring the dispersion of points; the index utilized the distance
between centroid and each point. As the point distribution changed from dense (e.g., clustered) to
dispersed, the estimates for £ increased linearly. Nicola et al. [31] proposed approximations based
on regression models by adding more variables, such as time windows, vehicle capacities, and
demands. The proposed model was compared with the previous models from Cavdar and Sokol
[28] and from Hindle and Worthington [25].

Guidelines for Using Distance Approximations

Larson and Odoni [7] pointed out that all these expressions could provide a good approximation
if 1) one of the measurements (e.g., width) of space was not much greater than the other
measurement (e.g., length) of a region, and 2) no obstructions or boundaries existed in the region.
Such conditions for a tour’s operating zone were generally called “fairly compact and fairly
convex.” For a rigorous definition for the rule of thumb, numerous measures for both compactness
and convexity had been proposed in the literature. Compactness measures were borrowed from
geometric concepts, such as perimeters, areas, centroids, and vertices [35]. Some measures are as
follows; 1) length-width ratio: the ratio between the length and width of the minimum bounding
rectangle. 2) convex hull: the ratio of the area between the space and minimum bounding convex
hull (i.e., the smallest convex polygon containing all the given points). 3) Polsby-Popper: the ratio
of the area of the space to the squared perimeter of the space. Similarly, convexity measures have
been based on the area or boundary of a space [36]. A boundary-based convexity measure is
computed as the ratio of the perimeter of a space and that of convex hull. An area-based convexity
measure computes the normalized average visible area of a space, divided by the area of the space
[33, 34]. The latter method is slightly more challenging to compute.

Experimental Approach

Experiment Procedures: Point Generations, Heuristics, and Sample Size
1. Point Generation 2. Solution Method 3. Regression
(Iterations) (e.g., Genetic Algorithm) (Beardwood s coefficient B)

. . Avg. Tour Length forn = 2: 1.333
Iteration #1 for n = 49 Avg. Tour Length #1~#1,000: 7.549 Avg. Tour Length forn = 3:  2.019

Avg. Tour Length for n = 50: 7.604

LI | e Avg. Tour Length for n = 49: 7.549
{7 Min Tour Length #1: 7.608

i Ateration #2 for n =49
Jlﬁ;”‘ # . § A ",fu,-;.;ro;‘,ri;n'g;m; 8.244 ' B=1.08568
|..| Meration #1,000forn=49 |l | T | '

Min

8t

TQ'II.If Lye)?'gih. VIQOP 6.795

02f °

Avg. TSP Tour Length

15 10 15 20 25 30 35 40 45 50
Number of Points

Figure 3 Overall Process for Estimating Beardwood's Coefficient
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Except for the theoretical derivations of Beardwood’s coefficients in Table 1, this section shed
light on the derivation of the estimates S from experiments. The experimental method is illustrated
in Figure 3. First, points (i.e., nodes or visited sites) are generated uniformly and randomly in a
unit space whose area is one.. For the point generation, most studies focus on a random and uniform
distribution, while the shape of space is limited to a unit square. Random numbers provided in
recent simulation programs are generated with the congruential algorithm, which has been widely
used in programming to mimic randomness [39]. By generating two random numbers uniformly
distributed in the interval (0,1), the numbers are regarded as a x- and y-coordinate of a point in the
space; each point in the x-y plane with both x and y between 0 and 1 is equally likely to be selected.
Second, a solution method is chosen to compute optimized TSP tour lengths. For every TSP run,
the visited points are regenerated after the TSP solution is obtained. From Table 1, no clear
preference or explanation is apparent from researchers in choosing the solution method.
Furthermore, no consensus exists on the “best” heuristic algorithm for solving the TSP instances,
as shown in Table 2; ranks imply the lowest TSP solution, while percentage differences show the
ratio between the best solution and the solution obtained by the selected heuristic method. This is
done mainly because the results sensitively vary with some parameter values of heuristic methods
and computation time.

In Adewole et al. [40], a simulated annealing (SA) procedure for the optimized TSP tour lengths
ranging from n of 10 to 60 performed better than a genetic algorithm (GA). The GA provided a
good solution if the time was sufficient meaning that a large population size was provided. In
contrast, Damghanijazi and Mazidi [41] showed that the GA performed the best in searching for
the TSP solution for 10- and 59-points, individually; the SA and hill climbing method were the
worst. More comparisons for the performance of heuristic had been carried out by Gupta [42],
Ansari et al. [6], Abdulkarim and Alshammari [43], and Gupta [44]. For a study conducted by
Antosiewicz et al. [45], six well-known metaheuristic algorithms were compared for n values
ranging from 20 to 80. The key idea was to find the best solution method when the computation
time was restricted (e.g., 100 seconds). The authors presented several criteria for performance
(e.g., accuracy, computation time, and standard deviation); however, none of the algorithms
outperformed the others for all the suggested criteria. Third, repeated iterations on a given n are
produced. After the predefined iterations for each n are reached (e.g., 1,000 runs per n values), the
TSP tour lengths for each n value are averaged. Then, the repeated runs move next for n+1. Finally,
the averaged TSP tour length is fitted with OLS regression.
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Table 12 Comparison of Heuristic Algorithms

#of Solution Method
Points | CAe9OTY | Authors Note SA | TS | GA | MA [ BCO [ACO | FA [ Cs | HC [ PSO ] NN | GH | Hs
10 % d'?::rlénce Ade(VZV(?E)Et " 0.10 NIA 1.27 NIA
0 T d'i:::rlénce Gupta (20@ o.lo 0.20 -57.6 -:7 I -:2 -;7 -53.7 I -53.7 NA
10 % d'?f?:rlgnce Darzgohle;r;uza p(?‘iz: :erire]?a[;irzn N?A NA N/lA A N/2A NA N;tA N?A NA
1 % d'i:;?:rlénce Ade(VZ\’(ii)et i 0.10 NIA 25.9 N/A
1’ % d';:?:rlénce An(szaonlg)t * 0.10 NA 5.27 NIA
% I d'?f?:rznce Gupta (013) -1;.4 -13.4 -;2 -76.3 I -45.4 -;2 -22.2 I o.lo I N/A
2 % d'i-\;?:rtnce Ade(VZV((;leZ)Et " 0.10 NIA 5(?.2 NIA
2 % dﬁ:rl;nce AtjAdI: :i:lr_:rr:ai?d Elg?)gzteed A 0.10 A 35.8 83.4 NA
2 % d';?:rtnce An(s;Orllg; * OAlO N/A lﬁ' NA
5 % d'i::enrtnce Ade(vzv((;lez)et " 0.10 NIA I 4.24 I NA
5 % di?:rl;nce An(szaonlg)t * 0.10 NA % NIA
5 % d'i:::rtnce GU(PZE"ZS; " NA 1;.5 N/A O%O NA l%
® I dli:;?:rtnce Gupta (013) 11?.6 152.4 0.31 04.14 1278.4 1(?.3 0.21 o.lo /A
0 % df;?: rl:,nce Gupta _(2013) o?s 0.58 0.35 3.78 2(.53 78.34 0.25 o.lo /A
% % d'i:;?:rtnce /_\n(SZaOnlg)t * 0.10 NA 252.4 NA
4 % d'i::enrl(:nce Ade(\lz\lglz)ﬁ " 0.10 NIA I 3.23 I NA
42 % d';?:rtnce An(s;gllg)t * OAlo NA %' A
%0 % d'?::rtnce Ade(VZVSE)Et ) 0.10 NIA I 322.9 I N/A
%0 % dli??:rtnce Aﬂ(Szﬁoﬂlg)t * 0.10 NA % NIA
50 % d';?:rl;nce Gu(gt(Jaz;; i NIA 3;0 NA 0%0 NA Iﬁ
o d'i:‘;?:rlgnce Gupta (013) 19;.6 2125 4‘.‘0 6(.39 4?5 o?o 1:.%6 o.lo /A
¥ % dli:;?enrtnce Da??ohlil;m N/5A A N/lA A N/2A A N?A N?A NA
80 % d';?:rl;nce Ade(wzfglez)et " OiLo m;ﬁ zjo A
s % d'?;?:rlénce Gu(%?zg; i NA ﬁ' N/A %' NA 3;2
10 % dﬁ:rtnce A?Adlz :]Tr::‘;?d NA 9.23 NA 143.4 0%0 NA
100 % d'i?::rl;nce GU(Z?ZS; " NA %' N/A l%' NA 358

* SA: Simulated Annealing, TS: Tabu Search, GA: Genetic Algorithm, MA: Memetic Algorithm,
BCO: Bee Colony Optimization, ACO: Ant Colony Optimization, FA: Firefly, CS: Cuckoo Search,
HC: Hill Climbing, PSO: Particle Swarm Optimization, NN: Nearest Neighbor, GH: Greedy
Heuristic, HS: Harmony Search, and FA: Firefly

The recommended sample size (i.e., the number of intervals in the 3™ column of Table 2) for
running a regression should exceed 23 according to Green [46]. Green compiled a comprehensive
guide for choosing the minimum sample size as a function of the number of independent variables
and effect size (e.g., a correlation between two variables); the effect size referred to standardized
measures of the size of the mean difference, which generally used in multiple regression analysis.
Many metrics could be used for deriving the effect size, such as Cohen’s d (t distribution) or © ()2
distribution). If the effect size was small, a large number of observations were needed. Sample
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sizes ranged from 23 (large effect size), 53 (medium effect size) and 400 (small effect size).
Alternatively, the number of iterations should be greater or equal to 50 plus 8 multiplied by the
number of estimates (e.g., one n for this case). This guideline for calculating the instance size is
simple and easy to use for a parsimonious model.

Literature with Experimental Approaches

Table 3 summarizes the experiment settings for distance approximations from the literature. Ong
and Huang [14] used 25 iterations for each n value starting from n = 5. In their experiments, the
sample variable of the optimized TSP tour length was shown to fluctuate, as shown in Figure 4.

Table 13 Summary of Studies with Experiments for TSP/VRP Tour Approximation

Authors Number  of | Number of | Increment | Iterations Shape of | Problem
points n intervals for n per n* space type

Ong and Huang (1989) | 5— N/A N/A Irregular 25 Square TSP

[14]

Brunitti et al. (1991) [17] | 50 — 800 5 2x™ 500 — | Square TSP

20,000

Fiechter (1994) [19] 500 —100,000 | 8 Irregular 10-30 Square TSP

Lee and Choi (1994) [20] | 50 — 40,000 14 Irregular 4 —-1,300 Square TSP

Kwon et al. (1995) [21] 10-380 8 10 10 Irregular | TSP

Percus and Martin (1996) | 12 — 100 8 Irregular 5-20 Square TSP

[22]

Johnson et al. (1996) [23] | 100 — 100,000 | 7 V10X™ 2-2,098 Square TSP

Hindle and Worthington | 550 46 1 500 Square TSP

(2004) [25]

Applegate et al. (2011) | 100 — 2,500 13 Partially 10,000 Square TSP

[5] Irregular

Lei et al. (2016) [30] 20-90 8 10 100 Square TSP

Nicola et al. (2019) [31] | 25-1,000 N/A N/A 130 — 400 Square VRP

* Iterations here imply random configurations of point distribution for each n (e.g., Point
generation in Figure 3)

** x implies ‘a factor of”
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Figure 4 Sample Variance of Optimized TSP Tour Lengths by Ong and Huang [14]

Brunetti et al. [17] found TSP solutions for their selected n values, which were 50, 100, 200,
400, and 800. For each n, iterations ranged from 500 to 20,000. Lee and Choi [20] conducted
different iterations for the selected 14 interval of n values, where the values ranged from 50 to
40,000. As few as four iterations were used for large n values (i.e., n = 40,000), while 1,300
iterations were conducted for small n values (i.e., n = 50).

Using the eight intervals of n, Fiechter [19] ran 10 to 30 iterations for each n. Since Kwon et
al. [21] separated training and testing sets for the optimized TSP tour lengths, the number of
instances was smaller than in other studies. For Johnson et al. [23], n ranged from 100 to 100,000

points, increasing by factors of v/10. The exact TSP tour lengths were obtained for n values
between 100 and 316. Then, the number of iterations decreased as n increased. Percus and Martin
[22] derived the TSP instances for the eight n values between 12 and 100; iterations were
conducted between 5 and 12 runs. Unlike other researchers, Hindle and Worthington [25]
conducted the iterations using continuous intervals n.

Applegate et al. [5] ran 10,000 iterations for generating the TSP instances visiting each n values.
In their experiments, an increment of 100 was chosen for n between 100 and 1,000. Beyond n =
1000, the increment of 500 was selected between 1,500 and 2,500 for n values. In Lei et al. [30]
experiments were conducted with 100 iterations for each n ranging from 20 to 90. The number of
iterations for large n increased in Nicola et al. [31]. Since half of the TSP instances were used for
test sets, the unused instances were excluded in Table 3. In brief, the number of iterations per n
was arbitrary. Some researchers suggested descriptive statistics (e.g., mean or standard deviation)
and normality test for the obtained TSP instances [1, 13, 19]. From this, one can better understand
the central tendency and variability of the generated TSP instances. In addition, the instances with
small n values can be compared with those for large n values.

SUMMARY

Most reviewed studies focused on the derivation of asymptotic coefficients for the TSP tour
length; the estimated coefficients were based on a relatively large number of points visited per

185



tour, at least five or more visited points in the 5™ column of Table 1 [14, 21]. However, without
using the approximations estimated with appropriate n values, the approximated distances would
be underestimated. First, this is attributed to a downward trend of the square root form +/n, As
more the optimized TSP instances from large n values are used for fitting a regression, smaller
coefficients would be estimated. Second, a larger increment in intervals (observable in the 4%
column of Table 3) results in a smaller value of the coefficient 5. Since the smaller intervals
produce a larger deviation in the instances (i.e., samples), the estimated £ would decrease. In other
words, regression results with the omitted intervals (i.e., missing samples) of n underestimate the
coefficients due to small mean and large deviation in deriving £. Such a small mean is attributed
to the fact that the TSP tour length increases non-linearly (i.e., with v/n) as n increases. Except for
Hindle and Worthington [25], researchers have used a discrete interval of n as an independent
variable for regression.

In experimental approaches for Beardwood’s coefficients, the number of iterations for
obtaining the optimal TSP tour length significantly varied in the existing studies, as shown in the
5t column of Table 2. Kwon et al. [21], Applegate et al. [5], and Lei et al. [30] used the same runs
across all n values, while others did not present any criteria for the number of iterations (e.g., less
iterations for large n, and vice versa). Therefore, consistent runs would help in providing
descriptive statistics of each n (e.g., mean, median, standard deviation, skewness or kurtosis); the
dataset of the optimum tour lengths can be investigated further, such as by using sample variance
provided in Ong and Huang [14] in Figure 4. In addition, the estimates for § change not only with
the value of n but also with other factors (e.g., the point distribution or shape of space).

Lastly, the VRP and distribution-free approximations may be less flexible than the TSP models
due to the required variables that were often unavailable or known a priori, such as the number of
vehicles, length-to-width ratio, predetermined number of routes, or standard deviations of a point
distribution in space.

Therefore, the approximations providing the estimates for few points would open new research
avenues for analyzing and planning such systems (e.g., paratransit and deliveries by drones or
robots).

POSSIBLE EXTENTIONS
Some potential extensions beyond the existing literature are suggested below.

1. Distance metrics: two types of distance measures can be considered, namely Euclidean and
rectilinear. In Euclidean space, movement directions are unrestricted and, hence, the
shortest air distances apply. In rectilinear space where movements are restricted to two
orthogonal coordinates, as in rectangular grid street networks, travel distances are longer.
For irregular networks distances can be approximated by multiplying Euclidean distances
with appropriately computed circuity factors.

2. Shape of service area: although an exact shape of service area varies with roadway
geometry, the basic shape categories to be considered are square and circular. The
elongations of area can be further investigated by changes in length-to-width ratio.

3. Distribution of points: the effects of concentrations of points n toward a particular direction
(e.g., non-uniform distribution of the points) or in certain clustering patterns may be
explored.

4. Approximations for tour distances with time windows may be developed.
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5. Approximations for tours by vehicles with limited capacity, which may constrain the
sequence of pickups and drop-offs, may be developed.

AUTHOR CONTRIBUTION STATEMENT

The authors confirm contributions to the paper as follows: study conception and design: Y. Choi,
P. Schonfeld; analysis and interpretation of results: Y. Choi, P. Schonfeld; data collection: Y. Choi;
draft manuscript preparation; Y. Choi, P. Schonfeld. All authors reviewed the results and approved
the final version of the manuscript.

ACKNOWLEDGEMENT

The authors thank the University Mobility and Equity Center led by Morgan State University which
partially funded this study.

187



REFERENCES

[1] Chang, S.K. and Schonfeld, P. Optimization Models for Comparing Conventional and
Subscription Bus Feeder Services. Transportation. Science, Volume. 25. No. 4, Nov. pp. 281-298.
1991. https://doi.org/10.1287/trsc.25.4.281

[2] Kim, M. and Schonfeld, P. Integration of Conventional and Flexible Bus Services with Timed
Transfers. Transportation. Research Part B: Methodological, 68B-2, pp. 76-97. 2014.
https://doi.org/10.1016/j.trb.2014.05.017

[3] Choi, Y., Schonfeld, P., Lee. Y., and Shin, H. Innovative Methods for Delivering Fresh Food
to Underserved Populations. Journal of Transportation Engineering, Part A: Systems. 2020.
https://dot.org.10.1061/JTEPBS.0000464

[4] Holguin-Veras, J., and G. R. Patil. Observed Trip Chain Behavior of Commercial Vehicles. In
Transportation Research Record: Journal of the Transportation Research Board, No. 1906, pp. 74—
80. 2005. https://doi.org/10.1177/0361198105190600109

[5] Applegate, D., Bixby, R., Chvatal, V., and Cook, W. The Traveling Salesman Problem: A
Computational Study. Princeton University Press. 2006.

[6] Ansari, S., Basdere, M., Li, X., Ouyang, Y., and Smilowitz, K. Advancements in Continuous
Approximation Models for Logistics and Transportation Systems: 1996-2016. Transportation
Research Part B, 107. 2018. https://doi.org/10.1016/j.trb.2017.09.019

[7] Larson, R., and Odoni, A. Urban Operation Research. Dynamic Ideas. 1981.

[8] Phillip, J. The Probability Distribution of the Distance Between Two Random Points in a Box.
KTH mathematics, Royal Institute of Technology, 2007.

[9] Burgstaller, B and Pillichshammer, F. The Average Distance Between Two Points. Bulletin of
the Australian Mathematical Society, Volume. 80, no. 3, pp. 353-359, 2009.
https://doi.org/10.1017/S0004972712000354

[10] Mahalanobis, P. A Sample Survey of the Acreage under Jute in Bengal. The Indian Journal
of Statistics, Volume. 4, no. 4, pp. 511-530, 1940. https://www.jstor.org/stable/40383954
Accessed Jul. 26. 2020.

[11] Marks, E. A Lower Bound for the Expected Travel Among m Random Points. The Annals
of Mathematical Statistics, Volume. 19, no. 3, pp. 419-422, 1948.
https://www.jstor.org/stable/2235651 Accessed Jul. 26. 2020.

[12] Beardwood, J., Halton, J., and Hammersley, J. The Shortest Path through Many Points.
Mathematical Proceedings of the Cambridge Philosophical Society, vol 55, pp. 299-327, 1959.

[13] Stein, D. M. An Asymptotic Probabilistic Analysis of a Routing Problem. Mathematics of
Operations Research. Vol 3. No. 2. pp. 89-101. 1978. https://www.jstor.org/stable/3689335
Accessed Jul. 26. 2020.

[14] Ong, H. L., H. C. Huang. Asymptotic Expected Performance of Some TSP Heuristics: An
Empirical Evaluation. European Journal of Operational Research 43, 231-238. 1989.
https://doi.org/10.1016/0377-2217(89)90217-8

188


https://doi.org/10.1287/trsc.25.4.281
https://doi.org/10.1016/j.trb.2014.05.017
https://dot.org.10.1061/JTEPBS.0000464
https://doi.org/10.1177/0361198105190600109
https://doi.org/10.1016/j.trb.2017.09.019
https://doi.org/10.1017/S0004972712000354
https://www.jstor.org/stable/40383954
https://www.jstor.org/stable/2235651
https://www.jstor.org/stable/3689335
https://doi.org/10.1016/0377-2217(89)90217-8

[15] Christofides, N., & Eilon, S. (1969a). Expected Distances in Distribution Problems. OR,
20(4), 437-443. http://doi.org/10.2307/3008762

[16] Daganzo, C. The Length of Tour in Zones of Different Shapes. Transportation Research Part
B: Methodology, Volume. 18B, no. 2, pp. 135-145, 1984. https://doi.org/10.1016/0191-
2615(84)90027-4

[17] Brunetti, R., Krauth, W., Mézard, M., and Parisi, G. Extensive Numerical Simulations of
Weighted Matchings: Total Length and Distribution of Links in the Optimal Solution. Europhysics
Letters, Volume. 14, No. 4. 1991. https://doi.org/10.1209/0295-5075/14/4/002

[18] Chien, T. W. Operational Estimators for the Length of a Traveling Salesman Tour. Computers
& Operations Research, 19(6), 469-478. 1992. https://doi.org/10.1016/0305-0548(92)90002-M

[19] Fiechter, C., A Parallel Tabu Search Algorithm for Large Traveling Salesman Problems.
Discrete  Applied Mathematics. 51, 243-267. 1994. https://doi.org/10.1016/0166-
218X(92)00033-I

[20] Lee J., Choi M.Y. Optimization by Multicanonical Annealing and the Traveling-Salesman
Problem. Computer Simulation Studies in Condensed-Matter Physics VII. Volume. 78. pp. 193-
198. Springer, 1994.

[21] Kwon, O., Golden, B., and Wasil, E. Estimating the Length of the Optimal TSP Tour: An
Empirical Study Using Regression and Neural Networks. Computers & Operations Research,
22(10), pp. 1039-1046. 1995. https://doi.org/10.1016/0305-0548(94)00093-N

[22] Percus, A., and Martin, O. Finite size and dimensional dependence in the Euclidean traveling
salesman problem, Physical. Review. Letter. 76. 1996. 1188-1191.
https://doi.org/10.1103/PhysRevLett.76.1188

[23] Johnson, D., McGeoch, L., and Rothberg, E. Asymptotic Experimental Analysis for the Held-
Karp Traveling Salesman Bound. Proceedings of the 7th Annual ACM-SIAM Symposium on
Discrete Algorithms. 1996, 341-350

[24] Finch, S. Mathematical Constants. Cambridge University Press, Cambridge. 2003.

[25] Hindle A, Worthington D. Models to Estimate Average Route Lengths in Different
Geographical Environments, Journal of the Operational Research Society, 2004.
https://doi.org/10.1057/palgrave.jors.2601751

[26] Robusté, F., Estrada, M., and Lopez-Pita, A. Formulas for Estimating Average Distance
Traveled in Vehicle Routing Problems in Elliptic Zones. Transportation Research Record: Journal
of the Transportation Research Board, No. 1873, pp. 64-69. 2004. https://doi.org/10.3141/1873-
08

[27] Figliozzi, M, Planning Approximations to the Average Length of Vehicle Routing Problems
with Varying Customer Demands and Routing Constraints, Transportation Research Record:
Journal of the Transportation Research Board, No. 2089, pp. 1-8.  2008.
https://doi.org/%2010.3141/2089-01

189


http://doi.org/10.2307/3008762
https://doi.org/10.1016/0191-2615(84)90027-4
https://doi.org/10.1016/0191-2615(84)90027-4
https://doi.org/10.1209/0295-5075/14/4/002
https://doi.org/10.1016/0305-0548(92)90002-M
https://doi.org/10.1016/0166-218X(92)00033-I
https://doi.org/10.1016/0166-218X(92)00033-I
https://doi.org/10.1016/0305-0548(94)00093-N
https://doi.org/10.1103/PhysRevLett.76.1188
https://doi.org/10.1057/palgrave.jors.2601751
https://doi.org/10.3141/1873-08
https://doi.org/10.3141/1873-08
https://doi.org/%2010.3141/2089-01

[28] Cavdar, B., and Sokol, J. A Distribution-free TSP Tour Length Estimation Model for Random
Graphs, Volume. 243, no. 2, pp. 588-598, 2015. https://doi.org/10.1016/j.ejor.2014.12.020

[29] Mei, X. Approximating the Length of Vehicle Routing Problem Solutions Using
Complementary Spatial Information. George Mason University. 2005.
http://mars.gmu.edu/handle/1920/9623 Accessed Jul. 26. 2020.

[30] Lei, H., Laporte, G., Liu, Y., and Zhang, T. Dynamic Design of Sales Territories. Computers
& Operations Research VVolume 56, pp. 84-92. 2015. http://dx.doi.org/10.1016/j.cor.2014.11.008

[31] Nicola, D., Vetschera, R., and Dragomir, A. Total Distance Approximations for routing
solutions, Computers and Operations Research  102. pp. 67-74. 20109.
https://doi.org/10.1016/j.cor.2018.10.008

[32] Franceschetti, A., Jabali, O. & Laporte, G. Continuous Approximation Models in Freight
Distribution Management. TOP 25, pp. 413-433. 2017. https://doi.org/10.1007/s11750-017-
0456-1

[33] Arlotto, A., and Steele, M. Beardwood-Halton—-Hammersley Theorem for Stationary Ergodic
Sequences: a Counterexample. The Annals of Applied Probability. Volume. 26, No. 4, pp. 2141-
2168. 2016. https://doi.org/10.1214/15-AAP1142

[34] Kumar, S., and Panneerselvam, R. A Survey on the Vehicle Routing Problem and Its Variants.
Intelligent  Information  Management, Volume. 4. No. 3. pp. 66-74. 2012
http://dx.doi.org/10.4236/iim.2012.43010

[35] Kaufman, A., King, G., Komisarchik, M. How to Measure Legislative District Compactness
If You Only Know it When You See it. American Journal of Political Science. 2017

[36] Zunic, J., and Rosin, P. A New Convexity Measure for Polygons, IEEE Transactions on
Pattern Analysis and Machine Intelligence. VVolume. 26, No. 7, 2004.

[37] Stern, H. Polygonal Entropy: A Convexity Measure. Pattern Recognition Letters, Volume.
10, pp. 229-235, 1989. https://doi.org/10.1016/0167-8655(89)90093-7

[38] Rote, G., The Degree of Convexity, EuroCG 2013, Braunschweig, Germany, 2013.

[39] Moler, C. Numerical Computing with MATLAB. Society for Industrial and Applied
Mathematics. 2008.

[40] Adewole. A., Otubamowo, K., Egunjobi, T. A Comparative Study of Simulated Annealing
and Genetic Algorithm for Solving the Travelling Salesman Problem. International Journal of
Applied Information Systems. VVolume. 4. No.4, 2012.

[41] Damghanijazi, E., and Mazidi, A. Meta-Heuristic Approaches for Solving Travelling
Salesman Problem, International Journal of Advanced Research in Computer Science, Volume. 8
No. 5. 2017.

[42] Gupta, D. Solving TSP Using Various Meta-Heuristic Algorithms, International Journal of
Recent Contributions from Engineering, Science & IT. Vol 1, No 2. 2013.

190


https://doi.org/10.1016/j.ejor.2014.12.020
http://mars.gmu.edu/handle/1920/9623
http://dx.doi.org/10.1016/j.cor.2014.11.008
https://doi.org/10.1016/j.cor.2018.10.008
https://doi.org/10.1007/s11750-017-0456-1
https://doi.org/10.1007/s11750-017-0456-1
https://doi.org/10.1214/15-AAP1142
http://dx.doi.org/10.4236/iim.2012.43010
https://doi.org/10.1016/0167-8655(89)90093-7

[43] Abdulkarim, H., and Alshammari, I. Comparison of Algorithms for Solving Traveling
Salesman Problem, International Journal of Engineering and Advanced Technology, Volume. 4.
Issue. 6, 2015

[44] Gupta, S., Rana, A., and Kansal, V. Comparison of Heuristic Techniques: A case of TSP. 10th
International Conference on Cloud Computing, Data Science & Engineering. 2020.
https://doi.org/10.1109/Confluence47617.2020.9058211

[45] Antosiewicz, M., Koloch, G., and Kaminski, B. Choice of Best Possible Metaheuristic
Algorithm for the Travelling Salesman Problem with Limited Computational Time: Quality,
Uncertainty and Speed. Journal of Theoretical and Applied Computer Science Volume. 7, No. 1,
pp. 46-55. 2013

[46] Green, S.. How Many Subjects Does It Take To Do A Regression Analysis. Multivariate
Behavioral Research, Volume. 26, pp. 499-510. 1991.
https://doi.org/10.1207/s15327906mbr2603 7

191


https://doi.org/10.1109/Confluence47617.2020.9058211
https://doi.org/10.1207/s15327906mbr2603_7

Appendix 8 - Liu, J., Schonfeld, P., Zhan, S., Peng, Q. and Yong, Y. “The Value of
Reserve Capacity Considering the Reliability and Robustness of a Rail Transit
Network,” submitted to Reliability Eng. & System Safety, Oct. 2020

The value of reserve capacity considering the reliability and

robustness of a rail transit network

Jie Liu®P; Paul M. Schonfeld”*; Shuguang Zhan?; Qiyuan Peng?; Yong Yin®"

2School of Transportation and Logistics, Southwest Jiaotong University, National United Engineering
Laboratory of Integrated and Intelligent Transportation, National Engineering Laboratory of Integrated
Transportation Big Data Application Technology, Chengdu 610031, Sichuan, China.

b Department of Civil and Environmental Engineering, University of Maryland, College Park, MD 20742,
USA

* Corresponding author: Paul M. Schonfeld, E-mail addresses: pschon@umd.edu; Yong Yin, E-mail

addresses: yinyong@swijtu.edu.cn

Abstract

A model is proposed for estimating the value of reserve capacity in a rail transit network (RTN),
which consists of (1) the reduction in the passengers’ total generalized travel cost (GTC) in
normal operations, (2) the value of reliability enhancement in normal operations, and (3) the
value of robustness enhancement due to reserve capacity when disturbances occur. The
passengers’ GTC equals the fare and monetary value of passengers’ perceived travel time (PTT),
which considers the seat availability, crowding in trains as well as transfer times. The perceived
buffer time (PBT), which is the difference between the 95th and the average PTT, represents the
extra PTT needed for arriving at the destination station reliably. The value of reliability
enhancement is the monetary value of decreased PBT with and without reserve capacity when

the RTN operates normally. The value of robustness enhancement is the difference in the
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passengers’ total GTC with and without reserve capacity when disturbances occur. The net value
of the reserve capacity equals its value minus its cost. A model for optimizing reserve capacity to
maximize net value is developed and solved with a Quantum Genetic Algorithm (QGA). A case
study of Chengdu’s RTN shows that the proposed model and method are practical and effective
for estimating the value of reserve capacity and optimizing it. This can guide policy makers and
operators in quantifying the value of reliability and robustness when expanding an RTN’s

capacity.

Keywords: Rail transit network; Reserve capacity; Net value; Network reliability; Network

robustness;
1. Introduction

Due to their advantages of environmental protection, large capacity and high speed, rail
transit networks (RTNSs) have expanded rapidly in cities (Litman, 2015). With rapid urban
development, passengers expect high-quality service in rail transit (Beirdo and Cabral, 2007).
However, disturbances often occur in rail transit for various reasons, such as technical and
mechanical failures, man-made damages or natural disasters. Those disturbances cause
passengers to experience reduced travel comfort, increased travel time, travel cost and travel

time uncertainty, and thus decrease the passenger service quality.

The robustness of an RTN is the network’s ability to withstand disturbances without a
significant reduction in system performance (Cats and Jenelius, 2015). A network is robust when
it reacts well to disturbances (De-Los-Santos et al. 2012), and it is reliable when it can transport
passengers to their destination within a certain time (Bell and Cassir, 2000). The reliability and
robustness of an RTN are important manifestations of transportation performance and service
quality, which play significant roles in transportation planning and policymaking. Therefore,
investments in an RTN should aim at improving the reliability and robustness of the
transportation networks, rather than just reducing the passengers’ travel time and cost (Mackie et
al. 2014). Investment analyses should evaluate and quantify the value of reliability and
robustness enhancement according to the U.S. Department of Homeland Security (U.S. DHS.,
2010) and related studies (Jeekel, 2010 and Cats, 2016).
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Reserve capacity is an investment in an RTN network, which not only increases the
possibility of transporting passengers to their destination reliably when the network operates
normally, but also enhance the network’s ability to withstand disturbances. Thus, the reserve
capacity of an RTN can improve its reliability and robustness (Jeekel, 2010, Cats, 2016, Cats and
Jenelius, 2015). However, the value of reliability and robustness enhancement due to reserve
capacity has not been both evaluated when measuring the value of reserve capacity on an RTN.
It reduces the accuracy and reasonableness of decisions to provide reserve capacity for an RTN
network. Therefore, this paper considers the values of RTN reliability and robustness in
estimating the reserve capacity value for an RTN. Then, a model for maximizing the net value of
reserve capacity for an RTN is proposed here for the first time and solved with a Quantum
Genetic Algorithm (QGA). The proposed model and QGA can be applied practically in

determining the reserve capacity that maximizes the net value.

The remainder of this paper is organized as follows: the research on the travel time
reliability and robustness of transportation networks is reviewed in section 2. The methodology
in section 3 presents (a) the framework for evaluating the value and net value of reserve capacity,
(b) the models for measuring the value and net value of reserve capacity and (c) the model for
maximizing the net value of reserve capacity. The application of QGA to solve the net value
maximization model is presented in section 4. The proposed model and method are applied to

Chengdu’s RTN in section 5. Finally, the conclusions of the study are discussed in section 6.

2. Literature review

2.1 The travel time reliability of transportation networks

Many studies analyzed the reliability of a transportation network based on travel time
reliability (Carrion and Levinson, 2012). Various proposed metrics that measure the travel time
reliability on transportation networks are shown in Table 1. The buffer time index was widely
used for measuring travel time reliability, since it not only measured the travel time reliability,
but also guided passengers to allow additional travel time for reliably reaching their destinations.
For example, the travel time reliability on the London Underground was evaluated with the

buffer time index according to the passengers’ trip time obtained from Automatic Fare
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Collection data (Uniman et al. 2010). The buffer time index for London bus routes was evaluated

using Automatic Vehicle Location data (Ehrlich, 2010). The design criteria for the travel time

reliability metric from the passengers’ perspective was proposed by Wood (2015) and she noted

that the buffer time index satisfies the criteria for measuring travel time reliability.

Table 1 Indicators for measuring the travel time reliability of transportation networks

Indicators

Description

Coefficient of variation
(Pu, 2011)

The ratio of the standard deviation to the mean.

Skewness of travel time
(Van Lint, et al. 2008)

The ratio of the difference between 90th percentile
trip time and 50th percentile trip time to the difference
between 50th percentile trip time and 10th percentile trip
time.

90th or 95th percentile trip
time (Lomax and Margiotta, 2003)

90th or 95th percentile trip time used as the reliable
travel time

Buffer time (Furth and
Muller, 2006)

The difference between the average travel time and
95th percentile travel time.

Buffer time index (Furth
and Muller, 2006)

The buffer time as a percentage of the average travel
time.

On-time arrival (Lo, et al.
2006)

The probability that a trip arrives within the travel
time budget.

Travel time unreliability
(Lomax and Margiotta, 2003)

The fraction of late arriving trips

Total travel time budget
(Lo, et al. 2006)

The minimum travel time threshold that satisfies a
certain reliability requirement is given by decision-makers at
a certain confidence level.

Mean-excess total travel
time (Xu, et al. 2014)

The conditional expectation of travel times exceeding
the corresponding total travel time budget at a given
confidence level.

Although many researchers were attracted to work on measuring travel time reliability, only

a small part of them measured the value of travel time reliability. The value of time reliability

was evaluated with different methods, such as experimental design, theoretical analysis and

travel time estimation (Carrion and Levinson, 2012). Different models were proposed to measure

the value of time reliability. For example, Nam et al. (2005) expressed the value of reliability on

a road network in terms of standard deviation and maximum delay. Hensher et al. (2011)

measured the value of expected travel time savings with Multinomial and Nested Logit models.

The results showed that the value of expected travel time savings considering time reliability was

much higher than that without considering reliability. Some analytical models for measuring the
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value of time and value of time reliability were constructed based on the utility maximization
principle (Borjesson et al. 2012 & Uchida, 2014). Although measuring the value of travel time
reliability on a transportation network has received increasing attention, most studies focused on
the value of road network reliability. A few studies have measured the value of travel time
reliability on an RTN. In recent years, researchers have started to consider passengers’ trip
details (the crowding in vehicles, seat availability as well as transfer times) when estimating the
travel time reliability and its value. These details were reflected in the passengers’ perceived
travel time (PTT) which was used by Jenelius (2018) to measure the transportation network

reliability.

2.2 The robustness of transportation networks

Many studies on the robustness of transportation networks focused on constructing
indicators for measuring topological characteristics of networks and analyzing the effects of
physical links degradation on network connectivity. The indicators included the number of cyclic
paths in the network (Derrible and Kennedy, 2010), the mean of the reciprocal of the shortest
distances among all nodes and the proportion of connected nodes in the largest connected
subgraph before and after the network was damaged (Yang et al. 2015). Researchers investigated
the impact of random interruptions and intentional attacks on the robustness of urban rail transit
networks (Derrible and Kennedy, 2010 & Zhang et al. 2011), public transportation networks
(Rodriguez-Nunez and Garcia-Palomares, 2014) and an air transportation network (Lordan et al.
2014). The results showed, unsurprisingly, that intentional attacks had a greater negative impact
on transportation networks than random interruptions. The critical links or nodes in the network
were identified according to the network performance reduction due to the failure of links or
nodes (Lordan and Albareda-Sambola 2019 & Barker, et al. 2013).

The robustness indicators proposed based on topologies of networks could be applied to a
wide range of transportation networks. However, these indicators could not measure the service
quality changes in transportation networks, such as congestion of the network, passengers’
transfer times and travel comfort. Therefore, traffic demand and transportation supply were
considered in studying the robustness of a transportation network (Mattsson and Jenelius, 2015).

Nagurney and Qiang (2007) analyzed the robustness of a road network when the capacities of
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links decrease by utilizing Bureau of Public Road link travel cost functions and a network
efficiency measure. Muriel-Villegas et al. (2016) considered traffic flows and capacity when
deriving the vulnerability and connectivity reliability of inter-urban transportation systems under
network disruptions. Sullivan et al. (2010) identified the critical links of a road network with
link-based capacity-disruption values and quantified the network robustness of a road network.
They found that the relations among network robustness, the capacity-disruption level and
network connectivity were non-linear. Faturechi et al. (2014) proposed a stochastic integer model
to assess and maximize the resilience of an airport’s runway and taxiway network under different
potential damage scenarios, which aimed at quickly restoring post-event takeoff and landing

capacities.

The studies on measuring the robustness of transportation networks were much more than
measuring its value. Cats (2016) estimated the robustness value of public transportation
development plan based on the passengers’ travel time loss. The result showed that neglecting
the robustness value resulted in the underestimation of the benefits of plans. Jenelius and Cats
(2015) assessed the value of new links for the robustness of a rail-based public transportation
network in Stockholm, Sweden in terms of passenger welfare under disruptions. Cats and
Jenelius (2015) also estimated the value of reserve capacity for alternative links on the public
transportation network in Stockholm, which aimed at mitigating the impact of disruptions. They
used the hypothesized traffic disturbances rather than actual disturbances data to measure the
value of network robustness enhancement. Finally, they suggested that the costs of providing
reserve capacity and constructing new links, which are not estimated in their study, should be

considered when measuring the value of network robustness.

2.3 Literature review summary

Many valuable studies have been done on measuring the reliability and robustness of
transportation networks. While some models and methods have been proposed separately for
estimating the value of the reliability and robustness of road networks, only a few articles have
measured the value of reliability or robustness for RTNs. Although some studies (U.S. DHS.,
2010; Jeekel, 2010; Cats, 2016) suggest that estimating the value of an investment should

consider the value of reliability and robustness enhancement, no studies are found that estimate
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the value of reserve capacity which is an investment in an RTN while considering the values of
both network reliability and network robustness. In addition, no model has been found for
maximizing the net value of reserve capacity while considering the value of network reliability

and network robustness.

3 Methodology

3.1 Framework for estimating the value and net value of reserve capacity

The value of reserve capacity on an RTN considering the values of reliability and

robustness is estimated from both the passengers’ perspective and the operator’s perspective.

Passengers pay attention to the reliability of the RTN, travel time, travel comfort and fare
when the RTN operates normally. The travel time, travel comfort (crowding in the vehicle and
seat availability) and fare can be comprehensively measured by the passengers’ generalized
travel cost (GTC), which equals fare and the monetary value of the perceived travel time (PTT).
A trip’s PTT is the sum of the weighted time components and increased PTT due to transfers. In
Jenelius (2018), the travel reliability is measured with perceived buffer time (PBT) which equals
the 95" percentile PTT minus the average PTT, since it represents the extra PTT needed for

arriving at the destination station with 95% on-time arrival probability.

Operators are mainly concerned with the robustness of an RTN when disturbances occur and
with the cost of providing reserve capacity. The RTN’s robustness is its ability to withstand
disturbances without a significant reduction in system performance. The system performance
here is measured by the passengers’ total GTC and an RTN’s robustness is measured by the

difference in system performance with and without disturbances.

Reserve capacity reduces the passengers’ GTC and PBT (i.e., improves travel time
reliability) when the network operates normally. Reserve capacity also enhances the RTN’s
ability to withstand disturbances (i.e., enhances robustness) when disturbances occur. Therefore,
the value of reserve capacity consists of three parts: (1) reduction in passengers’ total GTC
compared with no reserve capacity when the RTN operates normally; (2) the value of reliability

enhancement, which is the decrease in the monetary cost of PBT compared with no reserve
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capacity when the RTN operates normally; (3) the value of robustness enhancement, which is the
reduction in passengers’ total GTC compared with no reserve capacity when disturbances occur
(Cats and Jenelius, 2015). The cost of providing reserve capacity consists of the maintenance
cost, depreciation fee, electricity cost and labor cost. The net value of reserve capacity is the
value of reserve capacity minus its cost. The value and net value of reserve capacity are

estimated in four steps, as shown in Fig.1:
Step 1: The data are prepared for the estimation.

Step 2: The passengers’ GTC and PTT are estimated by applying a stochastic user
equilibrium model (Liu et al. 2009) to assign passenger OD trips on the RTN.

Step 3: The value of reserve capacity is converted into monetary terms from the passengers’

and operator’s perspectives.

Step 4: The net value of reserve capacity is estimated.
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Fig. 1 The framework for estimating the value and net value of reserve capacity.

3.2 Assumptions and notations

Some basic assumptions are made for estimating the value and net value of reserve

capacity:

Al. The direct impacts of disturbances in an RTN can be examined in train operations, i.e.

in train cancellations and delays. The train delays may cause subsequent train cancellations. To
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reduce the number of disturbance scenarios, train delays are converted into train cancellations.
The quotient of the delay time divided by headway of the line on which it occurs is rounded to

estimate the number of canceled trains due to a train delay.

A2. Due to the disturbances, some passengers may not able to board any train. Those
passengers may transfer to other transportation modes (bus and taxi) or abandon their trips to
avoid long waits for trains. Their GTC is assumed to be the maximum GTC of passengers who

can travel on the RTN.

A3. New passengers attracted by reserve capacity are not considered. Thus, the passenger
OD trips distribution with and without the reserve capacity remains the same.

A4. The probabilities of disturbances occurring on each line are independent.

The notations used in the model formulation are listed in Table 2.

Table 2 Notation used in the model formulation.

Set Definition
E Set of links.
N Set of stations.
L Set of rail transit lines
Y Set of disturbances during the analysis period.
Z Set of trains running on the RTN during the analysis period.
Zy Set of canceled trains due to disturbance y during the analysis period.
pod Set of travel paths from station o to station d.
Element Definition
i Rail transit line i,i € L.
oand d Origin station o and destination station d, o,d € N.
y Disturbance y, y € Y.
k Path k from station o to station d, k € P°¢ .
Parameters Definition
B1, B2, B3 and | Value of time weights for waiting time, walking time, in-vehicle time and
Ba transfer times, respectively.
a Value of time parameter (¥/hour).
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Maintenance cost per vehicle-hour, maintenance cost per vehicle-kilometer,

Han Ha Hai depreciation fee per vehicle-hour, electricity cost per vehicle-kilometer and labor
Has and fs, cost per vehicle-hour, respectively, for trains on line i (¥).
Variables Definition
b Total number of lines on an RTN.
Bs, Net value of reserve capacity §; , during the analysis period (¥).
BY4 PBT from station o to station d on path k (hours).

B2%(0,0) and

PBTs from station o to station d on path k without and with reserve capacity

B24(0,6;,) d; x, respectively, during normal operations (hours).
Cs, Cost of providing reserve capacity 6; , during the analysis period (¥).
C. A specified cost (¥).
€2%4(0,0) and | GTC for passenger n from station o to station d on path k without and with
C;;f}( (0, 5i,x) reserve capacity &; ., respectively, when the RTN operates normally (¥).

C2%(y,0) and

Cr?,llic (y' 5i,x)

GTC for passenger n from station o to station d on path k without and with

reserve capacity J; ., respectively, when the disturbance y occurs (¥).

C,‘{f,i GTC for passenger n traveling from station o to station d on path k (¥).
od Passenger n’s fare from station o to station d on path k (¥).
h; Minimum safe headway of line i (hour).
Ly A train’s running distance on line i during 7 hours (kilometers).
myans Passenger n’s transfer times on path k.
n; Number of cars per train on line i.
T,‘L’,ﬁ PTT for passenger n from station o to station d on path k (hours).

T245 and T4

95" percentile PTT and the mean of PTT, respectively, from station o to station
d on path k (hours).

wait j;walk
thk o tng . and

in
tn,k

Passenger n’s waiting time, walking time and in-vehicle time on path k (hours).

Verc(0,6ix)

Value of reserve capacity §; , to reduce passengers’ total GTC during the

analysis period when the RTN operates normally (¥).

Vrel(o' 5i,x)

Value of reserve capacity §; , for reliability enhancement during the analysis

period when the RTN operates normally (¥).
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Value of reserve capacity §; , for robustness enhancement during the analysis
Vrob (y' 6i,x) . .
period when the disturbance y occurs (¥).
V(0,68;,)and | Value of reserve capacity §; , during the analysis period when the RTN operates
V(Y, 5i,x) normally and disturbances occur, respectively (¥).
Vs, . Value of reserve capacity §; , during the analysis period (¥).
Passenger trips from station o to station d during the analysis period (trips per
Voa
hour).
Passenger trips from station o to station d on path k during the analysis period
3 .
(trips per hour).
z; Actual train frequency on line i during the analysis period.
i x Providing x reserve trains on line i during the analysis period.
T Duration of the analysis period (hours).
p Probability that the RTN operates normally (%).
Decision o
) Definition
variables
A binary variable. If line i is chosen to provide reserve capacity, then a; = 1,
a.
' otherwise a; = 0.
X The number of reserve trains on line i, which is a natural number.

3.3 RTN, disturbances and reserve capacity

An RTN is represented here as a directed and weighted graph G = (N, E). N and E
represent the station collection and link collection, respectively, on the RTN. The set of rail
transit lines on the RTN is represented L. The set of trains running on the RTN is represented as

Z during the analysis period.

Disturbances that cause train cancellations and train delays are considered in estimating the
value of reserve capacity. A set of disturbances during the analysis period in the RTN is
represented as Y. Z,,, Z,, € Z is the set of canceled trains due to disturbance y,y € Y during the

analysis period.
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The reserve capacity on an RTN network is realized by providing reserve trains on lines.
The reserve capacity for line i,i € L is represented by §; ,, which means x reserve trains are

provided on line i during the analysis period.
3.4 GTC and PBT estimation

Passengers’ trip time is separated into walking time (access, egress and transfer walking
time), waiting time (waiting time at the origin and transfer stations) and in-vehicle time. Each
time component has its own value and weights (Todd 2008). Studies show that the time
components are perceived differently by passengers, e.g. waiting time has a much higher
perceived value compared with in-vehicle time when the vehicle is not crowded. The crowding
in vehicles, seat availability and transfer times affect passengers’ PTT (Bruzelius, 1981). The
passengers’ PTT on a path is the sum of the weighted time components and increased PTT due to

transfers in the trip. The PTT for passenger n from station o to station d on path k represented as

T2% is computed with Eq. (1):

Tr?,% =By t;/z\,lleclit + B, tr‘{\,llacﬂk + B3 - trizr,lk + By - mprAns 1)
where ¢ait, gwalk 0 and m{rans are passenger n’s waiting time, walking time, in-vehicle time
and transfer times on path k. ;, B,, B and B, are weights for waiting time, walking time, in-
vehicle time and transfer times, respectively. The values of the weights for trip time components
are introduced in section 5.1. 5 is special, since it is related to seat availability and crowding in
trains. The load factor, which is the ratio of passenger trips to the number of seats on a train, is
used to indicate the crowding in the train. The values of g5 at different load factors when sitting

or standing are shown in Table 7.

The passengers’ GTC is the sum of the fare and the monetary value of passenger’s PTT,

which is estimated with Eqg. (2):
Cok = fioke + @ Tk 2
where % and f£,°¢ are passenger n’s GTC and fare for traveling from station o to station d on

path k. a is the value of time parameter related to the passengers’ income (Litman, 2008) that

converts the passenger’s PTT into money.

The PBT is the difference between the 95th and the average PTT:
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B = Tigss — Tt ©)

where B4, T35 and T2% are the PBT, 95" percentile PTT and average of PTT, respectively,

from station o to station d on path k.

3.5 The value and net value of reserve capacity
3.5.1 The value of reserve capacity from the passengers’ perspective
(1) Reducing the passengers’ total GTC during normal network operations

Reserve capacity reduces the passengers’ total GTC when the network operates normally.

The reduction in passengers’ total GTC is estimated with Eq. (4):
VGTC(OJ 6i,x) = ZOEN ZdEN,OId ZkeP"d 2nev,“,{’d Cr(l),clic(o:o) - Cg,clic(o' 6i,x) (4)

where VGTC(O, 6i,x) is the reduction in passengers’ total GTC with reserve capacity 6; , during
the analysis period when the RTN operates normally. P° is the set of travel paths from station o
to station d. C2%(0,0) and C2%(0, 5, , ) are estimated with Eqgs.1 and 2, which are passenger n’s
GTC from station o to station d on path k without and with reserve capacity, respectively, when

the RTN operates normally.
(2) Enhancing the RTN reliability during normal network operations

The value of reliability enhancement is the monetary value converted from decreased PBT

when the RTN operates normally, which is estimated with Eq. (5):

Vrel(O' Si,x) = Yoen ZdEN,oid Ykepod v}c{)d ' (Bltc)d(ofo) - Blgd(or 5i,x)) a ®)

where Vrel(O, 51-,,6) is the value of reserve capacity d; , for reliability enhancement during the
analysis period when the RTN operates normally. B2#(0,0) and B24(0, 5, ,,) are estimated with
Egs.1 and 3, which are PBTs from station o to station d on path k without and with reserve
capacity 6if:x, respectively, when the RTN operates normally. v2® is the passenger trips from

station o to station d on path k during the analysis period.
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3.5.2 The value and cost of providing reserve capacity from the operator’s perspective
(1) Enhancing the robustness of the RTN when disturbances occur

The value of robustness enhancement is the passengers’ total GTC with reserve capacity minus
the passengers’ total GTC without reserve capacity when disturbances occur, which is estimated
with Eq. (6):

Viob (y' 5i,x) = YoeN ZdeN,o:&d Ykepod Znev,‘()d Cr?,clic 7, 0) — Cr?,(lic (3’: 5i,x) (6)

where V;op (1, 8; ) is the value of reserve capacity §; , for enhancing the RTN’s robustness
during the analysis period when the disturbance y occurs. C,‘;_‘,i(y, 0) and C,‘l’"f((y, 6i,x) are

estimated with Egs.1 and 2, which are passenger n’s GTC from station o to station d on path k

without and with reserve capacity, respectively, when the disturbance y occurs.

(2) The cost of providing reserve capacity

The cost of providing reserve capacity includes the maintenance cost for reserve trains,
reserve trains depreciation, electricity cost for reserve trains operation and labor cost for

operating reserve trains, which is thus expressed as Eq. (7):
Csp, =% "1 [ T+t Loy + sy T4 oy Loy + ps - T (7)

where Cs, is the cost of proving reserve capacity §; , during the analysis period. n; is the

number of cars per train on line i. T denotes the analysis period duration in hours. u; ; and u, ;
are maintenance cost per vehicle-hour and maintenance cost per vehicle-kilometer, respectively,
for trains on line i. us3; 4 ; and us; are depreciation fee per vehicle-hour, electricity cost per
vehicle-kilometer and labor cost per vehicle-hour, respectively, for trains on line i. [ ; is a train’s

running distance on line i during the analysis period.

3.5.3 The value and net value of reserve capacity
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The value of reserve capacity is estimated with Eg. (8) when an RTN operates normally and
with Eq. (9) when disturbances occur. The value of reserve capacity considering probabilities of

normal operation and disturbances occurrence is estimated with Eq (10).

V(0,8:x) = Vorc(0,8ix) + Veer(0, i x) (8)
V(Y: 6i,x) = Zer Viob (y: 6i,x) 9)
Vs, =V(0,8:%) p+V(Y,8:) (1—p) (10)

where V(0,8;,) and V (Y, &; ) are the value of reserve capacity &; . during the analysis period
when the RTN operates normally and disturbances occur, respectively. p is the probability that

the RTN operates normally. Vs, . is the value of reserve capacity §; , during the analysis period.

The net value of reserve capacity 6; , equals the value minus the cost of providing reserve

capacity, which is estimated with Eq. (11):
B5i,x = V5i,x - Cai,x (ll)

where Bs, is the net value of reserve capacity §; , during the analysis period.

3.6 Maximizing the net value of reserve capacity for the RTN

To obtain optimal reserve capacity for the RTN, a model that maximizes the net value of
reserve capacity is developed and shown in relations (12) to (17).

maximize Yey Dier @i * Bs,,, (12)
subject to:
a; € {0,1} (13)
0<aq;<b (14)
x=a;-x,x €EN (15)
OSxS(hii—zi)-T,xEN (16)

207



2iera; " Cs,,, < C. (17)

where a; is a binary decision variable. If line i is chosen to provide reserve capacity, then a; =

1; otherwise a; = 0. Constraint (14) limits that the lines chosen to provide reserve capacity is
between 0 and the total number of lines b. x is a decision variable which means the number of
reserve trains on the line i during the analysis period. Constraint (15) specifies that if line i is
chosen to have reserve capacity, then X reserve trains will be provided for it. Otherwise, the
number of reserve trains on the line i is 0. Constraint (16) specifies that the number of reserve
trains on line i during the analysis period is limited by the maximum safe frequency and actual
train frequency on line i. h; and z; are the minimum safe headway and actual frequency on line i,
respectively, during the analysis period. 7 is the analysis period duration in hours. Constraint (17)

specifies that the cost of providing reserve capacity cannot exceed a specified C..

4 Solution Procedure

Passenger trips are assigned on the RTN to determine passenger flows on links, load factors
on links, and passengers’ route choices. Then, passengers’ GTC and PBT are estimated to
estimate the value and net value of reserve capacity. The model developed to maximize the net
value of reserve capacity in section 3 is a Nonlinear Integer Programming model, which is
difficult to solve. The Quantum genetic algorithm (QGA) is used here to solve the optimization
model due to its fast convergence, as well as its global and local search capabilities, which are
stronger than a standard genetic algorithm’s (SGA). QGA improves the convergence speed and
search capability by adopting the coding mechanism of a Quantum probability vector and the
crossover operator from SGA, as well as an update strategy from quantum computation (Lee et
al. 2011).

4.1 Net value estimation for reserve capacity

Passenger trips are assigned to the RTN with a stochastic user equilibrium assignment
model during the analysis period, which is solved by the method of successive weighted

averages (Liu et al. 2009).
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4.1.1 The method of successive weighted averages

The steps of applying the method of successive weighted averages to solve the stochastic

user equilibrium assignment model are as follows:

Step 1: Set the iteration’s number h = 1, the algorithm variable y, = 1, the algorithm
parameter d > 0, and the stop iteration criterion €. The travel paths sets between OD pairs are
determined using Yen's algorithm. The GTCs of paths in travel path sets are computed without

considering passenger flow.

Step 2: Assign passenger OD trips to the URT network with the Logit model according to
the GTCs of travel paths to compute passenger flow on each link, which is represented
as f',ve € E.

Step 3: Compute the GTCs of travel paths according to the passenger flow on links
fI, Ve € E. The passenger trips are assigned to the RTN again with the Logit model according

to the GTCs of travel paths. The passenger flows on each link z?, Ve € E is re-computed.

Step4: Leth=h+ 1,1, = h* and ), = y,_, + 75,. Passenger flow on each link is
updated with the Eq. (18):

ft = f 4 on - (28 = £ (18)

\/(feh+1 _ feh)z

Step 5: Convergence judgment. If n < &, then stop iteration and

ZeEE fe

11 is passenger flow after passenger trip assignment; otherwise, go to step 3.

4.1.2 Passengers’ GTC and PBT estimation

After traffic assignment, the passengers’ GTC is estimated with Eqgs. 1 and 2. To compute
passengers’ PBT on a path, enough passengers’ PTTs on the path are generated by applying a
Monte Carlo simulation (Mooney, 1997 & Johansson et al. 2013). The passengers’ PBT from

station o to station d on path k, k € P°¢ which represents as B¢ is estimated as:

Step 1: Initialize.
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Initialize the iteration number n=0;

Set the maximum iteration step H;

Step 2: Generate passengers’ PTT on path k during n iteration.
Let n = n+l.

Step 2.1: generate a weighted waiting time for passenger n.

The waiting time is a uniformly distributed random variable ranging from 0 to the headways
of lines (Dixit et al. 2019). Therefore, the waiting time for passenger n traveling on path k is
generated according to the headway of the waiting lines on path k. A weighted waiting time for

passenger n traveling on the path k is ; - t;ﬁ,‘;"t.
Step 2.2: generate a weighted walking time for passenger n.

Generate a random walking speed between 53.33 m/min and 90.50 m/min (TranSafety,
1997). A generated walking time for passenger n traveling on path k is the quotient of the
walking distance on the path k and the generated walking speed. The weighted walking time for

passenger n traveling on the path k is f, - tye'®.
Step 2.3: compute the weighted in-vehicle time for passenger n.

The in-vehicle time on a path is assumed to be fixed, since it fluctuates very slightly (Sun and
Xu, 2012 & Kusakabe et al. 2010). The weight of in-vehicle time S is related to load factors on
links. The load factors on links are determined after passenger trips assignment. Then, the values
of 5 on links are determined. Therefore, the weighted in-vehicle time for passenger n travel on

path k is the sum of weighted in-vehicle time on links belonging to path k.
Step 2.4: compute the increased PTT for passenger n.

The increased PTT due to transfer for passenger n is computed with 8, - m{ *" according

to transfer times on path k.

Step 2.5: estimate the PTT for passenger n.
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The PTT for passenger n traveling on path k is the sum of weighted trip components,

increased PTT due to transfer, which is estimated with Eq. (1).
Step 3: Determine whether the iteration is terminated.
If n < H, return to step 2; otherwise, go to step 4.
Step 4: Estimate PBT from station o to station d on path k.

The passengers’ PTT is obtained according to steps 1 to 4. The PBT on path k that is

represented as B¢ is estimated with Eq. (3).

4.1.3 Net value estimation

Passengers’ total GTC on an RTN is estimated with and without reserve capacity when the
network operates normally after passenger trips are assigned to the network. Thus the value of
the reduction in passengers’ total GTC is estimated. The passengers’ PBTs on paths between OD
pairs are estimated with and without reserve capacity when the network operates normally
according to Monte Carlo simulation introduced in 4.1.2, Thus the value of RTN reliability
enhancement is estimated with Eq. (4). The value of reserve capacity during normal operations is
estimated with Eq. (8).

The trains on the network during the analysis period are canceled corresponding to a
disturbance. Then, passengers’ GTC is estimated with and without reserve capacity when a
disturbance occurs. The value of RTN robustness enhancement when a disturbance occurs is
estimated with Eq. (6). The value of reserve capacity considering different disturbances is
estimated with Eq. (9).

The value of reserve capacity is estimated with Eq. (10) when the network operates
normally or disturbances occur. The cost of providing reserve capacity is estimated with Eq. (7).

Then, the net value of reserve capacity is estimated with Eq. (11).
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4.2 QGA application for maximizing the net value of reserve capacity

The QGA computation flowchart is shown in Fig. 2.

Initialize:

generation t =0
maximum generation M
population Q(t)

Y

A

Measure individuals in the population

\ 4
Calculating individual fitness in the population:

(1) compute the net benefit of each individual ;

(2) evaluation fitness of each individual and record the
best individual ;

. No
Gutput the best solution @

Yes

Update population with quantum rotation gate.

t=t+1

Fig. 2 QGA computation flowchart.

The detailed steps for using the QGA to maximizes the net value of reserve capacity are as

follows:
Step 1: Initialize.

Initialize the number of generation t = 0;
Set the maximum generation M,

Construct n quantum chromosomes as the initialization population Q(t) =
{qt,q5, 4%, ..., q4}. The length of the chromosome corresponding to reserve trains on a line is

determined according to 2™ — 1 > n;. m; is the length of the chromosome corresponding to
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reserve trains on line i. n; is the maximum reserve trains that can run on line i, which equals the
maximum safe frequency minus the actual frequency on line i. The length of the quantum

chromosome for the reserve capacity of all lines equals );c, m;.

A pair of complex numbers are used to define a quantum bit. A quantum chromosome with

length m is described in Eq. (18) during t evolving generation.

Aq¢
%= |p,,

Uzt

B2

A3¢] -

Bael-

| AfE] e

Bf,t e

At

Byt

],k — 123 ..,n (19)

In Eq. (19), |af,t|2 + |ﬁf,t|2 =1,f =1,2,3,..., m. Assuming that the reserve capacity on
line 1 corresponds to the first three quantum bits and the first three quantum bits have the
probability amplitudes described in Eq. (20), then the numbers of reserve trains on line 1 are
shown as Eq. (21) based on Eqg. (20).

]:

Eqg. (21) shows |0 0 0), |0 1 0), ..., |1 1 1), which indicates that reserve trains on line 1 are 0
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to 7. The probabilities of providing 0 to 7 reserve trains on line 1 are 2213322 1 and
32 32 32 32 32 32 32

2 respectivel
32’ P Y-
4\/_|000)+ 001)+_— |010)+ |011)+ |100)+ |101)+4f|110)+
V3
511 (21)
Step 2: Measure individuals in the population.

A common solution set R(t) = {a!,at, as, ..., ak, ..., at} is generated based on the state of

Q(t) = {q{' qé’ q.’gl ey q]té' R q‘rtl} a]t; = {xl,t) xz,tl x3,tl ey xf’tl ey xm’t}l k = 1I2I3I o, n IS a Series
of 0 or 1. The value of x¢,, f = 1,2,3,...,m in a quantum chromosome al, is determined based
on the norm squared value of a; . or ¢ in qt. Based on a ¢, the value of x; . is determined as

follows: generate a random number between 0 and 1. If the random number exceeds the norm

squared value of qubit amplitude |af,t|2, then x¢, = 1, otherwise, x;, = 0.
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Step 3: Compute individual fitness in the population.
Step 3.1: Compute the net value of each individual.

The reserve trains on each line can be determined based on each individual af, =
{10 %20 X360 o) Xp 0 oo Xmy L b = 1,2,3, ..., 1, af, € R(). e.g., assume the maximum reserve
trains on line 1 is 7, thus the chromosome length for line 1’ reserve capacity is 3. The serve trains
on line 1is 2% - x5, + 2* - x, ; + 2° - x; , for the individual aj. Similarly, the reserve trains on
other lines in the RTN can be determined with the individual a. Then, the net value for the

individual af, is estimated by applying the methods used in part 4.1
Step 3.2: Evaluate fitness of each individual and record the best individual.

The fitness of each individual is evaluated according to their net values. A higher net value

indicates a higher fitness. The net value for the best individual with the highest fitness is

recorded as ap®®t = {xP¢%t, xD¢5t, x3%%, .., xPE%, L xhEE .

Step 3.3: Stop judgment.

If t < M, then go step 4, otherwise, stop the algorithm.

Step 4: Update population @() with quantum rotation gate.
Step 4.1: Quantum rotation gate application.

The quantum rotation gate is adopted for changing the bit on chromosomes to achieve
population evolution, which is beneficial to search the optimal solution. The direction of the

quantum rotation and value of the quantum rotation angle are determined with Table 3. x¢,, f =
1,2, ..., m is the bits on the chromosome a, k = 1,2, ..., n. x}{‘;sf, = 1,2, ..., m s the bits on the
best chromosome a2¢st. s(ay, B¢) and A8, are the direction and value of the quantum rotation
angle, respectively, which are determined with Table 3. f(a}) and f(a2¢*") are the fitness of the
individual af, and fitness of ab¢st, respectively. During the adjustment process, if the individual
af’s fitness f(ag) exceeds the best individual’s fitness f(ap®st), then adjust the quantum bits on

qL. that corresponds to af, to evolve s(ay, ;) in a direction conducive to the appearance of af.
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Otherwise, adjust the quantum bits on g, to evolve s(ay, B;) in a direction conducive to the

appearance of gbest.
Step 4.2: update generation and return to step 2.
Update generation t = t + 1 and return to step 2.

Table 3 The direction of the quantum rotation and value of quantum rotation angle.

best ¢ best s(az, Br)
e e > 1) o aPr>0 @ fr<0 ar=0 fr=0
0 0 False 0 0 0 0 0
0 0 True 0 0 0 0 0
0 1 False 0.01m +1 -1 0 *1
0 1 True 0.01xz -1 +1 1 0
1 0 False 0.01m -1 +1 1 0
1 0 True 0.01xw +1 -1 0 +1
1 1 False 0 0 0 0 0
1 1 True 0 0 0 0 0

5 Case studies

5.1 RTN in Chengdu

Chengdu is the capital of the Chinese province of Sichuan. It is one of the three most
populous cities in southwestern China. With its rapid development, Chengdu’s RTN has
improved quickly. There were 174 stations, six metro lines (lines 1 to 6), three suburban railway
lines (lines 7 to 9) and three intercity high-speed rail lines (lines 10 to 12) in Chengdu in May
2019. The 174 stations are numbered 1 to 174. The terminal stations and transfer stations with
their numbers as well as the lines with terminal stations numbers are shown in Fig. 3. The six
metro lines carry more than 50% of public transportation trips in the central area of Chengdu (the
area within the green box). The three suburban railway lines and three intercity high-speed rail
lines serve public transportation in the suburban area of Chengdu, as well as between Chengdu

and other small cities.
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Fig. 3 The RTN network in Chengdu in May 2019.

Chengdu’s RTN serves 355,868 passenger trips per hour during morning peak periods. To
measure the value of reserve capacity for Chengdu’s RTN network during morning peak periods
from 7:30 am to 9:30 am, the attributes of lines (as shown in Table 4), transfer walking distances
at transfer stations, train running time on links during morning peak periods are obtained from
Chengdu’s rail transit operators and a survey. To limit the length of this paper, we only list the
transfer walking distances at some randomly selected transfer stations and train running time on

some randomly selected links in Tables 5 and 6, respectively, during morning peak periods.

Table 4 The attributes of lines in Chengdu’s RTN during morning peak periods.

Actual Minimum safe
Actual Train capacity
Lines  headway headway Seats on per train
frequency (trips per train)
(seconds) (seconds)
1 120 90 30 1460 348
2 164 120 22 1460 348
3 180 120 20 1460 348
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4 180 120 20 1460 348

5 240 120 15 1460 348
6 360 180 10 1460 348
7 360 180 10 680 250
8 600 450 6 680 250
9 600 450 6 680 250
10 600 450 6 1280 610
11 450 360 8 1280 610
12 450 360 8 1280 610

Table 5 Transfer walking distances at some transfer stations.

) Transfer ) ) Transfer ) )
Station o Walking distance (m) o Walking distance (m)
direction direction

3 line 1to line 5 174 line5toline 1 153

3 line 7 to line 1 232 line 1toline 7 203

107 line 4 to line 5 247 line 5 to line 4 153

117 line 4 to line 9 211 line 9 to line 4 196

13 line 10 to line 1 196 line 1 to line 10 102

Table 6 Train running times on some links.

Link Time (min) Link Time (min)

(station-station) Downstream Upstream (station-station) Downstream Upstream

1-2 1.87 1.88 6-7 1.35 1.33
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2-3 2.08 2.07 7-8 1.15 1.20

3-4 1.47 1.47 8-9 1.15 1.17
4-5 1.57 1.58 9-10 1.32 1.32
5-6 1.22 1.25 10-11 1.27 1.28

The above data are applied in a stochastic user equilibrium model to estimate passengers’
GTC and PBT during morning peak periods in Chengdu’s RTN. The time weights for trip
components in Eq. (1) are g, = 1.75, B, = 1.75 and B, = 8.35, according to Cats and Jenelius
(2016). B4 is related to load factors and the seat availability on links (Wardman and Whelan
2011), which is shown in Table 7. The World Bank economist Kenneth Gwilliam recommended
that a value for personal travel time should be 30% of household income per hour (Litman 2009).
Chengdu’s average household income of 134,187 ¥/per year, which is computed with data from
“Chengdu Statistical Yearbook-2018”. Thus, the value of time parameter « is computed to be
13.79 ¥/hour. The charging standards for metro lines, suburban railway lines and intercity high-
speed rail lines are different. The fare between an OD pair in Chengdu’s metro system is
computed based on the shortest distances between that OD pair. The relation of fare to the
shortest distance between an OD pair in Chengdu’s metro system is shown in Table 8. The fare
on suburban railway lines and intercity high-speed rail lines are 0.46 ¥/km and 0.31 ¥/km,

respectively.

Table 7 Weight of in-vehicle travel time for sitting or standing passengers.

Load factor (%) Sitting Standing

0-75 0.86
75-100 0.95
100-125 1.05 1.62
125-150 1.16 1.79
150-175 1.27 1.99
175-200 1.40 2.20

>200 1.55 2.44
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Table 8 Fare corresponding to the shortest distance in Chengdu’s metro system.

Distance (km)  (04] (48] (8,12] (12.18] (1824] (2432] (32,40] (40,50] >50

Fare (¥) 2 3 4 5 6 7 8 9 10

The parameters used to estimate the cost of providing reserve capacity in Eq. (9) are obtained
from Yang et al. (2017), and listed in Table 9. The speeds of trains on Metro lines, Suburban
railway lines and High-speed rail lines are 60 km/h, 160km/h and 250km/h, respectively. The
costs of providing reserve capacity for lines during morning peak periods are estimated with Eq.
(9) according to the parameters listed in Table 9 and the train speeds.

Table 9 parameters used to estimate the cost of providing reserve capacity.

Lines Mode Tl{ M Hai M3, Ha,i Hs,i
(vpt)  (¥/pvh) (¥/pvk) (¥/pvh) (¥/pvk) (¥/pvh)
1to6 Metro 6 50.50 7.69 42.47 2.03 56.25
7t09 Suburban railway 4 46.80 8.09 365.75 3.07 56.25
10to 12 High-speed rail 8 46.80 8.09 355.75 3.07 56.25

Note: vpt= vehicles per train; pvh=per vehicle-hour; pvk=per vehicle-kilometer.

5.2 Historical disturbances data on lines and disturbances simulations
5.2.1 Historical disturbances data

The historical disturbances data on each line in Chengdu’s RTN from January 12", 2018 to
April 7", 2019 (a statistical total of 7560 hours.) are obtained from rail transit operators and
shown in Table 10. The probability of a disturbance on a line is the ratio of the statistical hours
with a disturbance to the total statistical hours on that line. The average canceled trains per
disturbance on a line equals the number of canceled trains divided by the number of disturbances
on that line. The normal operation probability of each line equals 1 minus the probability of a
disturbance on that line. The probability of Chengdu’s RTN normal operation is 86.71% during
morning peak period, which equals the product of the normal operation probability of each line

during morning peak period.
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Table 10 Historical disturbances data for Chengdu’s rail transit lines.

L Disturb Canceled  Probability of a disturbance Average canceled trains per
ines Disturbances
trains per morning peak period disturbance (rounded)

1 207 660 1.96% 3

2 153 496 2.03% 3

3 157 445 1.85% 3

4 146 359 1.54% 2

5 131 327 1.51% 3

6 90 170 1.41% 2

7 44 67 0.87% 2

8 23 29 0.71% 1

9 21 26 0.64% 1

10 17 23 0.54% 1

11 30 39 0.57% 1

12 27 35 0.53% 1

5.2.2 Disturbance simulations

The disturbances cause train cancelations, which lead to increased headways, capacity
reductions and seats reductions on lines. The disturbance simulation on a line during morning

peak period is illustrated with line 1.

Before simulating disturbances: Table 4 shows that actual hourly frequency, the headway,
the capacity and the seats/hour on line 1 are 30 trains per hour, 120 seconds, 30x 1460 passenger

trips and 30348 seats/hour, respectively, when the RTN operates normally.

When simulating disturbances: the average canceled trains per disturbance are 3, as
shown in Table 10. Thus, the actual hourly frequency, the capacity and the seats/hour on line 1
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decrease to 27 trains per hour, 27x 1460 passenger trips and 27x348 seats/hour, respectively.

The headway on line 1 increases to 133.33 seconds.

The disturbances on multiple lines are not simulated when estimating the value and net
value of reserve capacity. The reason is that the probability of disturbances occurring on multiple
lines simultaneously is very low in Chengdu’s RTN. For example, the probability of

simultaneous disturbances on lines 1 and 2 is 1.96%x2.03% during morning peak periods.

5.3 Passengers’ GTC without reserve capacity
5.3.1 Normal network operations

Passenger trips are assigned to Chengdu’s RTN during morning peak periods when the
network operates normally. The average travel time per trip and average PTT per trip during
morning peak period is estimated after traffic assignment, as shown in Fig. 4. (a). The fraction of
GTC per trip is shown in Fig. 4. (b). The average travel time per trip and the average PTT per
trip are 36.69 minutes and 61.70 minutes, respectively. Fig. 4 (a) shows that the perceived in-
vehicle time is 1.32 times of in-vehicle time per trip and the increased PTT is 8.69 minutes per
trip due to transfer times. The average GTC per trip is 21.40 ¥ during morning peak periods. Fig.
4 (b) indicates that the perceived in-vehicle time and fare are large components in average GTC

per trip.

The PBT between OD pairs is estimated with the method proposed in section 4.1.2. The
PBT per trip and monetary value of PBT per trip are estimated to be 8.37 minutes and 1.92 ¥,

respectively, during morning peak period.
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trip and average PTT per trip (b) The fraction of average GTC per trip.
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Fig. 4 Average travel time, average PTT, and fraction of GTC per trip.

5.3.2 Disturbed operations

The disturbance on each line in Chengdu’s RTN is simulated. Fig. 5 shows the percentage

increase in passengers’ total GTC due to the disturbances on a single line during morning peak
periods in Chengdu’s RTN.

8

»
T

Percentage increase(%)
IS

1 2 3 4 5 6 7 8 9 10 11 12
Line

Fig. 5 Percentage increase in passengers’ total GTC due to the disturbances on lines

Fig. 5 shows that the percentage increase in total GTC varies greatly when disturbances
occur on a different line during morning peak periods. It shows that the disturbances on lines 1
and 2 during morning peak hours increase total GTC higher than disturbances on another line.
The reason is that the passenger flows on lines 1 and 2 during morning peak hours is high. The
total GTC is 15,231,150 ¥ when the network operates normally. The increase in total GTC is
1,040,288 ¥ and 793,543 ¥, respectively, when disturbances occur on lines 1 and 2. To avoid a
high increase in GTC, the operators should avoid the disturbances occur on lines 1 and 2.

5.4 Maximizing the net value of reserve capacity for Chengdu’s RTN

The net value of reserve capacity for Chengdu’s RTN is maximized using QGA and GA,
respectively. The QGA and GA are performed on a personal computer (PC) with a 2.80 GHz i7-
7700HQ central processing unit, eight cores and 8GB RAM. The PC runs Windows 10
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Enterprise and has a 64-bit operating system. MATLAB R2017a is used for obtaining the

solution.

The reserve trains on lines are limited by the maximum safe frequency which is the inverse
of the minimum safe headway on lines shown in Table 4. The optimized solution can be obtained
by using the QGA and GA under different cost constraints. The model for maximizing the net
value of reserve capacity is solved by QGA and GA in two cases. In case 1, the net value is
maximized without a cost constraint (i.e., C, = oo ¥). In case 2, the cost constraint is binding at
C, = 150,000 ¥.

The maximum net values of reserve capacity in cases 1 and 2 are estimated with QGA and
SGA. The optimized net value curves over successive SGA generations for cases 1 and 2 are
shown in Fig. 6 (a) and (b), respectively. Fig. 6 shows that the final solutions for cases 1 and 2
can be obtained using QGA and SGA within 100 generations. QGA converges in fewer
generations to the same solutions as SGA. The QGA and SGA computation times for obtaining
the final solutions for case 1 are 237.32 minutes and 381.23 minutes, respectively. The QGA and
SGA computation times for obtaining the final solutions for case 2 are 311.57 minutes and
479.41 minutes, respectively. Thus, QGA computes faster than SGA and the minimum number

of generations is smaller for QGA than SGA when their computation results converge.
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Fig. 6 The net value curve over successive generations.
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The final solutions obtained with QGA for cases 1 and 2 are shown in Table 11. The reserve
trains do not exceed the maximum allowable reserve trains that can run on lines. The cost of
providing reserve capacity in case 2 is 149,224 ¥, which is less than the constraint limit C, =
150,000 ¥.

Table 11 Final solutions obtained with QGA for cases 1 and 2.

maximum allowabke reserve Case 1 Case 2
lines
trains reserve trains on lines reserve trains on lines
1 10 6 5
2 8 6 3
3 10 4 2
4 10 2 2
5 15 3 3
6 10 1 0
7 10 1 1
8 2 0 0
9 2 0 0
10 2 1 0
11 2 0 0
12 2 0 0

The values and net values of reserve capacity that correspond to the final solutions for cases
1 and 2 are shown in Fig. 7. Fig. 7 (a) shows the reductions in the passengers’ total GTC
compared with no reserve capacity are 423,152 ¥ and 295,974 ¥, respectively, in cases 1 and 2
during normal operations. Fig. 7 (b) demonstrates that the reliability enhancement values for
reserve capacity in cases 1 and 2 are 47,759 ¥ and 27,023 ¥, respectively, when Chengdu’s RTN
operates normally. Fig. 7 (c) shows that the robustness enhancement values for reserve capacity
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in cases 1 and 2 are 457,208 ¥ and 326,963 ¥, respectively, when disturbances occur on
Chengdu’s RTN. The probabilities of normal operation and disturbances occurring in Chengdu’s
RTN are 86.71% and 13.29%, respectively, during morning peak period. The values of reserve
capacity in cases 1 and 2 are estimated to be 469,090 ¥ and 332,538 ¥ with Eq. (10),
respectively, which are shown in Fig. 7(d). Fig. 7(d) shows that the costs of providing reserve
capacity in cases 1 and 2 are 277,774 ¥ and 149,868 ¥, respectively. The net values for reserve

capacity are 191,316 ¥ and 173,656 ¥ in cases 1 and 2, respectively, as shown in Fig. 7 (d).
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Fig. 7 The value and net values of reserve capacity for cases 1 and 2.

Table 12 shows the net values of reserved capacity with and without consideration of
reliability and robustness values. It shows that the fractions of underestimated net value without

consideration of reliability and robustness values are 24.01% and 16.77%, respectively, for cases
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1 and 2. The reserve capacity which corresponds to the maximum net value obtainable by

considering reliability and robustness values.
Table 12 Net values of reserved capacity with and without considering

reliability and robustness values.

Net value without consideration Net value with consideration Underestimated net value

Case
¥ #¥) *¥)
1 145,378 191,316 45,938
2 136,709 164,378 27,669

6. Conclusions

The reliability and robustness of rail transit networks are important factors that should be
considered by transportation operators and planners when developing networks and allocating
capacity. A model for estimating the value of reserve capacity in an RTN which considers the
values of reliability and robustness is proposed here for estimating the value of reserve capacity
comprehensively. In addition, the optimal reserve capacity model that equals the value of reserve
capacity minus the cost of providing reserve capacity is proposed here to maximize the net value
on an RTN. This model overcomes an important gap in previous studies, namely that values of
network reliability and network robustness are neglected when measuring and optimizing the

value of reserve capacity.

The QGA and SGA are applied to solve the proposed model, which shows that the QGA can
obtain the solution more quickly and effectively than SGA. The numerical results demonstrate
that the proposed model and QGA can be applied practically and yielded the solution for
applying the reserve capacity effectively. The net value of reserve capacity is maximized by
applying the optimized reserve capacity. The net values with and without considering the value
of reliability and robustness are compared. This indicates that the optimal reserve capacity
corresponding to maximum net value can be obtained only by considering the reliability and

robustness values.
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The potential application of the model can be extended to reserve capacity allocation on bus
networks and to capacity adjustment for demand fluctuation in rail transit and bus networks.
Although the proposed model and method are only applied for measuring the value and net value
of reserve capacity and obtaining the optimal reserve capacity on Chengdu’s RTN during
morning peak periods, they also can be used for the RTN’s in other cities during peak or off-peak
periods. The demand is assumed here to be inelastic when estimating the value of reserve
capacity. The value of potential passenger attraction attributable of reserve capacity should be
considered in further studies. In addition, a more effective and faster algorithm than QGA should

be sought for solving the model which maximizes the net value of reserve capacity.
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